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Foreword

More than a century after its publication, Albert Einstein’s general theory of relativity continues to raise
guestions. From curious readers with a general interest to advanced physics students, many still search for a
clear yet mathematically rigorous explanation of this fascinating theory.

This document was written with that goal in mind. We provide a concise overview of the theory itself, along with
a systematic derivation of the Einstein field equations, which form the foundation of Einstein’s model of space
and time.

We also devote substantial attention to experimental evidence supporting the theory, including Mercury’s
orbital precession, the deflection of light by massive bodies, the Hafele—Keating experiment, and the application
of the Schwarzschild solution to a classical projectile trajectory. Each example is carefully developed and
explained in both qualitative and quantitative terms.

Our hope is that this work helps to bridge the gap between theory and practice, intuition and formalism, and
ultimately between wonder and understanding.

We welcome all forms of feedback. Suggestions, comments, or corrections can be sent to:

aprins@hotmail.com

With kind regards,
Albert Prins

This document is available online at:
Dutch version:

http://www.prinikx.synology.me/familyprins/astronomy/GR/AlgemeneRelativiteit AlbertPrins.pdf
https://saya-pangeran.github.io/familyprins/astronomy/GR/AlgemeneRelativiteit AlbertPrins.pdf

English version:

http://www.prinikx.synology.me/familyprins/astronomy/GR/GeneralRelativity AlbertPrins.pdf
https://issuu.com/aprins6/docs/generalrelativity albertprins pagl-pag48
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Part I — Introduction and Basic Structure

1 Introduction
The general theory of relativity, formulated by Albert Einstein in 1915, is one of the pillars of modern physics. In
this theory, Newton's classical model of gravity is replaced by a geometric approach, in which mass and energy

distort the structure of space and time. Objects move in accordance with this distortion.

Gravity is therefore no longer understood as a force that acts at a distance, but as the result of the curvature of
space-time. This idea has profound implications for both theoretical and practical physics.

1.1 Purpose of this document
This document aims to provide an in-depth and structured overview of general relativity, with an emphasis on:

e The careful derivation of the underlying mathematical structure, including tensors, covariant derivatives,
and field equations.

e The discussion of experiments and applications that support or illustrate the theory.

e Answering frequently asked questions about concepts, formulas, and interpretations within relativistic
physics.

It is intended as a bridge between abstract formalism and physical intuition.

1.2 Approach

Unlike popular introductions, this document emphasizes mathematical precision and systematic derivation. We
use the following approach:

e We derive step by step the tensor-analytic equations that form the basis of Einstein's field equations.

e We pay extensive attention to coordinate transformations, covariant derivatives, and the use of the
metric tensor.

e We apply the Schwarzschild solution to concrete experiments, such as the Hafele—Keating experiment,
the deflection of light near the sun, and the precession of Mercury.

We also demonstrate that the Schwarzschild solution satisfies Einstein's field equations, and describe how
space-time curvature is mathematically expressed through the metric and Christoffel symbols.
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1.3 Target audience

This text is written for:

e (Geo)physicists and mathematicians who are interested in the mathematical foundations of general
relativity.

e Physics students who want to go beyond standard textbooks.

e Interested parties who not only want to know how the theory works, but also why the equations are
structured in this particular way.

A certain basic knowledge of mathematics, particularly linear algebra and differential equations, is
recommended.

1.4 Conclusion

With this work, we hope to bridge the gap between theory and practice, between formalism and insight. Each
chapter builds on the previous one, but the sections are structured in such a way that they can also be
understood separately.

The appendices at the end offer additional explanations, alternative derivations, and applications in related
areas such as special relativity, nuclear physics, and rotational mechanics.
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Part Il - Derivation of General Relativity

2 General Relativity

Before Einstein formulated his famous general theory of relativity in 1915, he first developed the special theory
of relativity (see Appendix 9), which he published in 1905. This theory described physical phenomena in inertial
(non-accelerating) coordinate systems — i.e., systems that move at a constant speed relative to each other. The

influence of mass and gravity was not yet taken into account.

The special theory of relativity is based on two fundamental principles:
1. The speed of light in a vacuum is constant and is the same in every inertial system:
C=299 792 458 m/s.

2. The laws of nature are uniform in all inertial reference frames — there is no preferred reference frame.

In contrast to classical mechanics, in which time was assumed to be universal, special relativity shows that time
intervals depend on the chosen reference frame. In a moving system, time intervals pass more slowly than in a
stationary system (time dilation). The length of objects is also shortened in the direction of motion (length
contraction) (see also Appendix 9.2). Both phenomena are derived from the assumption of a constant speed of
light for every observer, regardless of their speed.

Because space and time appear to be interdependent, Einstein introduced the concept of space-time: a four-
dimensional structure in which space and time are united. An event in this structure has not only spatial
coordinates (x, y, z), but also a time component (t), which together determine the path in space-time.

One of the most iconic outcomes of this theory is the mass-energy relation:

E = mc?

This formula expresses that mass and energy are equivalent. It is of fundamental importance in nuclear physics
and cosmology, among other fields (see Appendix 9.9).

After this development, Einstein focused on further generalizing his theory to systems that do accelerate. In
doing so, gravity was no longer conceived as a force, but as a manifestation of the curvature of space-time by
mass and energy. This ultimately led, in 1915, to the formulation of the general theory of relativity.

An overview of the final formula of Einstein's field equations can be found in Chapter 2.16. The following
chapters build up to this equation step by step, starting with the equivalence principle and ending with the
tensor structure of space-time curvature.
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2.1 The Equivalence Principle

In his quest to extend the special theory of relativity to situations involving gravity, Einstein came to a profound
insight: gravity and inertia are locally physically equivalent. This insight forms the basis of the general theory of
relativity.

2.1.1 Comparison with other forces

To understand the unique nature of gravity, we compare it with other fundamental forces such as the electric
and magnetic forces.

Electric force

Between two charged particles with charges g, and g, , a force acts according to Coulomb's law:

q192
Feker
where r is the distance between the charges, and k, is the electric constant. The resulting acceleration of a
particle depends on its mass:

9192 9192
F=m1a1 =keT‘_2 = a =k€W

The acceleration therefore depends on both the charge and the mass of the particle.

Magnetic force

Magnetic forces also cause acceleration, depending on the charge, the speed of the particle, the orientation and
strength of the magnetic field, and the mass.

Gravitational force

According to Newton, the gravitational force between two masses m; and m; is given by:

mm
F=¢G 17782

r2

where G is the gravitational constant and r is the distance between the masses.

Based on analogy with the electric force, we might expect there to be a distinction between a gravitational
mass mg,.q,, , Which causes gravity, and an inertial mass m;,,,; , which determines how strongly an object
responds to a force. In that case, the equation of motion would be:

Myrav,1 * Myrav 2
r2

F=myer1 a1 =G

Which leads to:

Myrav,1 " Myrav 2

a, = G
2
Minert ,1r

15 March 2026 Page 10 of 342

Copyright© 2018 [COPYRIGHT Albert Prins], All Rights Reserved. — mailto: aprins@hotmail.com



At first glance, there is no reason why m,.,; 1 should be exactly equal to mg,4,, 1. Yet countless experiments—
including E6tvos's precise torsion balance measurements in the 19th century—show that these two masses are
always exactly equal, within the limits of measurement accuracy.

Another important difference with the electric force is that gravity is always attractive: there are no positive or
negative masses, as there are positive and negative charges in the electromagnetic force.

Thanks to the experimentally confirmed equality my,4, = Myner¢ , the force equation simplifies to:

mM

F = =0—-
ma ")

where M is the mass of the attracting body (e.g., the Earth) and m is the mass of the test object.

The corresponding acceleration a of the object with mass m then becomes

a=G-

It is remarkable that the mass m of the falling object disappears from the equation. This means that all objects
— regardless of their mass — experience the same gravitational acceleration, as long as external influences such
as air resistance are neglected.

In contrast to electrical forces, where the acceleration depends on both the mass and the charge of the particle,
the gravitational acceleration is therefore independent of the mass of the test object. This is a fundamental
result that underlies Einstein's principle of equivalence.

2.1.2 Einstein's thought experiment

Inspired by this observation, Einstein imagined two situations:
1. A person standing on Earth experiences a gravitational acceleration of g = 9,81m/s? ,

2. That same person is in a sealed rocket in empty space, moving upward at the same acceleration.

In both cases, the person feels exactly the same thing: a force pressing him against the floor. There is no local
physical experiment with which he can determine the difference between these two situations. This led to the
equivalence principle:

In a small area, gravity and acceleration are physically indistinguishable.
This principle implies that what we experience as gravity is actually a consequence of the fact that we are in an

accelerating system. According to Einstein, gravity is not a force in the classical sense, but an expression of the
fact that space-time is curved.
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2.1.3 Influence on light

In classical mechanics, massless particles, such as photons, would not be affected by gravity. However, general
relativity states that masses distort space-time, and that all objects—even light—follow this curvature. Gravity
therefore also influences the path of light rays.

2.14 Experimental confirmation

In 1919, Arthur Eddington confirmed this effect during a solar eclipse. He observed that stars near the sun
appeared to shift slightly in the sky—exactly as predicted by Einstein. The derivation of this effect follows later in
the chapter on the deflection of light (Experiment 3 - Deflection of Light).

2.1.5 Key insights

e Gravity versus other forces: While forces such as the electric force depend on both mass and charge,
gravity appears to be unique in that all objects—regardless of their mass—experience the same
acceleration in a gravitational field.

e Gravitational and inertial mass are equal: Experiments show that the mass that causes gravity
(gravitational mass) is equal to the mass that responds to a force (inertial mass).

e Acceleration independent of mass: As a result, all objects fall with the same acceleration, which is not
self-evident with other forces.

e Einstein's thought experiment: Someone in an elevator on Earth experiences the same thing as
someone in an accelerating rocket in empty space— local equivalence between gravity and acceleration.

e Consequence: Gravity is no longer seen as a force, but as a consequence of the curvature of space-time.

2.1.6 Intuitive explanation

Imagine you are in a closed space—a room without windows, or a rocket. You feel yourself being pressed
against the floor. However, you do not know whether this is because you are on Earth or because the room is
moving upward at a constant acceleration. If there is no physically perceptible difference, then that difference
does not exist locally.

According to Einstein, gravity is nothing more than the effect of moving in curved space-time.
Just as a ball on a trampoline rolls to the lowest point without anyone pushing it, every object moves along the

path prescribed by curved space-time. That path is called a geodesic line. This is the equivalent of a 'straight line
in curved space-time.

2.2 Curvature of Space-Time

To understand the importance of the transition from Newton's classical model of gravity to Einstein's geometric
model, we first approach the subject in an alternative, more intuitive way.
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Imagine a particle in free space, far away from masses and without the influence of external forces. In such a
situation, the particle continues to move at a constant speed and in a straight line—a principle that was
described by Galileo Galilei around 1600.

When we imagine space-time as being made up of rectangular grid lines—a spatial frame of reference without
curvature—the particle moves along a straight line through this flat grid. There is nothing to cause it to deviate
from its initial direction or speed.

Einstein, however, argued that this picture changes as soon as a large mass is present. That mass distorts the
structure of space-time, causing the "straight" lines of the grid to become curved. Instead of gravity acting as a
force, the particle moves along these curved lines by itself.

The closer the particle gets to the mass, the more its path deviates from its previous straight line. Yet the
particle does not feel any force: it moves freely, but follows the curvature of space. This path turns out to be a
kind of "straight line" within the curvature, and is referred to later in this document as a geodesic line.

In general relativity, therefore, there is no gravitational force as in Newton's theory, but the effect of gravity
arises from the geometry of space-time itself.

2.21 From force to geometry

The challenge Einstein faced was to find a mathematical description of this curvature. He sought a way to
express the geometry of space-time as a function of mass and energy, whereby that description would be
independent of the chosen coordinate system.

This meant that he was looking for a completely coordinate-independent formulation, so that the laws of
nature would retain the same form in every system—a central principle in general relativity.

The effects of mass and energy on geometry would ultimately be laid down in the so-called Einstein field
equations. These equations describe how matter curves space-time, and how that curved space-time in turn
determines how matter moves.

In the coming chapters, we will follow Einstein's line of thinking step by step. In doing so, we will gradually work
towards the derivation of the field equations that form the core of general relativity.

2.2.2 Independence of the Chosen Coordinate System

To determine the position of a point in space, we always need a reference—an origin from which we measure
distances. A common method is to choose a Cartesian coordinate system, with three mutually perpendicular
axes: the x-axis, y-axis, and z-axis.

We can describe the location of a point with coordinates (x, y, z), where these values represent the distances to
the origin along the x, y, and z axes, respectively. The distance from that point to the origin is then, according to
Pythagoras' theorem:

s=+/x2+y2+ 22

15 March 2026 Page 13 of 342

Copyright© 2018 [COPYRIGHT Albert Prins], All Rights Reserved. — mailto: aprins@hotmail.com



When we choose a different coordinate system (with a different origin or rotation), the coordinate values
change and so does s. Although the coordinates of individual points change during a transformation, the small
distance between two nearby points — a differential element — remains invariant.

We denote this differential distance with:

ds = y/dx? + dy? + dz?

This formula is applicable in an orthogonal, flat, Cartesian system. But to make it more general—also for
situations in which the axes are not necessarily perpendicular—we must use a more fundamental approach via
vector analysis.

2.2.3 Vector approach to distance

We can interpret the differential distance ds as the sum of three vector components:

ds = dx +dy +dz

We find the magnitude ds of the vector ds via the inner product ds-ds:
ds? =ds-ds = (dx +dy + dz) - (dx + dy + dz)
As a reminder, the inner product of two vectors Aand B is:

A-B=AB cos(¢p)
Where ¢ is the angle between the two vectors.

And so:
ds - ds = ds? cos(0) = ds?

For the full inner product ofag,we get:
ds?=dx-dx+dx-dy+dx-dz+dy-dx+dy-dy+dy-dz+dz-dx+dz-dy + dz-dz

In an orthogonal system, the cross products such as dx - @ disappear, because the angles between the axes are
90° and cos(90°) = 0. In that case, we simply get:

ds? = dx? + dy? + dz?
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In a non-orthogonal coordinate system, the angles between the axes are not necessarily 90°, which means that
the cross products also count. The general form then becomes:

ds? = Gxx dx? + Gxy dxdy + g,,dxdz + yx dydx + yy dy2 + 9y, dydz + g,,dzdx + 9zy dzdy + gzzdz2 D

The coefficients g;; provide information about the mutual orientation of the axes, and together form the metric
tensor gl] .

2.2.4 Extension to Space-time

Einstein sought a more general formulation of the theory of relativity, applicable to a four-dimensional
coordinate system consisting of one time axis and three space axes. In this space-time, the axes do not
necessarily have to be orthogonal, and moreover, the metric—the way distances are measured—can differ from
point to point.

The general expression for the square of the space-time interval is then:

ds? = Z Z v dxH dx¥

TRERY
Where:

e uv=0,1,23,

e x'=ct,xl=x,x2=y, x3=2

® g, arethe components of the four-dimensional metric tensor.

For dimensional consistency, the time coordinate must have the same unit as the spatial coordinates.
Therefore, time t is multiplied by the speed of light ¢, so that x° = ct has the unit meter.

In Einstein notation, which automatically sums over repeated indices (the so-called "dummy indices"), this
expression simplifies to:

ds? = v dxH dx? 2
This metric defines the structure of space-time and determines how distances, time intervals, and causal

relations are calculated at each point in the field.

2.2.4.1 Elaboration of the sum

When we write out equation (2) completely for all values of u and v, we get:

ds? = goodx’dx® + go1dx°dx® + go,dx’dx? + go3dxdx3 +
Jrodxtdx® + g;1dxtdxt + gipdxtdx? + gi3dxtdx® +
g20dx%dx® + gy dx?dx! + gypdx?dx? + gy3dx?dx® +
g30dx3dx® + gs31dx3dxt + g5 dx3dx? + gszdxddxd 3)
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This is the four-dimensional counterpart of equation (1), which we previously set up for a three-dimensional
space. (For more detailed information, see chapter 5)

2.2.4.2 Note on symmetry

The metric tensor Gy is symmetric, which means that:

I = Gvu

Therefore, the tensor contains only 10 independent components instead of 16. This makes the tensor
mathematically elegant and practically manageable.

2.2.5 Key insights
e The distance between two infinitesimally close points in space-time is not influenced by the choice of
coordinate system.

e In general relativity, this distance is expressed by the metric tensor, which takes into account both
curvature and non-orthogonality.

e Free motion in flat space: A particle without the influence of forces moves in a straight line at a
constant speed (inertial motion).

e Space-time as geometry: In Einstein's view, mass distorts the structure of space-time, causing 'straight
lines' (inertial trajectories) to become curved.

e Gravity = curvature: Instead of a force (as in Newton's theory), gravity in relativity theory is the result of
the curvature of space-time.

e Geodesics (geodesic lines): In this curved space, objects follow the shortest or 'straightest' paths, even
though they appear curved to an external observer.

e Einstein's challenge: Develop a coordinate-independent mathematical description of how mass distorts
space-time— Einstein field equations.

For a more in-depth look at tensors, metrics, and their application to specific cases such as the Schwarzschild
solution, please refer to chapter 5.

2.2.6 Intuitive explanation
Imagine:

e Abilliard ball rolls across a smooth, flat table—it moves in a straight line.

e Now place a heavy metal ball on a stretchy rubber mat (such as a trampoline), and a curvature is
created.

e If you roll a smaller ball onto the mat now, that ball will be deflected by the deformation, even though
no one is pushing it.
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That is gravity in Einstein's view.

According to Newton, gravity is a force at a distance. According to Einstein, there is no force: objects move in
straight lines, but those straight lines lie on a curved surface.

In this sense, a falling apple is not attracted, but simply follows the shortest route through a distorted space-
time.

2.3 Covariant and Contravariant Vectors and Dual Vectors

In general relativity, the terms contravariant and covariant occur regularly. In this section, we explain these
concepts and show how they arise from the way vectors and fields transform under a change of coordinate
system.

As discussed earlier, physical quantities—such as vectors, tensors, and fields—must be independent of the
chosen coordinate system. When transitioning to another system (e.g., via rotation or translation), the physical
properties remain unchanged, but their components change in a specific way: they transform according to well-
defined rules, depending on the type of object (covariant or contravariant).

2.3.1 Scalar quantities, vectors, and fields

A scalar quantity, such as temperature, has a value at every location but no direction. A collection of scalars
across space forms a scalar field.

When such a field exhibits a direction-dependent change (for example, a temperature increase in a certain
direction), we can take its derivative. This derivative behaves like a vector, and in this specific case we refer to it
as a dual vector.

A dual vector depends on the chosen coordinate system: during a transformation, the components of the vector
change in such a way that the whole remains physically consistent. Because these components transform along
with the coordinate system, they are called covariant.

A "normal" vector (such as velocity or acceleration) reacts differently: when the coordinate system changes, the

underlying vectors remain physically the same, but their components change in the opposite direction to the
basis vectors. Such vectors are called contravariant.

2.3.1.1 Notation and definitions
To distinguish between the two types of vectors, the following notation is conventionally used:

e A contravariant vector has a superscript:

AHX
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e A covariant vector has a subscript:

Ay

These are connected via the metric tensor g,, according to the relation:

Ay =G AY

The contraction of a contravariant vector with its covariant counterpart yields a scalar invariant:
"o—
A AR =1
This expression means that the inner product of a vector with its dual (or 'reduced') version results in a quantity

I that remains invariant under coordinate transformations. This numberl can be interpreted as the norm or
the square of the distance in space-time, depending on the sign:

e Time-like: I1<0
e Spatial: I1>0
e Light-like: I=0

This classification clarifies how the metric tensor plays a key role: it determines not only how components of
vectors are transformed, but also how distances, lengths, and causal structures are defined in curved space-
time.

2.3.2 Transformations between coordinate systems

Suppose we are working in a coordinate system with coordinates x™ (where m =0, 1, 2, 3), and we switch to a
new coordinate system with coordinates y". The relationship between the two systems is then given by:

n
3
3x

ay" ay" dy
0 1 2
+c’)x1x +c’)x2x +0x

In Einstein notation, which automatically sums over repeated indices (from 0 to 3), this becomes:
n
n _ ay x™m
ax™m

y

2.3.2.1 Example: derivative of a scalar function

Consider a scalar function ¢ . The differential is:

do
do = e dx™
Written out in full:
do 0 do 1 dp ) dp 3
do = 350 dx” + FP dx* + Fy%) dx* + F dx

In the new coordinate system y™ , we use the chain rule to transform the components of the derivative:
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dp  Odp dx™

dy™  9x™ dyn
It follows that the components transform as:
m
240 _ 3"
n - dy” m
where:
d . .
° Afly) = ﬁ: the covariant vector in the y-system,
d . .
o B,(,f) = ax—(’;: the covariant vector in the x-system.

This is a covariant transformation.

2.3.2.1.1Fully written out (matrix form)

In matrix form, equation (1) becomes:

dy? dy® dy® dy°
4o dx’ dx' dx* dx® | g,
A _ | dy! dy' dy! dy' [[ By
Ay | L dx® dx! dx? dx3 || B:
A3/, dy? dy? dy? dy? B3/,
dx® dx' dx? dx3

2.3.2.2 Contravariant transformation

For contravariant vectors, the transformation formula is reversed:

dy"
Wiy = = By

15 March 2026

Copyright© 2018 [COPYRIGHT Albert Prins], All Rights Reserved. — mailto: aprins@hotmail.com

Page 19 of 342

1)



Fully written out in matrix form:

dyo dyo dy0 dyO

dx® dx! dx? dx3
wo dy' dy' dy' dy'| /po
wt dx® dx! dx? dx3 || B!

dy? dy? dy? dy? || B?

w3/, dx0 dx! dx? dx3 | \B*/«
dy? dy? dy?® dy?
dx® dx! dx? dx3

2.3.3 Transformation behavior of basis vectors

In tensor calculus, it is important to understand not only how the components of a vector change during
coordinate transformation, but also how the corresponding basis vectors themselves transform.

When changing the coordinate system from x™ to y™ , the corresponding basis vectors are respectively:

>
o e, =

7
* h=57

The relationship between basis vectors in different coordinates follows from the chain rule of differential
calculus:

d 9y 9

_oy" o
dx™  dx™ gy m = Gym

-

It follows that the basis vectors transform covariantly: they change along with the coordinate system. The
components of contravariant vectors must therefore adapt in the opposite direction to keep the whole
physically invariant.

2.3.3.1 Note on Einstein notation

Einstein notation uses repeated indices (so-called dummy indices), which are automatically summed over the
values O to 3:

AMB, =33 _oA"B,

In this section, many equations have been deliberately written out explicitly to clarify the meaning of this
notation. In later chapters, we will more often use the abbreviated Einstein notation for compactness.
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2.3.4 Key insights

e Scalars versus vectors:
e Ascalar quantity (such as temperature) does not change under a coordinate transformation.
e Avector has both direction and magnitude. The components of a vector do change under
transformation, depending on the type of vector.
e Contravariant vectors (such as position or velocity vectors W" ):
e Transform opposite to the basis vectors to keep the vector physically constant.
e Transformation formula:
n

dy

n _
W) = Zm Beo

e Covariant vectors (such as dual vectors 4,, ):
e Transform along with the coordinate system.

e Transformation formula:

dx™
Agly) _ B (x)

_dy” A

e Duality:

e Mathematically speaking, covariant vectors are linear functions on vectors; they belong to the
so-called dual vector space.

e Converting between covariant and contravariant:

e Using the metric tensor g,,, , we can convert contravariant and covariant vectors into each
other:

Au = g,wAv, and reversed: A* =g A,

2.3.5 Intuitive explanation
Imagine you are standing on a hill and measuring the slope in different directions:

e If you look north, you see an increase of, for example, 10 meters per kilometer.

e If you now rotate your coordinate system (for example, by turning a compass), the numbers you use to
describe that slope will change—but the hill itself will not change, of course.
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This is precisely the essence of tensor transformations:
The direction of a vector (e.g., a slope or force) remains physically the same, but the coordinates in which you
express that vector change with the system.

e For contravariant vectors (such as position or velocity), the components change in the opposite
direction to the change in the coordinate system. They correct, as it were, for the rotation of the axes.

e For covariant vectors (such as the gradient of a scalar field), the components change along with the new
system. Think of how the direction of a slope is related to how you measure space.

The metric acts as a kind of converter between the two types of vectors. You can think of the metric as a ruler
that measures differently in each direction, depending on the local curvature of space-time.

Comparison table

Property Contravariant Covariant

Index position Above A* Below 4,
Transformes... Opposite to base Along with base
Example Position, velocity Gradient, differential

Directional derivative of a

Origin Direction in space .
& P scalar field

2.4 Covariant and contravariant transformations of tensors
In general relativity—and more broadly in tensor analysis—covariant, contravariant, and mixed tensors play a
central role. The way in which these tensors transform under a change of coordinate system is essential for
formulating physical laws in a coordinate-independent manner. In this section, we discuss the transformation

properties of the different types of tensors.

The transformation rules discussed here are a direct extension of the rules for vectors from the previous section.

2.4.1 Covariant Tensors

A covariant tensor has one or more subscripts, such as T,,, , and can be constructed from the product of
covariant vectors 4,, and B,

The transformation of a covariant tensor from a coordinate system x to a new system y proceeds as follows:

dx” (x) dxs (x) _ dx” dx$ ) p(x) _ dx" dx$ ()

o) _ 2O p0) _
Tmn _Am Bn _dym r dy” N dym dyn r S dym dyn rs

The result of the transformation of T, to T,,,, is then given by:
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o) _ dx" dx®
mn dym dyn rs

Where:

T(Y)

o the covariant tensor in the new coordinate system y,

e The factor

dm

. Tr(sx) is the original covariant tensor in the old system.

2.4.2 Contravariant Tensors

A contravariant tensor has one or more superscripts, such as T™" , and can be constructed from contravariant
vectors A™ and B™ .

The transformation is opposite to that of the covariant tensor:

m

dy dy™ dy™ dy™ dy™ dy"
ey = 40)BG) = 7 A g Bl = o g A0 Bl = 7 s [

The result of the transformation of T™ to T™" is then given by:

dy™ dy"
T0) = dxs [

This formula indicates how the components of a contravariant tensor adapt to a change of basis.

2.4.3 Mixed Tensors

A mixed tensor contains both upper and lower indices, for example T™,, . Such a tensor can arise, for example,
from the product of a contravariant vector A™ and a covariant vector B, .

The corresponding transformation formula is:

dy™ A dx® 4x® oo _ dy™dx® _ dy™ dx*®
dxm C @) gyn dyn S dx” dy" (x)"s dx” dy"

So, the transformation of a mixed tensor is:

T, (y) = AT,BY = T7 o (x)

m dym N

"s(x)

This mix of derivatives reflects the combined behavior of the different index types.
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2.4.4 Key insights

e Atensor is characterized by its rank (number of indices) and the type of indices (upper or lower).

e Tensors are the natural language for formulating physical laws that are independent of the chosen
coordinate system.

e The transformation properties of a tensor guarantee that it retains its meaning under coordinate
changes.

Rank and Notation

e Atensor of rank 0 is a scalar quantity, such as temperature or mass. It does not change under
coordinate transformations.

e Avectoris a tensor of rank 1 and can occur in two forms:
¢ Contravariant: denoted with a superscript, for example V™
e Covariant: denoted with a subscript, for example 1,

e Atensor of rank 2 has several forms:
e Fully covariant: T, ,

¢ Fully contravariant: T# ,

e Mixed: T#,, , etc.
Transformation properties

A tensor is defined by the way its components transform under a change of coordinate system. These
transformation rules ensure that the tensors retain their physical meaning, regardless of the chosen system:

e Covariant components (lower indices, e.g., T, ) transform with the derivative from the old to the new
coordinates.

e Contravariant components (upper indices, e.g.,T*¥ ) transform with the derivative from the new to the
old coordinates.

e Mixed tensors combine both rules (e.g.,TV“ ), depending on the position of the indices.

An important example is the metric tensor = g*¥ , which allows us to raise or lower indices via:
— vV
TH = ghv T,

This ability to manipulate indices makes it easy to switch between covariant and contravariant descriptions.
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Physical Relevance

The fundamental equations of physics—such as Einstein's field equations in general relativity—are formulated in
terms of tensors. This makes them invariant under coordinate transformations, which is an essential feature of
any covariant theory. This guarantees that physical laws retain the same form regardless of the chosen
coordinate system, and that the underlying geometry remains consistently described.

2.4.5 Intuitive explanation
You can compare tensor transformations to redrawing a map:

e Imagine a contour map with hills, valleys, and wind directions.
e You rotate the map 30°, but the hills remain where they are—only the coordinates in which you
describe them change.
Tensors behave like measurable structures in that world:
e Avector arrow on the map (e.g., wind direction) gets new coordinates after the rotation, so that the
direction remains physically the same.
e Agradient (e.g., the slope of the landscape) still points upward, but you now describe it with different

components—depending on the new axes.

This is how tensors behave under transformations: their geometric or physical meaning remains the same, but
the components change depending on the chosen coordinate system.

Overview of transformations

Tensor type Index notation Transforms as...
Scalar o) Remains unchanged
ayt

Contravariant vector 4 Y vH

. dax”
Covariant vector V. ayn H
Covariant tensor Ty Twice the covariant rule
Contravariant tensor T Twice the contravariant rule
Mixed tensor TH, Mix of both
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2.5 Derivation of the Christoffel symbol and the covariant derivative
In order to describe gravity as a geometric phenomenon, Einstein had to find a way to mathematically capture
the curvature of space-time. Instead of forces, general relativity introduces a structure on space-time itself, in

which the Christoffel symbol plays a central role. This symbol describes how basis vectors change and forms the
basis of the covariant derivative, which is necessary to differentiate consistently in curved space.

2.5.1 Basic definition of the Christoffel symbol

variety

€i tangent
space

, & position vector

Consider a coordinate system x! with an associated position vector g(xi), pronounced as ‘ksi’, which
represents a spatial manifold. We define the basis vectors in the tangent space as the partial derivatives of 5:

. ¢

¢ = o
The derivative of this basis vector with respect to another coordinate x/ indicates how the direction of the basis
vector changes in space:

06, 0%
dx)  dxidx

This second derivative can be expressed as a linear combination of the basis vectors themselves:

aé)i k=
5 Vi€ €Y
Here, T¥ is the Christoffel symbol of the second kind. This object describes how the basis vectors change, and

7’ l]
thus the curvature of space. If this derivative is zero, the direction of the basis vector does not change and the

space is flat.

2.5.1.1 Vectorial Interpretation of Direction Change

The basis vectors €; belong to the tangent space at a point of the manifold. The derivative from equation (1)

. . . . . i €; .
tells us how this basis changes in the direction of x/. If a—:]‘. # 0, the space is curved.

Written out in full, equation (1) has the form:
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98,
—_rkz —_r1r03 1z 2z 33

(From here on, we omit the vector sign for simplicity.)

2.5.1.2 Derivation of the Christoffel symbol

Using the duality of basis vectors, we take the inner product with the dual basis vectore
eke, =1

By multiplying both sides of equation (1) by e¥ , we obtain:

de;
k _ Lk t
= (5)

This gives a direct definition of the Christoffel symbol.

2.5.1.3 Symmetry of the lower indices

Because in a smooth manifold the order of differentiation does not matter (they are commutative), (aiaj =

0;9;), the following applies:

de; _O¢ c9e _ 94 k _ rk
ax] ox S aw S aw 0T

The Christoffel symbol is therefore symmetric in the lower indices I“i}‘ =1I .

2.5.1.4 Derivation via coordinate transformation

Consider again:

0¢ P axk
e, =—7—5 = " =—=—
kT axk e, OF
Substitution in equation (1) yields:
2
Fk = ek 9 E
Y oxioxJ
Or, written in reverse:
K dxk . 0%&

¥ 798 axiox

This expression shows that the Christoffel symbol is constructed from second derivatives of the coordinates,

and is therefore directly related to the geometry of space-time.
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2.5.1.5 Link to the metric tensor

The metric tensor g;;, is defined as the inner product of the basis vectors:
2n—1
gix = e = (g™) @)
Using the inverse metric g”‘ , wWe can convert basis vectors between each other:
1 =1
— ( ik
e;. e—k = (gl )

e = g'e, 8

2.5.1.6 Summary

e The Christoffel symbol Filf describes how basis vectors change in a curved space.

e |t plays a central role in the definition of the covariant derivative, which will be discussed in the next
chapter.

e The symmetry Fl-']? = l}'f follows from the commutativity of partial derivatives.

e The Christoffel symbol can be expressed both in terms of coordinate derivatives and in terms of the
metric tensor, and is thus fundamentally linked to the structure of space-time.

2.5.2 Covariant Derivative

The covariant derivative is an extension of the concept of the ordinary derivative in flat (Euclidean) space. In the
context of general relativity, this derivative must be adapted so that it is valid in curved space-time.

Einstein required that his theory be covariant, which means that physical laws retain the same form in every
coordinate system. In particular, if the derivative of a tensor is zero in one system, then it must also be zero in

every other coordinate system.

To guarantee this, we define the covariant derivative V, which corrects the ordinary derivative with additional
terms. This derivative satisfies the requirement:

Vdmn =0
This condition defines the unique torsion-free connection V , also known as the Levi-Civita connection.

2.5.2.1 Metrics and derivatives

We start with the metric tensor (7):

Imn = €m "€ (9)
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Take the ordinary derivative with respect tox® :

09mn — a(em-en) _ de, dey,

0xs oxs  Moaxs +en oxs (10)
Due to the symmetry derived earlier (see equation 4), we can write:
0Gmn de, de,,
=eps.te,
0xs 0xs oxs
agmn aeS aeS
oxs  ‘mgxn +en oxm an
If we move these terms to one side of the equation, we get:
0Gmn deg des
oxs Cmoxn  Cngxm 0 12)

2.5.2.2 Definition of the covariant derivative

This relationship motivates the definition of the covariant derivative of the metric:

0Gmn deg deg
VsGmn = xS _em@_enax_m: 0 (13)
We now express the tangent space derivatives in terms of Christoffel symbols. From the previous chapter, we
know:

I, = etax" and g, = e, - e
This makes equation (13):
dg de de
VeOmn = a;n — ey ax‘s‘ ele, — e, ax—;etet =0 (14)

Here we obtain the covariant derivative of the metric tensor, expressed in terms of the normal derivative,
corrected by two terms that are products of the metric tensor and the corresponding Christoffel symbol:

dg
VsGmn = a;n - gmtrstn - gntrstm =0 (15)

2.5.2.3 Cyclic permutation

Applying the same logic to permutations of the indices, we obtain:

ag

Vm.gns = aXr;f — YInt FTE‘LS - gstrrfm =0 (16)
ag

Vogsm = a;;n _gstrr’im — 9me Frgs =0 17)

Now we perform the following operation: (17) + (16) - (15), taking into account the symmetry mentioned in

equation (4), that l"i’; = []‘]f , resulting in:

09sm | 09ns  O0Gmn
aXn + axm - aXS - zgstrrgm = 0 (18)
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1/09sm  09ns  0Gmn
gseTim = E( ox" + axm  9xS ) (19)
2.5.2.4 Christoffel symbol via metric
We isolate Tf,,, by multiplying by the inverse metric g5¢ :
1 dg ag dg
e —— st( sm ns mn) 20
nm =597\ gxn + oxm xS (20)
This expression gives the Christoffel symbols as a function of the metric tensor and its first derivatives.
2.5.2.5 Remarks
2.5.2.5.1 Covariance of the metric
We confirm that the covariant derivative of the metric is indeed zero (see equation 8):
VA, =g, VA’ (20a)
Using:
A, = gu\,A"
and the Leibniz rule (chain rule):
VA, =V(gnA") =g, VA" + A’Vg,, (20b)

Both (20a) and (20b) must give the same result, so:
Zuv VAY = Zuv VAY + A"Vgu\,
Then:
A"Vguv =0
Since
AY # 0danis Vg, =0

It follows that the covariant derivative of the metric is zero, which is a fundamental property of the Levi-Civita
connection.

2.5.2.5.2 Transformation rule of vector components

Consider a vector:

el _ m -
V=V"e,
The component in the direction of the n-axis is:
s
Vh=V-e,
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V= Vm(é)m ’ én)

As we know:
8mn = ém : é)n = &nm

So:

Vn = ganm (ZOC)
Conversely, via the inverse metric:

1
&nm — gmn
ym =gmy, (20d)

2.5.2.6 Covariant Derivative for a Contravariant Vector

We now want to calculate the covariant derivative of a contravariant vector field V™. In flat space, this would
simply be the ordinary partial derivative. In curved space-time, however, we must take into account the fact that
the basis vectors themselves can also vary from point to point.
2.5.2.6.1Starting point: vector in component form
We consider the vector V as a linear combination of basis vectors €m
V=vmé, (21)
The derivative of V with respect to a coordinate x! is:
oV _avm o ym %m @2
—_— = —0 _—
oxt  oxt ™ ox!

2.5.2.6.2 Connection with the Christoffel symbol

From previous work (equation 1), we know that the derivative of the basis vector is expressed using the
Christoffel symbol:

oe R
T5T = Dt (23)
Substitution in equation (22) yields:
ov. _avm,
ﬁ = _axl em +V le €y (24)

The sum over the indices m and k uses Einstein notation. We may rename the dummy indices (see note below)
and rewrite the second term by m—> y and k- m:

o _ovm

ﬁ = Wem +V Fly em

v (ovm -

ﬁ = _axl + Vy Fly em (25)
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2.5.2.6.3 Definition of the covariant derivative

This immediately gives the definition of the covariant derivative of the contravariant vector V'™ ;

m

V,ym = GL

STtV (26)

The extra term (with the Christoffel symbol) corrects for the fact that the basis vectors themselves change in a
curved space. The covariant derivative V|V™ is therefore tensor-like in nature and transforms correctly under
coordinate changes.

2.5.2.6.4Note: dummy indices

In Einstein notation, we are free to choose how to name the dummy index, as long as this index is summed in
the product. For example:

VEA, = VOAg+ V1A, + VZA, + V345

Whether we name the index p, y or k makes no difference to the end result. The index merely acts as a
placeholder for the summation over the dimensions.

2.5.2.6.5In summary

e The covariant derivative of a contravariant vector V'™ is:

m

Vle = W + Flr;lvy

e This formula corrects the ordinary derivative with a term that reflects the curvature of space-time via
the Christoffel symbol.

e Theresultis a tensor of the same rank as the original vector.

2.5.2.7 Covariant Derivative for a Covariant Vector

We will now examine how the covariant derivative works for a covariant vector Bﬂ . We will use the scalar
product of a contravariant vector A* and a covariant vector B, , and then apply the derivative rules.

2.5.2.7.1 Starting point: product rule on scalar quantity

Take the scalar product A"BM . The covariant derivative of this product is

V.(4"B,) = (V,A")B, + A*(V,B,) (27)
Substitute the expression for V, A" from earlier work:
dA*
VAR = o T r,AY
Then equation (27) becomes:
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0AH
V. (4*B,) = (axa + r;‘vAV> B, + A*(VB,)

2.5.2.7.2 Property of scalars
Because the scalar product A* B, is a scalar, the covariant derivative is equal to the ordinary derivative:

d(4"B,) _ oA g 4 2B
X% oxe« H 0x%

V. (A*B,) =

2.5.2.7.3 Comparison of both expressions

By comparing the right-hand sides of (28) and (29):

] 0B, (0 v .
B+ A 67=( e T A )BM+A (VaBy)

Now we rewrite the indices in the second terms on both sides to clean up the equation. Rename ¢ — ¢
and v = uin the last term on the right-hand side. Then we are left with:

0B
A | =L+ T,

B, + (VaB#)] =0

Since this equation must hold for every A*, it follows that:
0B,

VaB” = m - I‘,;’uB,,

2.5.2.7.4 Definition

This is the covariant derivative of a covariant vector B, . The formula is analogous to that of contravariant

vectors, but the Christoffel symbol now has a minus sign and the index positions are swapped:

For V™ :
m
Vle = W + F{;Vy
o ForVm: yym=S4rmyy
B
e ForB,: VuB, = axg — Iy B,

2.5.2.7.5 In summary

e The covariant derivative of a covariant vectorBﬂ is:

0B
_ 9by
VO(B“ ~ axe

— T4, By
e The second term corrects for the change of the basis vectors in a curved space.

e This definition ensures that the derivative transforms as a tensor.
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2.5.3 Relationship with Tensor
In this chapter, we investigate how a tensor, constructed from the derivative of a covariant vector 1, , behaves

under a coordinate transformation. We show that the ordinary derivative of a vector does not yield a tensor,
and that the covariant derivative is necessary to preserve a tensorial relation.

2.5.3.1 Transformation of a derivative

Consider the following definition of a rank 2 tensor in the x coordinate system:

v, (x)
Tonn (x) = aﬂ;n (33)
In another coordinate system y, we write:
Vi (¥)
T () = ayn (34)

We now investigate whether T,,,,, (x) actually behaves as a tensor, i.e., whether equation (34) corresponds to
the transformed form of (33).

2.5.3.2 Expected tensor transformation

The usual transformation formula for a covariant tensor is:

dx" 0x®
Tmn (y) = aym W Trs (X) (35)
Now substitute T, (x) = alg,_x(sx) :
dx" 0x® AV.(x) 9x" AV.(x)
T (¥) = mAan . s aom : n (36)
dy™ady™ OJx dy™ dy
Note that:
V- (x) _ vy (x) . ay™ .
375 ayn axs (via the chain rule)
But the equation simplifies by considering directly:
ax" V. (x)
We now want to show that:
WV ()
an;n #= T () ?
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WV (y)

2.5.3.3 Calculation of 3y

Use the transformation of vector components:

ox*
Vin(y) = oy V. (x)

Then:

av, a0 [ ox"
m () _ V(o)
ayn dym \ ay™

Apply the product rule:

oV ax" V. (x %x"
m ) _ AN )
ayn dym™ Jy" dyndym

Then use the inverse transformation:

dy*
V.(x) = e V. ()

Fill in (38):

an(y)_ ax” oV.(x)| ay* %"

ayn dym™ Jyn + axT 'aynaym ®)

2.5.3.4 Connection with Christoffel symbols

Recall that (see earlier derivation of Christoffel symbol):
dy®  9%xT
o 90 Ox
dx™ Jdyndym
Substitution in (40) gives:

W) _[37 9,

Reordering gives:

dx" V. (x) Vi (v)
So:
Ve ()

15 March 2026
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2.5.3.5 Covariant derivative of V,,

According to the above result:

0x" 0% (x) _ 0V ()
aym™ adyn N ayn

T (v) = L Vo (v)

And that is exactly the covariant derivative of the covariant vector 1}, (see 2.5.2.7.4):

v,
Ton 0) = 22— £ 10) = b )

Trn(¥) = VoV () (42)

2.5.3.6 Conclusion

OV (x)

axn

e The ordinary derivative is not a tensor.

e Only after correction with the Christoffel symbol does a quantity arise that behaves as a tensor under
coordinate transformations.

e The correct tensorial version is the covariant derivative:

Ton =Vailn

2.5.3.7 Covariant Differentiation for a Covariant Tensor

We now extend the concept of covariant derivative to a covariant tensor of rank 2. The derivation follows

directly from the product rule for tensors and the previously established rules for the covariant derivatives of
vectors.

2.5.3.7.1 Starting point

Consider a tensor T,,, , constructed as the product of two covariant vectors 4, , and B, :

T, =A,B,
We now take the covariant derivative of this tensor with respect to x* :
Vol = Vo(A,B))

According to the product rule:

VoTw = (VeA,)B, + A, (V4B,) (@)
Now use the definition of the covariant derivative of a covariant vector (see section 2.5.2.2):
dA
_u B
V(XAH T 9xe Fflli Aﬁ
0B
VB, = E)x:‘ -1, B,
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Substitute this into (a):

GYY 8 0B, ,
chTuv = Bv W_Aﬁrau +A# {ﬁ_B}/FaV }

Work this out further:

v.T —BaA" aBrf 14 % _apr
aluw — VW_ B vay+ uﬁ_ uytav
0A B
_ H v B Y
VT =By 5 + Ay 5= = AgBy Ty — AuBy TG,
d(A,B,)
Vol = aiav — AgB,TS, — A,B,T),
2.5.3.7.2 Final formula
Since Ty, = A, B, , we ultimately obtain:
oT
Vel = aa — Tl = Tror Tl (43)

2.5.3.7.3 Summary

The covariant derivative of a covariant tensor T, consists of:

. AT
o the ordinary derivative =

’

¢ and two correction terms with Christoffel symbols, one for each index of the tensor.

This guarantees that VT, behaves like a tensor under coordinate transformations.

2.5.3.8 Covariant Differentiation for a Contravariant Tensor

We now extend the concept of covariant differentiation further to a contravariant tensor of rank 2. This tensor
has two upper indices and transforms differently than a covariant tensor. We again follow the product rule and
apply the familiar covariant derivative formulas.

2.5.3.8.1 Starting point
Consider a contravariant tensor T*V as the product of two contravariant vectors:
TH = A*BY
The covariant derivative of T#¥ with respect to x* is then:
Now differentiate this tensor covariantly:
V .T#" = BYV, A" + A*V BY (a)

Now use the formula for the covariant derivative of a contravariant vector (see section 2.5.2.7.4):
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u
v Aﬂ:ai+r” AP
@ oxe = Aa

v

Vﬁvzwa+mmy
Substitution in (a) gives:
wo— v_aA# BTk 2 9B” YTV
vV, T" =B aﬂ+AIm + A ha+3ga
A+ . dBY
vaTW’::BV5;;4-ABBVQM-+AMaXa-FA#Bng
1% Tm/—-BVaA#4-A#aBV-FAﬁBVr“-+A#Byrv
“ T 9x¢ ox® Ba ra
Rewrite this as:
d(A*BY
VQTW’=-j%;3—2—FAﬁBVQ%-+A“BVQg
X
2.5.3.8.2 Final formula
Since THY = A*BY , we get:
oTHv
Val™ = o+ TP T, + Ty, (44)

2.5.3.8.3 In summary

The covariant derivative of a contravariant tensor T*V consists of:

v

. . _,. 0T
e the ordinary derivative ol

e and two correction terms with Christoffel symbols, one for each upper index.

The order of indices in the Christoffel symbol is important: the first index (top) indicates which tensor index is
adjusted, the two bottom ones come from the derivative.

2.5.3.9 Covariant Differentiation for a Mixed Tensor

We will now look at how the covariant derivative is applied to a mixed tensor—a tensor that has both a
contravariant and a covariant index.

2.5.3.9.1 Starting point

Consider the mixed tensor Tv“ , defined as the product of a contravariant vector A* and a covariant vector B,, :

T! = A*B,
The covariant derivative of T with respect to x¥ is:
V. T} = B,V A" + A*V,B, (a)
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2.5.3.9.2 Use of covariant derivatives

Replace the derivatives with their known expressions:

u
V. A* :ai+r“ AP
« ox« Ba

dB
VB, = ax: -1, B,

Substitute these into (a):

DA* dB
V.T! =B, {—+A/3r“ }+A# {—”— B,TY, }

0x% pa ax%
DAH B,
V. T! =B, PR AP B, Ty, + AH i A*B,TY,
dAH B
uo_ v Hu Y
VoTy =B, oo+ Al o0+ AP BT}, — A*B, Ty,
Rewrite this as:
d(A*B,) ,
V. TY = — T AP BTy — AFB, T,
2.5.3.9.3 Final formula
Since T} = A*B, , it follows that:
or’
VeTh =+ Torh, — ThrY, (45)

2.5.4 Key insights

e  Christoffel symbols l"l-]; describe how the basis vectors change from point to point in curved space.
e They are not tensors, but derivatives of the metric that determine how vectors 'rotate' with space.

¢ Inflat space they are zero, in curved space they are not.

e The covariant derivative V corrects the ordinary derivative with these symbols, so that the result
remains tensorial.

e The Levi-Civita connection is the unique connection that satisfies:

e Vg = 0 (metric remains constant)

e No torsion: Filj‘- = I}f

The covariant derivative of a mixed tensor T} contains:

"

. ... otk
e the ordinary derivative Pyl
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e a positive correction term for the contravariant index (u ),

e anegative correction term for the covariant index (v ).

This structure ensures that , T/ behaves like a tensor under coordinate transformations.

2.5.5 Intuitive explanation

Imagine walking on a sphere with an arrow in your hand (a vector). If you walk in a straight line and try to keep
the arrow pointing in the same direction:

e On a flat surface, this works fine—the arrow remains constant.

e Onasphere, your arrow will notice that it "rotates" relative to the surface, even though you are holding
it straight.

That effect is measured by Christoffel symbols.

In curved space, a vector is no longer automatically 'equal’ to its neighbors. The covariant derivative tells us how
a vector changes in a way that makes sense in curved geometry.

Think of a compass trying to maintain a fixed direction while you walk on sloping terrain. It has to compensate
for the slope and curvature of the terrain—which is exactly what the Christoffel symbol does.

Summary overview:

Concept Meaning

Fg Compensation term in differentiation in curved space

Covariant derivative Derivative that is "coordinate-free" and tensorial

VgVt Ordinary derivative + correction via jfc

Geometric meaning Parallel transport, curvature, and change of direction in curved space

2.6 Geodesic equation and Christoffel symbols

As discussed earlier, Einstein attempted to formulate the geometry of space-time in such a way that a freely
falling object does not experience gravity, but instead follows a "straight line" in curved space-time. Such a path
is called a geodesic.

In this context, the acceleration of the object's four-position is equal to zero. In local free fall, the object
therefore follows:
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dZEa
—— =0 with ds = cdrt
dz?
Here, T is the proper time, measured by an observer in a freely falling coordinate system. The origin of this
system "surrenders" to gravity and follows exactly the path of the free-falling object. A geodesic line is the

shortest route (in proper time) between two points, given a certain space-time metric.

2.6.1 Explanation of the Terms

2.6.1.1 Local (freely falling) frame (§%):

This is a coordinate system defined locally in spacetime.

It is called “freely falling” because the axes of this frame behave like a particle in free fall, meaning that at
that moment no non-gravitational forces act on it.

On a very small scale (and as an approximation), the laws of physics in this system can be simplified, similar
to the local laws in an inertial frame (moving in a straight line at constant speed).

2.6.1.2 General curved coordinate system (x*):

This is a global coordinate system that describes the entire spacetime, which is generally curved due to
mass and energy.

The coordinates x* can be arbitrary coordinates used to specify points in a curved spacetime, without
restriction to a local inertial frame.

2.6.1.3 The relation between the two

The theorem states that there exists a local transformation between these two frames, similar to a Lorentz
transformation, that defines the relation between the local freely falling coordinates é* and the general
coordinates x*.

2.6.1.4 Meaning in physics

In general relativity, this concept expresses that in a curved spacetime one can always define a local “flat”
coordinate system at any point.

In this local, freely falling frame, the laws of physics appear to operate in the same way as in a special
relativistic inertial frame, which simplifies the local physics.

This is crucial for understanding the local effects of gravity: gravity is the manifestation of the curvature of
spacetime itself, and in a local freely falling frame this curvature can be ignored.
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2.6.2 Derivation via coordinate transformation

Suppose that % are the coordinates in the local (free-falling) system, while x* are the coordinates in a generally
curved coordinate system. Then the following applies:

a a
The first derivative becomes:
dé* 0&% dxH
dr  oxk dr

The second derivative:

dr? _dr\axk dr ) " dr\dxr) dr T oxr ar
d2" _ d (dg dxt 0g" dxt
dt?2  dt\dx*) dr = odx+ dt?
die _ d%e dxt dxt 0gt d%x
dt2  dxtdx¥ dt dt = 9x* dt?

" d <a.,w dx”) d <d€“>_dx“ QEX d2xH

2ra
Because ddfz = 0 for a freely falling object, the following applies:

d?&%  dx” dx“_l_af“ d?xt
dx*dx’ dr dr Odx* drt?

axP .

aga "

dxf  d?&®  dxV dx*  0&* d’x* -dxP

To return to the x-coordinates, we multiply both sides by

0=3¢% Txidx @ “dr Toxr TdZ dee
Here, the following applies:
agaaxﬂ_axﬂ_ﬁﬁ rer del
Ok 9FE ~ g O (Kronecker delta)

So:
oxP  0%&*  dx* 0xV B d?x#

0=3¢5 omionr ar ot T

The Kronecker delta is defined as 1 only when § = u, andOwhen 8 + u .

axP . . . . .
ﬁ = 65 = 0, because x# and x* are perpendicular to each other in the case  # u . Due to Einstein notation,

the rightmost term consists of four elements, so 55 = 1 when u = 8, while the other three terms are zero.
This means that we can replace the u index in the last term with S .

15 March 2026 Page 42 of 342

Copyright© 2018 [COPYRIGHT Albert Prins], All Rights Reserved. — mailto: aprins@hotmail.com



So:
axP  9%&*  dx* ax¥  d*xP

0=3¢ axiox dr ot a2

Recognize the Christoffel symbol here:
axP 9%«
LA
W géa gxHaxY
This gives us the geodesic equation:
d?xP L f oxtax’ 0 X
dt2 "™ 9t ot 1)

2.6.3 Interpretation

. . d2xF
The second derivative 7

= is therefore compensated by the Christoffel term. When there is no gravity (i.e., flat

space-time), all Fﬁ, = 0, and the object follows a straight line:

d%xP
27 -0
dt?

The geodesic equation describes the path of a freely falling particle in curved space-time, i.e., the path with the
shortest distance in 4D space-time.

2.6.4 Summary
The relationship between acceleration in the local free-fall system and in the general coordinate system is:

d?gf  d*xF o Oxt ox”
dt2 ~ dr? ® o9t ot

For an object on a geodesic path, the acceleration in the local system is zero:

_ d%xP B OxH* axV

0=
dt? w9t Ot
Or, written differently:
d%xP B oxH oxV
dt2 ~ ® 91 ot

2.6.5 Christoffel symbol formula
Where the Christoffel symbol contains the relationship between the moving system £* and the "rest"

system x#.
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Lk
W gEx gxHaxV

2.6.6 Remarks

Note 1: Affine parameter

For massless particles such as photons, T = 0, which means that use of the eigentime is not suitable. We
therefore use an affine parameter 1, so that the geodesic equation becomes:

0= d?xF Y. dx* oxV
Cdaz M 94 aa
The parameter A often disappears in the final physical expressions, which facilitates its use.

Note 2: Speed of light ¢

In much of the literature, c= 1 is chosen for simplicity. In this document, however, we retain the speed of light ¢
explicitly in the formulas. This makes it easier to check the dimensions and increases the transparency of the
calculations.

2.6.7 Key insights

e Geodesics are the "straightest" possible lines in a curved space-time—think of the shortest route
between two points on a sphere.

e In general relativity, geodesics describe the path that a freely moving particle follows under the
influence of gravity (but without other forces).

e The geodesic equation is:

dZxH u dxV dxP
+ =
dt? P dr dt

e This is a second-order differential equation that determines the trajectory in terms of the Christoffel
symbols Fﬁp .

e The equation shows that the curvature of space-time (via I' ) determines the acceleration of the path,
without any external force.

2.6.8 Intuitive explanation
Imagine rolling an arrow across a sphere without touching it:

e The arrow follows the "straightest" line on the sphere—which is not a straight line in the usual sense,
but a large circle such as the equator or a meridian.

¢ We call that path a geodesic.
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In relativity theory:

e When you drop an apple, it does not follow a curve due to a force, but a geodesic in a curved space-time
- the curvature of the Earth determines the trajectory.

e The Christoffel symbols in the equation describe how the path "deviates from straight ahead"
depending on the geometry.

Think of a GPS that adjusts its own course depending on the curves in the landscape. That "correction" is the
role of Iy, .

Table overview:

Magnitude Meaning

x* (1) Coordinates of the particle as a function of proper time
d2xH

d72 Acceleration along the world line

I}f; "Deflection coefficient" due to space-time curvature
Geodesic equation Path without external forces: pure gravity

2.7 Christoffel symbols expressed in terms of the metric tensor

As discussed earlier, the metric tensor g,;,, contains all information about the curvature and geometry of space-

time. In this chapter, we will show how the Christoffel symbol l"ﬁv can be expressed exclusively in terms of the
metric tensor and its derivatives.

2.7.1 Conditions and definitions
We start from the following standard forms:
e Metric tensor (from local flat space):

0&x 9&P
Guv = Nap 5o v

wherengp = diag(1,—1,—1,—1) is the Minkowski metric (see also section 5.6.1).

e Christoffel symbol (via transformation):
p _OxF %0
W 9ER dxtaxY
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2.7.2 Transformation via chain rule

We start by rewriting the metric tensor in a slightly different form g, :
aEx 9Ek aEx 9&k
9w =Nap 5,55, becauseof symmetry = g,, =1gp =5

By replacing the fictitious index & with o :
087 9&h
O Gw = ob G g

By replacing the index v with a :
0&° 9&k
= Gau =Mop 3 5 2)

Now we rewrite the Christoffel symbol by multiplying each part of the equation by the partial derivative of £

with respect to x# :
axP o0&\ 0%t
< > 5 (Ba)

(OEU)FB _0xF ot (65")_
axP)  \9&* axP | dx+oxY

axB) W 9&r dxHaxY

Or:

axP ag° Gl
<6§’1 6;):6; =67 ord) {=1ifoc =2and = 0if o # 4}

So together with (3a) this becomes:

(650) 8 _ g0 625;1
axpP/) 1 dxHdxv
If ¢ = A, then we replace A door o:
afa 8 aZEa
(c’)xﬁ) B xkdxY (3b)
So from (2):
0Gay 9287 0¢F 0&7| 9%&F
ax’ 1% Gxvaxk ox« T 17 Gk xvaxe
With (3b) we can deduce: /
2 2
0°¢7 9%, 0%¢f 0gby

nd dxVoxe oxP V@

dxvaxk  dxp MY
Now we rewrite the partial derivative g, in relation with x” as follows:
5P 1987 957 108F
o8 3k Bk Ve

0 Gay
ox" 9B Gxa Oxb MV

We know from above:
&% 9&P

metric tensor: 9w = Nap Waxv
So:
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9k 9o 9&7 9¢&P
ot 3 o~ 9o 9 M 55 = G

dg
axf/ﬂ = YGpa F/fv + Gup Ffa (30)
Perform cyclic permutations:
09ay _ 0 0
FTai Ipa Loy + Gvp lia pandv are swapped (3d)
0 Guv p P
- Iou e + Gvp T a and y are swapped (3e)

Now take out (3c)+(3d)-(3e):

0Goay 090y 99w
OxV + ax(;v - ox® = gparlfv + Gup F]f)a + gparfu + Gvp pr)a ~ Ypu F]f)a ~ Yvp Fcfc)u
Due to symmetry in the indices, this simplifies to:
agau +agav _agyv — Zg Fp
oxY oxH ox“ papy

1(99au 9 9av _ 9 G
2\ dxV dx# dx®

GpaThy =

2.7.3 Isolating the Christoffel symbol

The final step is to multiply both sides of the equation by the inverse metric tensor g°* to find the Christoffel
symbol:

1 0g dg 29
p_rmP _ au av wy

Swapping p to f3:

1 09y  0gay 09
B Ba au av uv
F —_ + —
w2 g ( oxv OxH Jx®

Usually, the following convention is adopted for writing partial derivatives:

0 Jap _
dxV = gau,v

So, the Christoffel symbol in compact notation:

1
F;ﬁ/ = E gﬁa(gau,v + Jav,u — guv,oc)

2.7.4 Summary
The Christoffel symbols are fully expressed in terms of the metric tensor g,,,, and its first derivatives:
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B — _ pba
v Zg dxVv OxHt Jx«

1 <6gau L 99w _6gw>

Or in short notation:

1
F;fi = E g'ga(gau,v + av,u — guv,a)

2.7.5 Note

This equation is fundamental in general relativity. It shows that the geometry of space-time, and thus gravity, is
completely determined by the metric. The Christoffel symbols describe how vectors change under parallel
transport and appear in the geodesic equation, the covariant derivative, and later in the Riemann and Ricci
tensors.

2.7.6 Key insights

e Christoffel symbols F&V can be calculated entirely on the basis of the metric tensor g, .

e The explicit formula is:

1
Ly = Eg}\p (augpv +0y9pu — apgw)

e The Christoffel symbols indicate how coordinate systems are locally curved—and thus how vectors and
trajectories behave.

e The symmetry Fi;v = FZE# is preserved as long as the metric is symmetric (which is always the case).

e This relationship forms the bridge between geometry and dynamics in general relativity.

2.7.7 Intuitive explanation

The metric tensor 9 tells you how to measure distances in a space (e.g., how "far" something is in curved

coordinates).

But: if you are moving in a landscape and you want to know how the direction of an arrow changes as you
move forward, you need more than just distances: you need to know how the measuring sticks themselves
change. That is exactly what the Christoffel symbols do.

You can think of it this way:
e Metrics tell you what is straight at a point.

¢ The Christoffel symbols tell you how "“straight"” changes as you move.

You don't need to measure the change in basis vectors separately—you can calculate it entirely from the metric
itself!
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Table overview:

Quantity Meaning

Iuv Determines local distance and angle

059y How the distance definition changes when you move

Fﬂ)‘v How base vectors change - determines deviation from "straight ahead"
Formula Derivatives of metric converted with inverse metric

2.8 Geodesic Equation and its Newtonian Limit

Newtonian gravity describes how matter generates a gravitational potential ® , and how, according to Newton's
second law, that potential leads to acceleration:
a=-Vo

Here, @ is the gravitational potential, and V is the Euclidean gradient operator
(6 5 4 J + d A)
—é, +—é, +—¢é
ox ¥ oy Y o0z’

Here,é,,é,,¢é, are the unit vectors along the respective axes. This description is accurate at low speeds, weak

fields, and in a static regime. We will now show that the geodesic equation of general relativity reduces to the
Newtonian gravitational equation in this limit.

2.8.1 Assumptions for the Newtonian limit:

e The particle moves slowly compared to the speed of light.
e The gravitational field is weak.

e The field is static, so it does not change with time.

2.8.2 Starting point: the geodesic equation

The geodesic equation describes the worldline of a particle that is only influenced by gravity. We will now show
that in the context of the Newtonian limit, the geodesic equation reduces to Newton's gravitational equation.

From the previous chapter, we know that the geodesic equations, with proper time as a parameter of the
worldline, are as follows:

d?xP p Oxt dx”
+ =
dt? oot ot
The second term includes a sum over 4 and v over all indices, which amounts to 16 terms. Because the particle

moves very slowly relative to the speed of light, the time component, i.e., the 0° component of the particle's
vector, dominates the other spatial components. We then arrive at the following approximation:

15 March 2026 Page 49 of 342

Copyright© 2018 [COPYRIGHT Albert Prins], All Rights Reserved. — mailto: aprins@hotmail.com



i

with

haad — 940
It « Ir (because we know that cdt = dx")

d*xP B Ox* 0x”
=+ =
dt? W 9t ot

The only term that remains after approximation is the time component, where Fé'o ,and u =v = 0. This gives:

d%xP 4 Fﬁ (cdt)2 _ 0
dt? 0\gr)

Greek letters are normally used for the indices when describing four-dimensional space-time, but when only
three-dimensional space is considered, it is customary to use Latin letters. Therefore, 8 is replaced by i (i= x, y,

z), resulting in:
d*x' . cdt 2
dt? * Too (E) =0 M

2.8.3 Approximation of the Christoffel symbol

From the chapter Christoffel symbols expressed in terms of the metric tensor(2.7), it appears that the Christoffel
symbol can be calculated with respect to the components of a given metric (where x° = 1) :

; - (0gjo 9gjo 9 goo
. | ] JYU
foo =549 <6x° T X0 " o

Since the field is static, according to the second assumption of the Newtonian limit, the time derivative

is aai’;)o = 0, so that the Christoffel symbol can be simplified to:
. 1 -0 goo
Ity = —=— g¥ —— 2
00 29 Tox @

2.8.4 Weak field approximation

If the gravitational field is weak enough, space-time will only be slightly distorted relative to the gravity-free
Minkowski space-time of Special Relativity. Then the space-time metric can be considered a small perturbation
of the Minkowski metric 7,,,, :

G =N + hﬂv with [hw] <1
d goo _ d(moo + hoo)

dx’ dx’
d goo _ dnoo , d hoo d hgo
dx’ dx’ + dx’ + dx) 7o
For goo , the following applies:
d goo _ dhoo
— = . 3
dx) dx’ ®)
So from (2) and (3) we get equation (1):
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d?xt _ i (cdt)2
dr2 ~ % \4r
d’x' 1 . 0 hg (cdt\?
b ()
dr?2 2 ox) \dt
By defining g% = n¥ — hY , we find that g*° g,, = &, which corresponds to the first order of hi;, when
defining an inverse metric.

We then obtain:
d’x' 1 .0 hg (cdt)z
a2 27 a0 \dr
But since n¥ is not zero for j=i, then n* = —1 (where i refers to the spatial components) applies:
d?x! 10 hy (cdt>2
dt2 2 axt \dr
We will now change the derivative on the left-hand side of 7 naar t, which is done as follows:
First, in the above equation, i is replaced by 0, so that 0 =t:

it 10 oty
dr? 2 dt \dr

. N iy : . dh
Since the gravitational field is constant, the following applies: at‘m =0:

2
247t _

d%t
a2 0= g2

C =0 4)

2.8.5 Switching to coordinate time

Next, we manipulate the partial derivatives with respect to tau (7) :
d?x! _ddx' d (dtdx’
dt?  drdr dr\drdt

_dt (d dx! +dxi(d dt)
" dr\dr dt dt \drtdr

_adt dt d dxt +dxi(d dt)
“dt\dtdt dt dt \dtdt

_<dt>2 d’xt) | dx' (d%t
~ \dr/ \ dt? dt \dr?

2
As we saw above in (4) % =0:

dzxi_(dt>2 d2x\ 16h00(cdt)2_ c20h00<dt)2
dt?  \dt/ \dt2 ) 2 axt \dt/ =~ 2 ox' \dr
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- ()@ -2y
dt? ) T 2 oxt \4r

From this it follows that:

dzxi . C2 0 hOO
dt2 2 ox!
In general:
d? d? d? d (c’h d (c*h d (c*h
—Xi+—yj+—zk=—— 0),_2% 00 o= 00 )
dt? dt?’ = dt? ox\ 2 ay\ 2 oz\ 2
d’x  d’y . d’z d 0 0 c? hgg c? hgg
ax. ey a9 L O] () £ 00
dt21+dt2]+dt2 [axH—ay +az ]( 2 > ( 2 >
2.8.6 Equation in Newton

In vector form:

d*r d’r
- —V¢ or az - —grad ¢
2
C hoo 24)
h = d thus hyy = —-
where ¢ > an us hgg p
This is another way of writing Newton's law of gravitation
a=-Vo
2.8.7 Metric component in terms of potential
By writing the metric gg as:
2¢
oo =Moo + hoo =1+—7 (5)

the direct link between the metric tensor (component gg ) on the left and the gravitational potential ¢ on the
right can be seen.

2.8.8 Example: calculation ofh,, on Earth

The value of hyy on Earth can now be calculated and checked to see if this value is negligible, meaning that the
deviation from the Minkowski metric, due to the gravitational field, is negligible.

_2¢ _ GMegren
" Rearen
Or:

2GM

00 CZR
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With:
e (=667x10"1"1m3 kg l.s7?
¢ Mugren =6%X102*kg  Regp = 6400 km

e c=~3x10%m.s™?!

We obtain:
2:6.67-10711.6-10%
00~ "64-10°-(9-1010)

~107?

For the Sun, this is ~10~° and for a white dwarf ~10~%, which confirms that the weak field approximation is
generally valid in many realistic situations.

2.8.9 Key insights

¢ In general relativity, free particles follow a geodesic in curved space-time.

e Inthe classical case (Newton), a particle follows a trajectory under the influence of the gravitational
force:

a=-Vo
where @ is the gravitational potential.
¢ Inthe weak field approximation and for slow speeds, the geodesic equation reduces to this Newtonian
form.
e This requires that:

e The space-time is barely curved = g + hyy

uv = n,uv
. N . . : 2¢

e Only g,, deviates significantly from the flat Minkowski metric = g,, = — (1 + c_2)

e In this approach, the component Fioo turns out to be equal to 62¢> , Which leads to Newton's

gravitational equation.

2.8.10 Intuitive explanation
Einstein's theory must make the same predictions as Newton's theory in everyday life. That is to say:

e When gravity is weak (e.g., around the Earth),
e And the speeds are much smaller than the speed of light (e.g., falling apples),

e Then the relativistic formula must transition into the classical one.

The geodesic equation says: "a particle moves in curved space-time, without force."
But in weak fields, you can write that curvature as a small deviation from flat space. That deviation can then be
seen as an "effective force" — exactly as Newton described it!
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So: Newton's gravity is a limiting case of general relativity. The apple falls, not because of a force, but because
the time component oo s slightly curved by the mass of the Earth.

Summary comparison table:

Theory Formula Interpretation
. a=-Vo .
Newton (classical) Acceleration due to force
d?xt
Einstein (weak limit) = = — 50 Deviation from a straight line due to time curvature
r
. . 1 . ) )
Link between the two I = > 0'goo ~ 0'¢p Joo encodes the potential

2.9 Generalizing the Definition of the Metric Tensor

In the previous sections, we saw how the geodesic equation is generalized from an inertial frame to an arbitrary
coordinate system. In a similar way, we now extend the definition of the line element from flat Minkowski
space-time to a general curved space-time — a so-called pseudo-Riemannian manifold. This structure forms the
mathematical basis of general relativity.

2.9.1 The MinkowskKi line element in a local inertial frame

In a local inertial frame, we use the coordinates &%, defined as:

&0 =ct, =x, &=y, &=z
The Minkowski line element can be described as follows (see also Independence of the Chosen Coordinate
System2.2.2 equation equation 2 2 4 2 and see also 5.6.1 Detailed Explanation of the Metric Tensor)

The corresponding line element is:
ds? =145 dE“dEP

where 1,4 is the Minkowski metric:

1 0 0 0
0 -1 0 0
Tt =lo 0 -1 o0
0 O 0 -1
2.9.2 Coordinate transformation to a general system

We now move to an arbitrary, possibly curved coordinate system x* , in which the old coordinates £¢ are
functions of the new ones:

S;a — S;a (XO, xl’ XZ, x3)
The differential change d¢“ is then obtained via the chain rule:
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o0& o0& o0& o0&

— 0 1 2 3
dfa = mdx +de +de +ﬁdx
Using the Einstein summation convention:
0&* &k
d&é® = o dx* en déf = Fp dxV
This allows us to rewrite the line element as:
&% 9&k
2 _ -2 u v
ds Nap 3 In? dx*dx
2.9.3 Definition of the general metric tensor
We now define the metric tensor g,,, as:
. 9§~ 9sF
metric tensor: g,, = naﬂﬁ "

So that the line element in the new system becomes:

ds? = g,,dx"dx"

2.9.4 Properties of the metric tensor

The properties of the metric tensor are:

e Symmetry:

I = G

This follows directly from the definition, since the Minkowski metric is symmetric.

¢ Inverse metric:

g" zodanigdat g"’g,, = &)

where &) is the Kronecker delta.

e Covariant versus contravariant

The inverse g"” is called the contravariant metric; g, is the covariant metric.

2.9.5 Importance of the metric in relativity

The metric tensor contains all information about the structure of space-time. It determines distances, angles,
curvature, and thus also the behavior of objects under the influence of gravity. In the context of general
relativity, gravity is nothing more than a manifestation of the curvature of space-time. This curvature is
completely described by the metric.

Therefore, the fundamental goal of general relativity is to find g, - the metric - as a solution to Einstein's field
equations. Once known, this tensor determines the course of free motion, the curvature of space and time, and
the interaction with energy and mass.
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2.9.6 Number of independent components

Although the metric tensor g,,, appears at first glance to contain 16 components (in a 4x4 matrix), it is
symmetrical: g,, = g,,- Therefore only 10 independent components remain. These ten functions of space-
time form the unknowns in Einstein's field equations.

2.9.7 Key insights

e The metric tensor 9 defines the distance in space-time via the line element:
ds? = G dxH dxV

e This formula applies in every coordinate system—flat or curved—as long as 9 is correctly adjusted.
e The metricis:

e Symmetrical: g,, = gy,

e Tensor: changes according to tensor transformations when coordinates are changed.
e The metric contains all information about the local geometry: distance, angle, volume, and light cones.
e Incurved space, the metric is location-dependent: g, = g,, (x)

e Through generalization, the metric becomes the fundamental object on which all other geometric
quantities are based (Christoffel symbols, Riemann tensor, etc.).

2.9.8 Intuitive explanation
In special relativity, distance in space-time is something like:

ds? = —c?dt?® + dx? + dy? + dz?

That is the Minkowski metric: flat and constant

In general relativity, we say: space-time itself is deformable, so the distance formula must be adapted to the
curvature.
We do this with a metric tensor g,,,, , which tells us how space and time are measured at each point.

You can think of it as a measuring stick that changes shape locally depending on where you stand. Sometimes a
"meter" is less or more than elsewhere, and angles can be skewed—depending on the mass/energy in the

vicinity.

The generalization means that we no longer have a universal, fixed formula for distance, but a flexible field that
is different at every point—and behaves tensorially.

Table overview:
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Quantity Meaning

gm,(x) Local measurement recipe for space-time
Symmetry Iuv = Gvu

Tensor transformation Metric adapts to coordinate change
Distance ds? = Guvdxtdx?

Special limit 9uv = Ny (Minkowski metric)

2.10 The Riemann curvature tensor

The Riemann curvature tensor is one of the most important concepts in general relativity. This tensor describes
how space-time is locally curved as a result of the presence of mass and energy. It determines how vectors
change during parallel transport along curved paths around a closed loop.
In flat, Euclidean space, where there are no gravitational effects, the Riemann tensor disappears:

Ry, =0 (in flat space)

In this chapter, we derive the Riemann tensor in two ways:

1. Via the commutator of two covariant derivatives

2. Viathe method of geodesic deviation
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2.10.1 Derivation via the Commutator of Covariant Derivatives.

Using the concept of parallel transport of vectors or tensors, we will derive the expression for the Riemann
tensor.

North Pole

R

Parallel transport of a vector around a closed loop

An intuitive example of curvature can be found on the Earth's surface. Suppose we walk from the North Pole
along a meridian to the equator with a stick held horizontally. There we turn 90 degrees, walk across the
equator, and return to the North Pole via another meridian. Although we keep the stick in the "same direction,"
it points in a different direction after our return. This difference is due to the curvature of the surface.

In a similar way, we can transport a vector parallel in an infinitesimal loop on a manifold. In flat space, the vector
does not change; in curved space, it does. This difference in parallel transport is directly linked to the Riemann
tensor.

We define parallel transport as a movement in which the covariant derivative of a vector is zero. To derive the
Riemann tensor, we examine how the result of twice covariant differentiation depends on the sequence of
transporttion. The commutator of the covariant derivatives gives us that measure of curvature.

2.10.1.1Covariant Derivative Commutator

A commutator here refers to the difference between two operations, one performed in one direction and the
other in the opposite direction. The commutator is defined as:

[AB] = AB — BA
The commutator is therefore only zero when the order of the two operations is irrelevant.
To obtain the Riemann tensor, the covariant derivative is chosen as the operation. The commutator of two
covariant derivatives measures the difference between transporting the tensor first in one direction and then in

the opposite direction. Thus, as a measure of the difference of the tensor along the path, the covariant
derivative of the tensor is used.

In a flat space, the order of covariant derivatives makes no difference, because covariant differentiation falls
back on partial differentiation, and therefore the commutator must yield zero. Conversely, any non-zero result
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of applying the commutator to covariant differentiation can be attributed to the curvature of space, and this is

therefore referred to as the Riemann tensor.

2.10.1.2 Derivation of the Riemann Tensor.

The goal now is to derive the Riemann tensor by finding the following commutator:
[V, VoV = VeV W, — W Vel

We know that the covariant derivative of V, is given by (see equation 32 ):

av, d
N b Lan Va
And that this derivative itself is a tensor.
As we saw in the previous chapter:
(see equation 42 )
av,, .
Ton (v) = VoV, = dyn — L Vi (%)

This means that:

oV,
Tab(Y) = VbVa = ﬁ_ l—‘bravr(x)

So, the covariant derivative of a vector (V,1},) is a tensor (see equation 42 ).

The covariant derivative of a tensor is (see equation 43 ):

0T,
u
VaTw = ox* Tgy Ffu — Ty T
T,
=> V. Ty = a_;c - Teb 1—‘cea - Tae ceb

This results in: / l \

d
VLV, = ﬁ(vb%) - 1—‘ofc Vp Ve — I‘becveva

The first term on the right-hand side:

9 o, o
d0x¢ Vola) = dxcoxb W(F“b Vd)

The second and third terms on the right-hand side:

[3 e aVe d
1—‘(Jccvbve = Fac (m - Fbe Vd)

e e aVa
l—‘bcveva = Fbc (axe -

15 March 2026

Copyright© 2018 [COPYRIGHT Albert Prins], All Rights Reserved. — mailto: aprins@hotmail.com

(1)

(1a)

(1b)

(1c)

(1d)

Page 59 of 342



By combining the three terms (1b, 1c, 1d) in (1), we get:

9%V, vy, ard, ) av,
VWV, = m— Iy 3ec Ve a;C —Tg (axz - szleVd) Tpe (a " FéieVd) (1e)

By swapping b and c, we find:
9%V, GIA org av, oV,
d ac d d
Vel = 5oyt = Tl o = Vy S5 g, (52— TV ) — T (55~ T V) @
By subtracting (1e)-(2), the first and last terms cancel each other out. Since the Christoffel symbol is symmetric

with respect to the lower indices, we get:

v, ard, av, v, ord av,
VeVl = VoVell = —T, =t = Va 5 — T, (S5~ TV ) + T = Va 25 4 Ty (52— T v
By expanding the parentheses in the last terms and factoring the terms with V; :
Vg ard, av, v, ard av,
b1 chrbeVd+Fadca b"‘VdaabC"' ab 57 —— T TEV,

chbvzvz _va Vo = Fab dx¢ d D x¢ ac 5 b

Wy 4 Vg v, ., 9V ord.  org

From equation 2 5 1 1 inthe previous chapter, we know:

aei k
ax [y ex (3)
Therefore:
aVe d aV aVe d e e
%< = Tgc Vg =>Tgp e = Igp 1-‘ech en oxb =Ly Va => Tgc a Facr Va
av, av, d ad ars.  are
d d e e ac ab
VeVile = VoVl = T o5 = T o + I | — T4 % +<axb — o [T |~ [EeE ) Ve
4 Wy ard. v,  arg
VeV Vo =V Vel = Toe 55 OxP Va5 dxb Fab dx¢ —Va OxC¢
After swapping d with e in the first and third terms on the right-hand side:
av, ard av, ars,
VeWolVa = VoVeVo = Tee o5+ Va7 —Tap 5 Va5 ¢ =
. 4. are,
VeVplo = Vo Vel = e Lep Va + Vdm - l-‘ech Va 9x¢ =

arL arg
VeVuly = Vp Vel = <a;; —Sxc T el — Ty Fﬁé)vd
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We define the expression inside the parentheses on the right-hand side as the Riemann tensor, which means
that:

[Vc: Vb]Va =V WV, — VWV, = Rgbcvd

d _ argc ar‘gb e rd e prd

abc — b + l-‘()ccl-‘be - abrce
ax ax¢

d _ pd d e rrd e prd
Rabc — Yach — l-‘otb,c + l-‘otcrbe - abrce

This is the component form of the Riemann tensor, which explicitly contains the derivatives of the Christoffel
symbols and their products. This expression shows how curvature is an intrinsic geometric effect that cannot be
removed by a change of coordinates.

Note:

Here, the commutator can be considered as the difference of two vectors. The magnitude of the resulting vector
is the Riemann tensor.

2.10.1.3 Alternative Derivation of the Riemann Tensor via the

Commutator

We consider an infinitesimal area over which a vector is moved (transported in parallel) via two different paths.
When the manifold is flat, the difference between the two end vectors would be zero. However, in the case that
the manifold is intrinsically curved, this would lead to a difference between the end vectors.

First, we move a vector V_ from point A via B to C. To determine the direction of the vector's movement, we take
the derivative of the vector with respect to dx* and then look at the change in this result with respect to dx"
Next we do the same from A via D to C, first with respect to dxV and then to dx* . Both results are subtracted
from each other, which leads to the Riemann tensor.

i //

—_—

V=vym-8,

The vector &,, is the tangent vector, i.e., the derivative of the position vector or the derivative of the trajectory.
If the trajectory is a straight line, then the derivative of €,, is a constant; and consequently, the derivative of €,,, ,
and thus the Christoffel symbol, is zero.

First, from A to B to determine the direction, we take the derivative (see also equation _3):
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oV _avm L ym Oem OV
axk  gxr om dxt  OxH

Change the two dummy indices, k and m. Then the formula can be adapted fromktomand mtoy .

oV _ovr s (v
o+ VITR G, = (——+ V7T

- -

@y + VIR, 8

oxt ax” OxH

This is the covariant derivative of the contravariant vector V . And from the definition of the Christoffel symbol
) ) aé,, R ,

in the previous chapters, we know that ;7 = Ff,‘lu €, (see also equation_3).

Next, change the direction from B to C with respect to dx” :

R atvm | an g, ovY arym# ; 06,
= e + ]"m 4+ yy 2= +yYem
OxV oxt  9xVoxt ™ ax# oxv | oxv "M ox’ Y g
6217 B 92ym 5 aym . VY arm k ;
o7 o = oy o t g T Bt G Gl ¥ VY 5l + VYT

In the right-hand side of the equation, replace the indices k with m and m with y in the second term, and swap k
and m in the fifth term:

9%V otym s WV s VT, R
oo = o ow o T agr W T in + VY 5 Sl + VITL TG 6
9%V oy ve 4Tk ImyYE oty OV VT
v oxt - x| om Tl Vi en + 555 ém + i vem + 555 Tyuem
Now for the other direction, swap g and v :
A TAN) Wit cpmprs 4 OV s OV L VY
Tl eACR VAL s s s L wea L
Now subtract the last two equations from each other:
0%V %V
Oxt 0xv  OxVoxt
orm orm *ym *ym avr
_ Yv - yu - k - k - - -
o Vve, _,,67‘” +l; D VY €n —yl"w mvre, + O ™ T v Ok ém + Ix7 —— i én
_ rme +aV rme —aLFmE
B THEm T gy Em T G v Em
oy ve 6 VT‘ Ye., k Ye k rmyyg
=V ey =2 VY B + T T VY 8 — L TRV
0%V 0%V arm  arm
_ — — k k Yo
— oxtox’  ox" oxF (axu oxv vl =Ty F"”>V ém
0%V 0%V m Uys
Oxk Ox¥  Ox'oxt RywV" em
2.10.1.4 Definition of the Riemann tensor:

The expression within the brackets is defined as the Riemann tensor R}j,, :
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orrm ot
R, =—L Y pkpm_rkrm
IxH oxv 14 U Yu" kv
Where the Riemann tensor describes the degree of curvature of space-time by the difference in parallel
transport of a tensor around a closed loop.

2.10.1.5 Conclusion:

This alternative derivation of the Riemann tensor via the commutator provides a way to understand how the
curvature of space-time is determined by the difference in parallel transport of tensors. The Riemann tensor is
therefore a crucial tool in general relativity for describing the geometry and gravitational effects in space-time.

2.10.2 Derivation of the Riemann Tensor via Geodesic Deviation

In the previous chapter, we showed a method for deriving the Riemann tensor from the commutator of
covariant derivatives, which physically corresponds to the difference between transporting a vector in parallel
first along one path and then along another. Another interpretation arises from the relative acceleration of
nearby particles in free fall.

Imagine a cloud of particles in free fall. Let us assume that an observer is traveling with one of these particles.
He looks at a nearby particle and measures its position in local inertial coordinates. In Special Relativity, this
particle will move in a straight line at constant speed, without acceleration. But what happens in a gravitational
field?

As we remember from the previous chapter, a geodesic line generalizes the concept of a "straight line" to
curved space-time.

Here we will show how the evolution of the distance measured between two neighboring geodesic lines, also
called geodesic deviation, can indeed be related to a non-zero curvature of space-time, or in Newtonian terms,
to the presence of tidal forces. So let's consider two particles following two very close geodesic lines.

Their respective paths can be described by the functions x* (7) (for the reference particle) and y* (7) =

x* (1) + &* (1) (for the second particle), where T (tau) is the proper time along the worldline of the reference
particle, and where &* refers to the deviation four-vector connecting one particle to the other at any given
moment T .
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X

The relative acceleration A* of the two objects is roughly defined as the second derivative of the separation
vector £ as the objects move along their respective geodesics.

Our goal in this chapter is to show that this relative acceleration is related to the Riemann tensor via the

following equation:
d2&\”
— _pa Voo
(dﬂ) Ry uuté
In the case where space-time is flat, the Riemann tensor is zero, resulting in zero relative acceleration.

Since each particle follows a geodesic line, the equation of their respective coordinates is as follows (see
equation 2 6 1):

0 _dzx“ T (¥ ))dx“ dx
T dt? w )
dzya dy“ dyv

— a (N, aCas
0 dt? Ly (y (T)) dr dt

In each of these equations, the Christoffel symbol is equal at each respective position of the particles x and y.
Since the separation between the particles is infinitesimal, we evaluate the Christoffel symbol at the position
y*(t) using a Taylor series expansion:

f (@) £ (@) , M@
LA

fE) = f@+— G-+ 5= x—a) (-

Approximating the first derivative because ¢ is infinitesimal.

L (v (@) = T (x4 () + €7 [0, T, (x* ()]

This can also be approximated as follows for an infinitesimal Ax:
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ars, (x) Ly (x + Ax) — 7, (x)

dx Ax
dl% (x
Lo (x+Ax) =T7 (x) + Ax%()
Ax =&
(x)

L (x +8) =Ly (x )+f

Assuming that y* (1) = x%(t) + £%(t) and substituting this last expression into the geodesic equation of
particles y, we obtain:

d*y® S dy* dy”
0:d2+r(())d dr
d?(x® + &%) olA d(x“+<’“)d(x +¢)
=——7—+I05 +¢7(3:T5)] -

d?x® d?*&® dx* df“ dx¥ d&v
0= L2 (o, (445
de-l_d2 [ +¢7(0:55)] dT (dr+dr>
Here, the Christoffel symbol and its first-order derivatives are now evaluated at x* (1) .

By working out all the terms in the brackets and neglecting the second-order terms with respect to &, we
obtain:

0= ta Ve T e ar Yo ar T e ar

d?x* d%&@ dx* dx¥ dx*d&v d&* dxY K
- ¢ l""’( ¢ 4 '3 4 f}%’)

(o g (L1 dX | dxh g dft e dgt ge
+E(J’“’)<d‘r dr ,d/dr ,d/d‘r ,d/dr>

Since we know that the Christoffel symbol is symmetric with respect to the lower indices, these can be
interchanged:

d?x* d*&¢ dx* dxV dx* d&¥ dx* dx"
0= + I

—— t— +2 7(0,T2

dt? = dt? dr dr dr dt +87 (0.1 dt dt
Using the geodesic equation of particle x, as given (see equation 2 6 1):

d’x® dx* dx?

T e 7

dr? Wodr dr

Then the first and third terms drop out. Then we obtain:

dZ a d v
0= di +2I5 u i +&7(0, L% JutuY
dZ a d&v
d—fz= —2[5u" di —f”(@al“lﬁ/)u”u"

dx* . . .
Here, u# = — s the four-velocity vector of the reference particle.
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. déc .. . . . . .
We then have an expression for dir , but this is not the total derivative of the four-vector &, since the derivative

can also receive a contribution from the change in the basis vectors as the object moves along its geodesic line.
To obtain the total derivative, we use:

¢ _d dee de, d&® L dx" de,

a 5 a -
- mCre) = e G =rea + oy

By replacing the dummy index @ with ¢ in the second term and using the definition of the Christoffel symbol,
we obtain:

de” de, B dx* [ e, = EOul
dr der =S qr weta =W o e
d d
= ﬁ_diea'i'fau#r‘/ﬁrea =( +Fa E”u“)e
So that:
dé ag®
l-'a ()

(dr) dt 2t §u

Since we are still dealing with the condition that ¢ is a four-vector, its derivative with respect to proper time is
also a four-vector, so we can find the second absolute derivative by using the same development as for the first-

order derivative.
&z df([iif]) i ()
GG i oo e i

dzfa dF“ ut &9 a df" a uy By
= drz &% + + L5 7 + I Fﬁyuu &

By using the Christoffel symbols and Taylor series above and exchange v by o in the first term, we obtain:

d*&e dév arg
_E—_zra i ¢ —<—“>u“u"f”

dr? w T dx°

Exchange in the first term, at the right hand side, v with o:

2za a
O g T (Y g

u
dr? o™ dr dx°
We can rewrite the second term, since the Christoffel symbols depend on T by depending on the position of the
reference particle:
2l B dle dx” dI‘“
dxV d‘r

- u'uk gl

. . . . . . dut
By using the geodesic equation, we can rewrite the third term, i.e., work out % :

p dx*
u = —
dt
dut  d*x*
dr dr?
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d?x _ u dxV dx? dut

Geodesic equation: vl -0, e = —ny uvut = e
= = —L& T, u'u’ g’
Swap, in the right hand term, u with y:
a du¥ o ary v,uzo
Fucf ?S; = _chrrvyu ut§

Also, to obtain an expression for u¥u*&?, with only 1, v and g, we can rewrite the last term by renaming the
dummy indices o and f :

N FB‘Tyu“uﬁ & =
(coy) = l"ﬂ"]‘,l'gau”uﬁf”
(B o v) =I5 T utu’s’

(uov) = TL T, uuk e

So finally, by replacing all terms, we can write:

d?&\” dr
() = e e (R +
drg,

By deleting the first and fifth terms and extracting the common factor u’u# ¢ , we obtain:

2 a
(d_f) _ <d1“,f£ _ o |\ papr _papy )uvuy %
dr? dx° dxV Yo “vi vy “uo

Since this is still a tensor equation, the quantity in parentheses is a tensor, and we can define the Riemann
tensor as:

dx° dxv oy~ uwv VY uo

drg,  drg
R,‘i‘av=< AR ¥ v —r“r7>

Then we can rewrite the above equation in a shorter expression, known as the geodesic deviation equation:

2 a
<d E) — _Ra uvu’lfa
puov

dr?

Since the only quantity in this equation that is intrinsically dependent on the metric is the Riemann tensor, we
see that if it is identical to zero, then space-time is flat. But if just one component of this tensor is nonzero, then
space-time is curved.

2.10.3 Key insights

e The Riemann tensor R'gm, is the fundamental tensor that describes the curvature of space-time.
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e It can be derived via the commutator of covariant derivatives, or via the geodesic deviation equation.

e Its component form is:

drg  drg
Rey = ——E 4 T&T) —TET
n dx®  dx’ Yo tvu Y tuo

e The following property applies to a geodesic line:

B d%xP B Ox* 0xY

0 + Geodesic equation
dt? o9t ot 1

e Or:

dzxﬁ B

— v

702 —Iu’u!

e While for the deviation from one geodesic to an infinitesimally nearby geodesic line, the following
applies:
aze\“ . L .
(P) = —Rjnu'u"&° Geodesic deviation equation

e A non-zero Riemann tensor implies curved space-time and thus the presence of gravity.

¢ Measure the non-commutativity effect of twice covariant differentiation of a vector:
(v,V, =V, V,)V? =Rl V°
The tensor can be expressed entirely in terms of Christoffel symbols and their derivatives.
e Inflat space, Rﬁw = (; in curved space, it is generally non-zero.

e Curvature can be measured locally via the behavior of geodesics: if two free particles that start close to
each other begin to diverge, this indicates curvature.

2.10.4 Intuitive explanation

Imagine two rockets starting to fly side by side in space, without engines (free falling), each in a slightly different
position.

In flat space, they remain parallel, but in curved space (e.g., around a planet), they will bend toward or away
from each other.

The Riemann tensor measures precisely that effect:
e How does the "direction" of a vector change when you transport it in a closed loop?

e If the result differs from the original vector, the space is curved.

You can compare it to an arrow that you take on a tour around a sphere: after returning, it no longer points in
the same direction—curvature manifests itself as a change in direction.
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Table overview:

Quantity Meaning

p .
R Measure curvature by comparing transport
Building blocks Christoffel symbols + their derivatives
Physical meaning Deviation between nearby geodesics
Zero in flat space Rf,)m, =0
Dimension 4th-rank tensor (4 indices)

2.11 Symmetries and independent components

In the previous chapters, we derived the rather complex expression for the Riemann curvature tensor—a
combination of derivatives and products of Christoffel symbols, with a total of 256 (=4*) components in a four-
dimensional space-time. In this chapter, we show that the Riemann tensor actually has only 20 independent
components, and that these are completely determined by the symmetries of the tensor and the second-order
derivatives of the metric.

We investigate these symmetries in a Local Inertial Frame (LIF), in which all Christoffel symbols are zero at the
origin. However, these symmetries are not limited to this specific system: because tensor equations are
coordinate-independent, they apply in every reference frame.

2.11.1 Definition and Reformulation
The Riemann tensor is generally defined as:
a a
R% :drﬂ_drﬂ_l_rdry _Far-)/
Buv = dxn  dxv | W By VY Bu
Knowing that all Christoffel symbols, ' = 0, are zero at the origin of the Local Inertial Frame, this reduces to:
a a
R = dFﬂv B dl"ﬁ”
Brv = dyn dxv

By applying the contraction mechanism, we can rewrite the Riemann tensor with all indices lowered:
a a
dFﬁv dFﬁ#]

dxt  dxV

Raﬁuv =Yoo Rgﬂ‘u =Yoo [

The Christoffel symbols can be expressed in terms of the metric:

L (agw n 99yp _ agg,,)

re ==
v =29 \oxf Toxv  axr
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So we can write:

dly, 1 <6 09y 0 0gyp 0 agﬁv>+l ag°Y <6gvy agyﬁ_agﬁv> D
2 a

—_— = ay
Jao “ow = 29009 \ 53k 9xB " 9%k 9x¥  9xF Ox" 9ao 5 \oxP T ox’  ox’

The second term is zero because the Christoffel symbols are zero at the origin of the local inertial frame, as
mentioned above:

2900 5on \ oxB oxY oxY

— agay 1 oy agvy agyﬁ _ agﬂv _
Yao 5 Jor 39 oxF ~ oxvV  oxY

1 ag” <09w 0gyg agﬁv) _

ag°r
= 9ao i Jov g, =0

With this result and from equation (1), it follows that:
arg, 1 5 ( d dg,, 0 0g,3 O aggv)

2 dxt 0xP ' dxt 0x¥  OxH Ox

gaa dx“ - 2 a
=1 d agva 9] agaﬁ _ 0 agﬁv
2\0x* 9xP ~ Ox* OxV  OxH 0x“

Swapping indices u and v leads to the second term of the expression of the Riemann tensor:

dlf, _1( 09 99ua , 9 99ep 0 Ogpu
¥ dxv  2\0xY 9xP  OxV Oxt  OxV 0x%

The middle terms disappear after subtracting the last two expressions, resulting in:

R _y dFﬁ‘Q _dFB‘L
apuv ¥ ldxt  dxv
R =1 0 09y 0 99gpy _ 0 09ua B 0 9gp, @)
B T o 19xk 9xP | 9x¥ 0x* 0x¥ 0xP  0xH 0x”
Multiplied by -1:
R :_1 0 09ua 0 agﬁv_ 0 agm_ 0 09pu 3)
apuv 2|0xv oxP ' 9xt 9x%  Oxt 0xP  OxV 0x%
Swapping ¢ and v in (2):
R =1 0 09ua 0 E)gﬁv_ 0 6gm_ 0 09gp, @
abve = o2 19xv 9xP  9xH 9x®  9xH 9xP  dx¥ 0x“

So, from (3) and (4) we get:

|Ra'[>’uv = _Ra’[)’vu |

Note that this equation is only valid at the origin of the Local Inertial Frame. But since these are tensor equations
and, as we know, if these tensor equations are valid in one reference frame, they are valid in every reference
frame.

15 March 2026 Page 70 of 342

Copyright© 2018 [COPYRIGHT Albert Prins], All Rights Reserved. — mailto: aprins@hotmail.com



Now we will demonstrate in a similar way that the Riemann tensor is symmetric by swapping the first two
indices:

Rapuy = = |=—
b =2 [ax# axP " O0x¥ 9x*  Ox¥ 9xF  OxH Ox“
1[ 0 094 0 0gpy 0 09y, 0 agﬁ#]

d agva+iagﬁu_ d ag,ua 0 agﬁv]

Rapwr = " 2|oxY axB T Gxt 9x*  9xt 9xP  9xV 0x“

0 0gyp 0 ag,w_ 0 0gup B 0 agm,]

Rﬁa#v :E ﬁ Ix% IxV 9xP IxV ox« Ox® OxB

|Ra,8uv = _Rﬁauv

If we swap the first and third indices (@ < u), and also the second and fourth (f & v) , we get:

0 09gpu 0 09,4 0 0Gay i} ag,,,;]

R#vaﬁ =§|:axa oxVv ax[)’ ox% axﬁ oxv Ox% Ox*

|R;w0fﬁ = Ropuy |

If we cyclically permute the last three indices B, u and v and add the three terms, we get:

\ﬁ\agav L P9 0 PYan _ O Qgﬁ]

Rapuv + Ravpu + Rawp = 5158550 T 327 lox~ 9%F 10" 927 ox*

la?gau 0 095 0 Q95 M
2% 10xF T 2% oxt 257 loxt  x% ORA.

RN AN PN
Mlav %% OXR. OxH OXR.  9x® [oR%

|RaBﬂV + Ravﬂu + Rauvﬁ = 0|

2.11.2 Symmetry properties
From the above expression, we can derive the following symmetries of the Riemann tensor:

1. Antisymmetry in the last two indices:

Roguy = —Rapwu
2. Antisymmetry in the first two indices:

Repwy = —Rgayw
3. Symmetry under exchange of index pairs:

R =R

afuv uvaf

4. The first Bianchi identity (cyclic symmetry):
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Raﬁuv + R(XV,B# + Rauvﬁ =0
Or expressed as:
_ +
Raﬁ\ZX R(ap)(uv)

+

The antisymmetry means that the tensor changes sign when these indices are exchanged, which is related to the
direction of loop integration in parallel transport.

2.11.3 Number of Independent Components

In a four-dimensional space-time, with four values per index, a random (0, 4) tensor would have 256
components. Due to the symmetries mentioned above, this number is drastically reduced:

e Due to antisymmetry in (af) and (uv) : from 4* = 256 to (;) X (;}) =6X%X6=236

6x(6+1) _

e Symmetry between the pairs: 36 — 21

e Bianchiidentity: further reduces the number to 20 independent components

2.11.4 Key insights

e The Riemann tensor Rpcmv has multiple symmetries, which greatly limits the number of independent
components:
1. Antisymmetry in the last two indices:
Roouv = —Rpoup
2. Antisymmetry in the first two indices:

Roouv = —Ropuy
3. Symmetry when swapping index pairs:
Roowv = Ruvps
4. Bianchiidentity (contraction property):
Roouv + Rppve + Rpvou =0

e Due to these symmetries, the Riemann tensor in 4D has only 20 independent components, not 256.
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So although the original expression of the Riemann tensor seems complex, thanks to its rich symmetry structure,
it is completely determined by only 20 independent components. These components represent all possible
forms of curvature in a four-dimensional space-time and thus form the core of the geometric description of
gravity in general relativity.

2.11.5 Intuitive explanation
Imagine a cube with 4 index positions—in theory, there would be 4 x 4 x 4 x 4 = 256 components.
But due to symmetries such as:
e '"if you swap these two indices, only the sign changes"
e "if you swap the pairs, it remains the same"
it turns out that many of those 256 values are related to each other.

Think of a painting with mirror symmetry: if you know one half, you also know what should be on the other side.
The same applies to the structure of the Riemann tensor.

These properties are not coincidental, but arise from the way in which the tensor is derived from the metric and
its derivatives.

Table overview:

Symmetry Explanation

Ryouv = —Ropouy Antisymmetry in last two indices

Ryouy = —Ropuy Antisymmetry in the first two indices

Ryouv = Ruypo Swapping index pairs

Bianchi identity Linear relationship between permutations of indices
Total in 4D 20 independent components

2.12 Bianchi Identity and Ricci Tensor

The Bianchi identity plays a crucial role in deriving Einstein's field equations. Although the Riemann curvature
tensor itself does not appear directly in these equations, we can derive two other important curvature
guantities from this tensor via contraction: the Ricci tensor and the Ricci scalar.

In this chapter, we will introduce these three fundamental objects and explain their interrelationships, starting
with the derivation of the Bianchi identity.
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2.12.1 Bianchi identity

The Bianchi identity is:
VcRaﬁyv + V\)Raﬁoﬂ + VpRaﬁva =0

From the previous chapter 2.11 Symmetries and independent components we know that at the origin of a Local
Inertial frame, the Riemann tensor can be written as:
0 agﬁv

g 1|9 09 0 99 0 9ua O
B T 19xB 9xk | 0x% 9x¥  9xP dx¥  0xY OxH

Because the Christoffel symbols disappear at the origin of this system, the covariant derivative there becomes
equal to the ordinary derivative:

o ave
VoV™ = 0x°
So, at the origin, the following applies:
JOR
VGRdﬁMV = oy
0x°

Substituting the expression for the Riemann tensor yields:
VR _6R _1'6 0 09,4 0 0 9d9gpy 0 0 09, 0 0 0d9gp,
oftapuv T gyo Tabuv T 5 0x° 0xF 0x# ~ 0x° 0x% 0x¥V  0x° 0xP 0xV  0x° 0x% OxH

By cyclically permuting the index of the derivative with the last two indices, y, v, of the tensor, we obtain:

vR. -0, 1[0 0099w 0 099 9 0 09w 0 0 Igp
viaBoi = gxv TePok T |0xY 9xF 9x° ' 0xY 0x* 0xk  0xY 9xP dx¢  9xY dx" 0x°
vR. 9 . 1[0 0090gsa, 9 999 0 0 039m 0 3 g
HEABVO T gan TePVO T |9xk 9xF 0xY T OxH 9x® 0x°  OxH dxP 0x°  OxH Ox% dxV

By adding these three equations and using the commutativity of partial derivatives, we see that the terms cancel
each other out in pairs, and we obtain the Bianchi identity:

VO'RaBuV + VvRaﬂO'u + VuRana =0

This Bianchi identity is a tensor equation that is universally valid—in every coordinate system.

2.12.2 Key insights

e The Bianchi identity is a fundamental identity for the Riemann tensor:

VARQ’W +V,RY .+ Vngw =0

e Contraction leads to the so-called contracted Bianchi identity:
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\%s (Ruv —%gwR> =0
e This contracted version is crucial for the consistency of the Einstein field equations.
e Itimplies that the derivative of the tensor G, = R, — %gWR is zero:
VEG,, =0

e This corresponds to the conservation of energy and momentum in curved space-time.

2.12.3 Intuitive explanation

The Riemann tensor is not just any random object—it must satisfy deeper structural rules. The Bianchi identity
is one such rule: a kind of internal consistency of the curvature of space-time.

When working with vectors, you say: "the divergence of the force is zero if there are no sources."

With tensors, you say something similar: the structure of the curvature is organized in such a way that certain
combinations of it always disappear—and that means, among other things, that the Einstein equations do not
simply allow energy to appear out of nowhere.

The contracted Bianchi identity is essential because it guarantees that the Einstein tensor G, automatically
satisfies a conservation law: energy and momentum are conserved in any curved space-time.

Table overview:

Quantity Meaning
Bianchi identity Structural symmetry of Riemann tensor
Contracted Bianchi identity Implies V¥ G, =0
Einstein tensor G 1
i R,uv - Eg,uv R
Physical meaning Guarantees conservation of energy and momentum in curved
space

2.12.4 The Ricci Tensor

In the next chapter, we will deal with the energy-momentum tensor. This tensor is a rank-2 tensor. For this
reason, we must adapt the rank-4 Riemann tensor to a rank-2 tensor, which is called the Ricci tensor. This can be
done by multiplying the covariant Riemann tensor by a rank-2 contravariant metric tensor, sharing two common
indices. This process is called contraction.

By contracting the first and third indices of the Riemann tensor, we obtain the Ricci tensor:
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gaﬁ Ra,uﬁv = Rf[;v = Ruv
The Ricci tensor is symmetric:

w = Ry

2.12.5 The Ricci Scalar

By multiplying the Ricci tensor by the metric tensor with the same indices, the Ricci tensor is contracted,
resulting in the Ricci scalar:

R =g" R,

This scalar curvature R is the trace of the Ricci tensor.

These tensors—the Ricci tensor and Ricci scalar—together with the metric g, form the building blocks of
Einstein's field equations. The Bianchi identity also guarantees the conservation laws that follow from these
equations.

2.12.6 Key insights

» The Ricci tensor R, is a contraction of the Riemann tensor:
_ plk
R/w - R,ulv

e It contains information about how volumes change in curved space-time (think of the stretching or
contraction of geodesic bundles).

e The Ricci scalar R is a further contraction:
R = g" Ry,

e These quantities are coordinate-independent and form the basis of the Einstein field equations.

e Whereas the Riemann tensor fully describes local curvature, the Ricci tensor and scalar are mainly
summary measures of curvature on a larger scale.

2.12.7 Intuitive explanation

Consider a group of particles in free fall in a small volume. If that volume begins to shrink or stretch as time
passes, it is due to the Ricci tensor.

Where the Riemann tensor tells us how curvature twists directions, the Ricci tensor tells us:

¢ "how does curvature affect the shape of a dust or light beam?"
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The Ricci scalar can be seen as a summary in a single number of how "curved" space-time is at a given point.
You could say:

e Riemann = complete picture of curvature
e  Ricci tensor = effect on volumes

e Ricci scalar = total curvature summarized in a single value

Table overview:

Quantity Definition Interpretation

Riemann tensor Rgm, Total local curvature

Ricci tensor R, = Rj,h, Volume change / summarized curvature
Ricci scalar R=g"R, Total curvature in one number

2.13 Energy Impulse Tensor

The ultimate goal of general relativity is to establish a relationship between the geometry of space-time and the
matter or energy that distorts it. This requires a suitable mathematical object that describes the content of
space-time: the energy-momentum tensor.

In the special theory of relativity, it has already been demonstrated that mass, energy, and momentum are
interconnected. This relationship is expressed by the well-known energy-momentum equation:

|P|? = (mgc)?
EZ EZ
IPI* =mu PYPY = -3 —Di =Py —P; =5 P
EZ

=> (myc)* = 2 p?

2

From which it follows:

|E2 — pzcz +m02c4

This suggests that, within general relativity, not only mass, but also energy and momentum contribute to the
gravitational field.

In the Newtonian limit, Poisson's equation describes the gravitational field @ , generated by a mass density p

(see: equation 16 in Appendix 7):
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~V-§=-V-(-V®) = 4nGp

This raises the question: what is the relativistic equivalent of energy density? Is it a scalar, a vector, or something
else?

2.13.1 Transformation properties: the example of a dust cloud

Consider a volume dx - dy - dz filled with non-interacting particles that are at rest relative to each other—a so-
called dust cloud. In the rest frame S of this cloud, the energy density is:

Po = MoNy
where mg is the rest mass of a particle and n; is the number density.
In another reference frame S, which moves at a velocity v in the x-direction, the Lorentz transformation yields:

e Mass: my > myy,
e Density: ng = ngy (due to length contraction)

e So:p = poy?

Since p is not invariant, it cannot be a scalar. Nor is it a component of a four-vector, because then it would only
transform linearly with y. The transformation y? suggests that p behaves like a component of a rank-2 tensor -
namely, like the tt-component of a symmetric tensor.

2.13.2 The energy-momentum tensor of matter
The four-velocity vector of the dust cloud in S'is:

_oxt_oxtdt  dt

Ut = —— = ——— = ph — = pHyt
ot Jt ot ot
y ut
t
vy v U
H = 1 = x =
u y( ,17) vyy vyut
va vzut

With ut = y , and knowing that the energy of each particle is p* = mu', the total energy density is:

p =np' = (nou)(mu) = (nem)u‘u’ = po(u')?

This suggests that p is the tt-component of a rank-2 tensor of the form:

T =T = poutu”
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This tensor is symmetric (T*¥ = TV*) and is called the energy-momentum tensor, also known as the stress-
energy tensor for matter.

This tensor forms the link between matter/energy and the curvature of space-time in Einstein's field equations.
In later chapters, we will see how this tensor appears on the right-hand side of Einstein's equations.

2.13.3  Physical Meaning of the Energy-Momentum Tensor

The energy-momentum tensor is a second-order tensor, which means that it contains 16 components in the
form of a 4x4 matrix:

Ttt Ttx Tty th
T — Txt Txx Ty Tz
TYE TYX TYY TYZ
th T %% TZy T %z
As discussed earlier, T® represents the energy density, or the density of relativistic mass. But what do the other
15 components mean physically?

2.13.4 Time-space components: energy flow

Let's first look at the component T** . From the definition:
T™ = poutu* = (ngm)utu* = (ngu’)(mu*) = (nput)(mu)v, = nptv,

We can rewrite this as:
_ nAv,dt-p'
T Adt

Ttx

Here, Av, dt represents the volume of matter that moves through a surface A during the time interval dt,
perpendicular to the x-direction. This volume corresponds to the number of particles that pass through that
surface. So:
T is the energy flux per unit area per unit time in the x-direction.
In the same way, represent:

e TY:the energy flow in the y-direction

e T%:the energy flow in the z-direction

Because T*V is symmetric (T*Y = T"*), the following applies:

Txt — Ttx, Tyt — Tty' TZt — TtZ
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2.13.5 Time-space components: impulse flows (stress)

Let us now consider the components with both indices spatially, i.e., T with k, | € {x,y,z}. Then the following
applies:

Tk = poukul = (ngm)u*u! = (ngm)utv,u!
= (nou) vy (mu') = nv (mu') = nyyp'
Again, we can write this as:

_ nAvdt - pt

Tkl
Adt

Here, nAv,dt is the volume flowing in the direction k through surface A, and so Tk is the flux of momentum
component p! in the direction k.

For example:

e T*%: flux of z-momentum in the x-direction
o T*:flux of y-momentum in the x-direction

o TZ%: flux of z-momentum in the z-direction (pressure)

Because the tensor is symmetric, the following also applies:

T* =T%, T =T, TV =T%, ...

2.13.6 In summary:

e T =energy density
e T or T =energy flow in direction i
e TY =flux of momentum j in direction i (stress, pressure, and shear stress)

This interpretation makes it clear why T*V is the correct object to describe the complete physical content of a
system—from energy and mass density to momentum flows and stresses—and thus acts as a source of gravity in
general relativity.
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2.13.7  Covariant Differentiation of the Energy-Momentum Tensor

In the flat space-time of Special Relativity, the laws of conservation of energy and momentum—i.e., the fact that
energy and momentum are neither created nor destroyed—can be expressed mathematically as:
aTH

— — — THY
0=——=0"T" =T}

This expression is a direct consequence of Noether's theorem, applied to the translation invariance of space and
time: the laws of nature do not change when we move the system a little bit in space or time. This symmetry
leads to the conservation of momentum and energy.

2.13.8 From Flat to Curved Space-time

In general relativity, we describe physics in curved space-time, in which ordinary derivatives are not sufficient.
We therefore replace the partial derivative with the covariant derivative:

aJ, -V,

Applied to the energy-momentum tensor, this yields:

0=V, TW =T

This equation is a tensor equation and is therefore generally covariant—that is, valid in any coordinate system,
flat or curved. This makes it a natural candidate for a fundamental conservation principle within general
relativity.

2.14 Einstein Tensor

The Poisson equation for the gravitational field in classical (Newtonian) mechanics is as follows (see
equation appendix 5 16):

~V-g=-V-(-Vo) = 4nGp

Where @ is the gravitational potential, and p is the mass density.

Our goal now is to find a relativistic generalization of this equation. As we saw in section2.13.3, the classical
mass density p is replaced in general relativity by the energy-momentum tensor T*V . This tensor describes not
only mass, but also energy, momentum, and pressure—all forms of energy content of space-time.

It is then obvious to assume that Einstein's relativistic field equation must have the following form:
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GH =Kk TH

Here, G*Y is the Einstein tensor and k is a constant yet to be determined. The Einstein tensor contains all
information about the curvature of space-time and fulfills the role of the left-hand side of the field equation.

2.14.1 Requirements for the Einstein tensor

Based on the physical and mathematical requirements that the field equation must satisfy, the Einstein
tensor GV must have the following properties:

e It must vanish in flat space-time, as § = 0 in the absence of mass.

e It must describe the space-time curvature in a way that is linearly dependent on the Riemann
curvature tensor.

e It must be a symmetric rank-2 tensor, just like T#V .

e It must have a zero-point divergence: V,,G*V = 0, so that the law of conservation of energy and
momentum is preserved(V, T* = 0).

e Inthe Newtonian limit, it must reduce to the Poisson equation: Vi = 4mGp .

In the next chapter, we will derive the concrete form of the Einstein tensor that satisfies all these conditions.

2.14.2 First Attempt with the Ricci Tensor as Solution

As we saw in chapter2.8, the gravitational potential @ is linked to the 00 component of the metric via:

a*r 2 — c¢®hog
Tz —V® =—grad® met @ =

2

It seems logical to look for a tensor that, like the Laplacian, contains second derivatives of the metric. The
Riemann tensor satisfies this condition and is also the only known tensor that fundamentally describes the
curvature of space-time.

Because we need a rank-2 tensor (as required in the Einstein field equation), it makes sense to first look at the
contracted form of the Riemann tensor: the Ricci tensor. We recall:

R%,, = (_dr,f; _ Wi rery, — T >
dxo dxv Y “uv Y “uo

By contracting the top and third indices, we obtain the Ricci tensor:

— pa
R,uv - R,uav
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rg,  drg
— B el pa 14 14
Rpv = Rz = <dxa ~ e T e T —Fv“yl“ua>

In the Newtonian limit, for a weak and static gravitational field, only one term contributes to Ry . We find:
Roo = R§oq = Tgo,c = T§0 + O(h*) =I5y,
Since we are limiting ourselves to a static field, the time derivative disappears and we are left with:
Roo = To,;
Using the previously derived result for the Christoffel symbol in this approximation:

1
~ EaihOO

With the approximation g/ = 1Y and ggo; = hgo, , we obtain:

i 1 1
Too = —ol hoo, = 551' hoo
; 1 ; 1
o0, = 551' hoo,ij = EhOO,ii
i 1 5 2 2
Roo = Tgo,; = 5(61 hoo + 05 hg + 95 hoo)

Substituting hyy = 2d/c? gives:

R —1V2h —1v2c1>
0 =5 00 = 2

And so:
4mGp
00 = c2
This result suggests that a field equation of the form:
R,w = KTHV

could satisfy the Newtonian limit, with k = 8mG /c4 as the candidate constant.

Einstein was indeed initially convinced of this equation in 1915. With it, he even solved the long-standing
problem of the precession of Mercury's perihelion. In a letter, he wrote enthusiastically:

"For a few days, | was beside myself with joyful excitement."
However, he ultimately had to reject this first attempt. The reason was that the Ricci tensor generally does not

have a zero divergence, whereas the energy-momentum tensor T, does (V"Tw = 0) . As a result, this form
could not satisfy the required conservation of energy and momentum.
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2.14.3 Second Attempt

There is a tensor that is closely related to the Ricci tensor and that is suitable as the left-hand side of the Einstein
field equations: the Einstein tensor. This is defined as:

GHv = RHV _%Rguv

Here, R = R the Ricci scalar, or scalar curvature.
This tensor already satisfies several requirements:

e |t is symmetrical, as required by the symmetry of T#" ;
e ltisofrank2;

e It describes the space-time curvature, since it is directly constructed from the Ricci tensor and thus
indirectly from the Riemann tensor.

What remains to be shown is that the covariant divergence of the Einstein tensor is zero:
V,G" =0

This is essential, because only then can it be consistently linked to the energy-momentum tensor T*’ , for which
the following also applies V,, T#¥ = 0 (see section2.13.2). (See also section2.5.2, equation 15 ).

We derive this result using the Bianchi identity, which reads:

VcRaﬁ‘yv + VVRaﬁou + VMRD(BV(S =0

We multiply this identity by the metric terms g"? g* gF” . Because the derivatives of the metric in a local
inertial frame are zero, these factors may be moved inside:

Vo (979 9" Repu ) + Vo (977 9 97" Rap o) + Vi (977 9 97" Raprs) = O
Vo (9" R) + V, (977 9 9%V Rapoy) + V(97 9™ 9" Rapys) = 0
Vo (9" R) + Y, (977 9 9%V Ropap ) + Vi (977 9 9" Rugap) = 0
Vo (9" R) =V, (97 9 9" Ryoep) — V(97 9™ 9% Ryope ) = 0
Using the definition of the Ricci tensor R¥ = gtf gv° Rg (step 3) and renaming the indices (step 4), we obtain:
Vo (9" R) =V, (977 9 9%V Ruoap) = V(977 9 9" Ruopa) = 0
Vo(g" R) =V, (9" 9" Rop) = V(977 g™ Roa) = 0
Vo(9""R) =V, (R") =V, (R™) =0
V(g7 R) =V (R"?) = Vo (R) = 0
Vo (g7 R) — 2V, (R®) = 0
Vs(2RY® — g""R) =0

Or rewritten:
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1
Vs (RV‘T — Eg”“R) =0
And thus:
V,G" =0

2.14.4 Conclusion

The Einstein tensor G*V is the correct choice for the left-hand side of the field equation. It is symmetric,

constructed from the space-time curvature, and satisfies the conservation of energy and momentum due to its

zero divergence. This makes the equation:
G* = kT*

a solid candidate for the general relativistic generalization of the laws of gravity.

2.15 Einstein Field Equations

In the previous two chapters, we derived the two quantities that form the core of the field equations in general

relativity:
e The Einstein tensor G*V , which describes the space-time curvature, and

e The energy-momentum tensorT*’ , which represents the matter-energy content of space-time.

These two quantities are linked in the form:
G* = kTH
where k is a constant yet to be determined.
2.15.1 Goal: restoration of Newton in the weak field limit
To find the value of k , we require that this equation reduces to Newton's classical law of gravity in the

Newtonian limit (weak, static fields and low speeds). This ensures that general relativity is consistent with
classical theories in their domain of application.

2.15.2  Alternative formulation of the field equation

Einstein also wrote the field equations in an alternative, equivalent form. This reads:

1
Gim = =X (Tim =5 9inT), (2a)
where:
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e xisaconstant (related to k ),

e T =T/ isthe trace tensor of T, , or the contraction of the tensor,

uv

e and the right-hand side as a whole again forms a tensor of rank 2.

Einstein used this formulation in his famous article "Die Feldgleichungen der Gravitation" (The Field Equations of
Gravitation), submitted on November 25, 1915, to the Koéniglich Preuflische Akademie der Wissenschaften
(Royal Prussian Academy of Sciences). In it, he writes:

"If 'matter' is present in the space under consideration, its energy tensor appears on the right-hand side of (2)
[...]. We set

1
Gim=—X (Tim - EgimT>

1

T is the scalar of the energy tensor of 'matter’, the right side of (2) is a tensor.'

2.15.2.1 In summary

The complete form of Einstein's field equations is therefore:
1 —
R/w - Eg/w - KTHV

Or equivalently:

1
G/w =X (Tuv - Egyv T)

In the next section, we will determine the constant k by applying the equation to the Newtonian limit. This will
allow us to make the connection with the classical law of gravity and thus establish the general theory of
relativity in its final form.

2.15.2.2 The Alternative Form of Einstein's Equation

We start from the standard form of the field equation:
1
R® — Eg’“’ R = kT*
By multiplying both sides of this equation by g,,, , we obtain:
1

G R == G 9" R = gy T
According to the definitions of contraction, the following applies:

gwR"™ =R and g, T" =T

This makes the equation:
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Since g*¥ is the inverse of Yuv » their product is the Kronecker delta 8,‘,‘ . By contracting this tensor (i.e., taking
the sum over the diagonal elements), we obtain:

g =6/ =1+1+1+1=4

The equation then reduces to:
1
R - ER X 4 = kT

R —2R =«T
R = —«kT

We can now substitute this expression for R into the original Einstein equation:
1
R*Y — Eg’“’ X (—kT) = kTH
Which leads to:
1
R*W + EKg’“’T = kT"
= R¥W =g (T’“’ — 1g’“’ T)
2

We can then rewrite this by multiplying both sides by g,, gz :
1
gaungR/w = gaugﬁv K (THV - Eglw T)

1
= Ra[; = K(Ta[)’ —EgaﬁT>

If we replace the indices with pv, we get the alternative form:

1

Ruv =K (Tuv _EguvT)
1
= Ruv = KTW — EKQ“VT

Given that we previously saw R = —kT , we can also write this as:

1

Ruv = KTHV =+ Eg#vR

Which results in:
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1
R,, — E‘q’“’R = KT,

2.15.2.3 Conclusion

This derivation confirms the consistency of Einstein's field equation and its equivalence with the alternative
formulation proposed in his original publication. Both forms lead to the same physical predictions, but the
alternative notation is often used because of its symmetry and simplicity in applications.

2.15.3 Newtonian Limit

In the previous chapter, we saw that in the limit of weak fields and low speeds, the Ry, component of the
Riemann tensor can be approximated as:

1 2
ROO zC—ZV 0]

Furthermore, when the metric g,,, is reduced to the Minkowski metric ,,, of flat space-time, we can
approximate the Ricci tensor component as follows:

R = g% g%R,, ~n%n°R, = (=1)(=DRgo = Ryp

Combined, this gives:

In this Newtonian limit, the only non-negligible component of the energy-momentum tensor T#V is the
component T% = pc? . This follows from the expression:

T = putu’ with ' «u’ =c¢
We can then approximate the traced tensor as:
T = guwT" = gooT* = 1o T% =T = pc?

We now apply the 00-component of the Einstein equation:

1
Rop = K (Too - EUOOT)

Filling in gives:

o 1)
4nGp 1 )
EERELE
From this it follows:
8nG
e

We can now formulate the Einstein field equations in their standard and alternative forms:
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RWV _ lguv R = 86 THY
2 c*

Or:
RV — 8nG v _ L oy
And in lowered index notation:
1 8nG

Ruv - Eguv R = C_4Tyv
Or:

876G 1
R = (T =3007)

2.15.3.1 Note 1:

8nG
The constant k& = —= has an extremely small value:

8nG
=~ 2.071x 1075 s*m kg™

This means that space-time is extremely 'rigid': only enormous amounts of mass or energy cause noticeable

curvature.

2.15.3.2 Note 2:

Despite the relatively simple appearance of Einstein's equations, they are in fact extremely complex. For a given
distribution of matter and energy (in the form of T*" , the equations form a system of ten coupled, nonlinear,
second-order partial differential equations for the metric g"V These ten equations correspond to the ten
independent components of the symmetric metric.

2.15.3.3 Note 3:

The nonlinearity of Einstein's equations has a profound physical significance. It reflects the self-referential
nature of gravity: space-time influences matter and energy, but is also influenced by that same matter and
energy. As Kevin Brown notes in Reflection on Relativity:

"The self-referential nature of the metric field equations is also reflected in their non-linearity. This is inevitable
for a theory in which the metric relations between entities determine their 'positions’, and those positions in turn
influence the metric."
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The non-linearity also implies the possibility of interaction between gravitational fields themselves (such as via
graviton exchange), which is not possible for photons in the linear Maxwell formalism of electromagnetism, for
example.

2.15.3.4 Note 4:

The Einstein equations impose only six independent constraints on the ten components of the metric g*. The
remaining four degrees of freedom are related to the freedom to choose coordinates: we can specify four
arbitrary functions via the coordinates x* (P). This overdetermination is a direct consequence of the fact that
the Einstein tensor G*V has a zero-point divergence: V, G = 0.

2.15.4 Key insights

e The Einstein field equations link space-time curvature to energy-momentum content:
1
Ruv - ng R = KTW

e The left-hand side, G, = R, — %gm, R = kT, , is the Einstein tensor, which encodes the geometry.

iz uv

e The right-hand side contains the energy-momentum tensor 7, , which describes mass, energy,

wv
pressure, and flows.

e The constant k is derived by matching the equations to Newton's law of gravity in the weak-field limit:

8nG
K=C—4

e An alternative, completely equivalent formulation of the field equation is:

1
Ruv =K (Tuv _EguvT>
where T = g"'T,, is the trace of the energy-momentum tensor.

e Contracting both sides of the standard form yields R = —«T, which is consistent with the alternative
formulation.

2.15.5 Intuitive explanation

Imagine space-time as a flexible but rigid four-dimensional fabric. The Einstein equations describe how that
fabric is distorted by the presence of mass and energy.

Just like a mattress that dents under a heavy ball, space-time deforms around masses. But instead of a push or
force, that deformation is a geometric effect that determines how objects move—even when they fall "freely."

The equation G, = kT, then states:

e What is present in space-time (matter, energy, radiation)
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e determines how space-time itself looks (curves, stretches, twists).

For weak fields and low speeds, this automatically leads to Newton's classical gravitational equation—a crucial
test for any relativistic theory.

2.15.6 Table: Important quantities in Einstein's field equations

Quantity Meaning / Role
R, Ricci tensor: summarized curvature
R Ricci scalar: total curvature
I Metric: measurement structure of space-time
Gw =Ry — %guvR Einstein tensor: measures geometric deformation
Ty Energy-momentum tensor: distribution of energy and matter
T =g"T, T, 's trace: scalar energy density
8nG . .
K = i Coupling constant between geometry and physics

2.16 Summary of the Final Formula for General Relativity

In the previous chapters, we discussed the derivation of the Einstein field equations (EFE) step by step. We
covered all the necessary building blocks, such as the Riemann tensor, the Ricci tensor, the Ricci scalar, the
energy-momentum tensor, and the use of covariant derivatives. In this concluding chapter, we summarize the
final result and explain its physical significance.

2.16.1 Einstein's fundamental insight

Einstein's central idea was that gravity is not a force in the classical sense, but the result of the curvature of
space-time. This curvature is caused by the presence of mass and energy. His goal was to find a mathematical
formula that describes this relationship: how mass and energy influence the geometry of space-time.

The general form of the field equation

Without going through the entire derivation again, we present here the final result of Einstein's theory:
1 8nG
Ruv - Eguv R+ Aguv = C_4Tuv (4)
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The term Ag,, contains the so-called cosmological constant (1 = 1.1056 X 107>2m™2 ), which only becomes
noticeable at cosmological scales. For most applications in astrophysics and classical relativity, we can ignore this
term, so that the equation simplifies to:

1 8nG
R,uv_ig,uvR = C_4T/w (5)

The left side of this equation describes the geometry (the curvature) of space-time, while the right side
represents the content of space (mass, energy, and momentum).

In this equation, ¢ stands for the speed of light ( 2.99792458 * 108 m/s) and G is the well-known gravitational
constant 6.674 * 10711 mkgs™.

2.16.2 Vacuum: outside a mass

In an area without mass or energy, T,,, = 0 applies. The field equation then reduces to:

1
Ruv_zguvR =0 (6)
As discussed in section2.15.2.2The Alternative Form of Einstein's Equationalso applies in that case:
8nG
R=-——7FT=0 = R=0
c
So that remains:
Ry =0 (7)

These are Einstein's so-called vacuum equations.

2.16.3 Explanation of the objects used

The indices y en v run from 0 to 3 and refer to the four dimensions of space-time: time (0) and space (1=x, 2 =
y,3=2).
Equation (5) therefore contains 16 component equations:

1 8nG 1 8nG 1 8nG 1 8nG
Roo—zgooR =C—4T00' R01—5901R :C—4T01» Roz—zgozR :C—4T02: R03—5903R =C—4T03
1 8nG 1 8nG 1 8nG 1 8nG
RlO_EgloR =c_4T10' Rll_zgllR =c_4T11' R12—§912R =c_4T12' R13—§913R =C—4T13
1 8nG 1 8nG 1 8nG 1 8nG
Rzo—zgzoR =c_4T20' R21—5921R =c_4T21' R22—§922R =c_4T22' R23—5923R =C—4T23
1 8nG 1 8nG 1 8nG 1 8nG

Ryg—=930R=—T3y, R31—=931R=—-T31, R3y—=9g32R=—T3,, R33—=g33R=—¢T:
30 2930 ot 30 31 2931 o4 131 32 2932 ot 132 33 2933 o4 33

Due to symmetry (namely R, = R,,, ), only 10 are independent.
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The Ricci tensorRy,, is often written in matrix form as:

The metric tensor g,,, , which contains the geometric structure of space-time, also has 10 independent

components and completely determines the space-time geometry:

doo YGo1 Yoz Yos
_ gio 911 Y912 913
v 920 921 922 923
g3 931 Y932 933
The Ricci scalar R follows from the contraction of the Ricci tensor with the inverse metric:
R =g Ry,

All elements on the left-hand side of equation (5) describe the geography of the space-time under consideration.
On the right-hand side, we find the energy-momentum tensor 7,,, , which contains all information about matter
and energy in the system:

Too Tor Toz To3
T = Tio Ti1 Tz Ti3
W Ty Tyn Tz T2
T30 T31 T3z Tz3

Here, Ty stands for the energy density, Ty; for the energy flux, and T;; for the momentum flux and pressure
components.

2.16.4 Determination of R,

The Ricci tensor is calculated via contraction of the Riemann tensor:

_ pP
Ruv = Rupv
or> ory
_or % PE L 0P A P 1A
Ru\) = R,upv = W_W-I_ Fpl Fvu — FVA Fpll (note 1)

This tensor depends on the Christoffel symbols, which themselves consist of derivatives of the metric:

1 ag
———e L va
v =739 {ax“

4 0%ua _ 09y
axVv dx®

} (note 1)

This shows that the entire geometry (and therefore also gravity) depends on the metric g,,, and its derivatives.
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2.16.5 The Schwarzschild solution

In 1915, Karl Schwarzschild found an exact solution to the field equations in vacuum around a spherically
symmetric mass. This led to the well-known Schwarzschild metric (see chapter3):

2GM 2GM\ !
ds? = (1 _T> c2dt? — (1 -— ) dr? —r?d6? — r2sin0dp>
cer cer

This metric applies outside the mass, i.e., in a region where T, =0, and therefore:

R, =0

The Schwarzschild solution is particularly important because it makes experimentally verifiable predictions, such
as the deflection of light and the perihelion precession of Mercury.

The metric tensor then consists of the elements:

B (1 ZGM) B (1 zc;M)‘1 o, 2
Joo = c2r ) g1 = o2y ) 922 = T, g33 = —rsin
This is the so-called trace of the tensor. Or in tensor form:
2GM
(1 -— ) 0 0 0
cér
_ 26My\ !
I = 0 — (1 - ) 0
cér
0 0 —r? 0
0 0 0 —r2sin@

So because the Schwarzschild equation is used outside a mass, the right-hand side of the Einstein field equations
becomes zero (T, = 0). This causes the field equations to become equation (6), and because R is derived

from R, , equation (6) can only be zero when R, = 0. So the only relevant equationis R, =0.As
mentioned earlier, the tensor Ry, is constructed from Christoffel symbols and their derivatives. We have
derived and summarized all relevant Christoffel symbols for this metric in Appendix 1.2

The Schwarzschild equation uses the polar or spherical coordinate system to describe the entire space-time;
however, due to conservation of angular momentum, physical motion takes place in a single plane. By choosing
the appropriate polar coordinate system, this plane can be rotated so that the equatorial plane coincides with
the surface under investigation. In that case, the angle 8 = /2, where the metric tensor is further simplified to:

26M
(1— - ) 0 0 0
c°r
_ 2G6M\ !
I = 0 —(1— 5 ) 0
c°r
0 0 -2 0
0 0 0 —r?

(See also section7.3"Answer to questions concerning Schwarzschild)
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2.16.5.1 Note 1

In his document, Einstein uses the opposite sign for the Christoffel symbol Fﬁ , and the Ricci tensor Ry, also has
the opposite sign for the third and fourth terms on the right-hand side of the equation. For the metric, we have
used the so-called (+ - - -) notation, also known as the West Coast convention.

2.16.5.2 Final remark

The Einstein field equations form a powerful system of 10 coupled, nonlinear, partial differential equations.
Although they can be written compactly, they are rich and complex in content.

They form the starting point for the search for solutions (such as the Schwarzschild solution, cosmological
models) and explain a wide range of physical phenomena - from the orbit of Mercury to the expansion of the
universe.

As is often said:

"Mass and energy determine the curvature of space-time, and the curvature of space-time determines the
movement of mass and energy."

2.16.6 Key insights

e Einstein's central insight: gravity is not a force, but the result of the curvature of space-time caused by
mass and energy.
¢ Einstein's field equations form the foundation of general relativity:

1 8nG
R/w _Egva + Aguv = C_4Tuv

For most practical applications, the cosmological constant 2 ~ 1.1 x 107°2 m~2 is ignored. The equation then
reduces to:

1 8nG
Ruv_gguvR = & Tuv

e Inavacuum (outside of matter): T, = 0, so:
Ruv =0
these are the vacuum equations, which lead, among other things, to the Schwarzschild solution

e Each term on the left-hand side is purely geometric (derived from the metric 9 );

the right-hand side contains physical information (energy, mass, pressure).

2.16.7 Intuitive explanation

Imagine a four-dimensional elastic fabric. Matter and energy pull on that fabric and cause it to deform. That
deformation determines how objects move—they follow the curvature of space-time.
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The equation says:

e Left: "How is space-time curved?"

e Right: "What is in space-time that causes this curvature?"
For example:

e Anplanet does not move because it is "pulled" by a force,

e but because it follows a geodesic in curved space-time.
The equations are elegant and powerful:

e They apply everywhere (due to tensor formality),
e reduce to Newton's gravity in the appropriate limit case,

e and predict phenomena such as gravitational waves, black holes, and the expansion of the universe.

Table: Structure of the final equation

Term Meaning

Gy Geometric side: curvature

T, Physical side: energy content
VEG, =0 Structural conservation principle
8nG

— Scale factor connecting geometry and physics
c

These equations form the final piece of the mathematical backbone of general relativity. From here, it is time to
look for solutions—for example, the Schwarzschild solution or cosmological models.

Magnitude Meaning / Role

R, Ricci tensor: measures local curvature

R Ricci scalar: total scale of curvature (R, 's trace)

Iy Metric: determines the measurement structure of space-time

AGuww Cosmological constant (especially relevant on a cosmic scale)

T Energy-momentum tensor: distribution of energy and matter

T Energy-momentum tensor: describes matter, energy, pressure, and flow
8nG

— Coupling constant between geometry and physics
c

15 March 2026 Page 96 of 342

Copyright© 2018 [COPYRIGHT Albert Prins], All Rights Reserved. — mailto: aprins@hotmail.com



15 March 2026 Page 97 of 342

Copyright© 2018 [COPYRIGHT Albert Prins], All Rights Reserved. — mailto: aprins@hotmail.com



Part III - Physical Interpretations

3 Schwarzschild metric

Working with Einstein's field equations is generally quite complex due to their general and tensorial nature.
Fortunately, in 1915 Karl Schwarzschild found an exact solution to these equations in a specific case: that of a
stationary, spherically symmetric gravitational field in a vacuum. (See Chapter 6: Verification of whether the
Schwarzschild Metric satisfies Einstein's Field Equations

In his theory, Einstein considered all possible distributions of mass and energy. Schwarzschild, on the other
hand, limited himself to the situation in a vacuum, i.e., outside of matter, where the energy-momentum tensor
is zero (Tuv = 0) . He investigated the effect of a central, non-rotating, spherically symmetric mass on the
surrounding space-time—for example, the influence of the sun on passing planets or light rays. (For a more
detailed overview, see chapter 55.11and Schwarzschild: “On the Gravitational Field of a Mass Point According to
Einstein’s Theory ”)

The metric found by Schwarzschild is:

2GM 2G6M\ 1
ds? = c?dt? = (1 ———|c?dt? — 1 - dr? —r?d6? — r?sin®0d o> (8)
c’r cr

This metric describes the distance between two events in a spherically symmetric gravitational field in terms of
the time coordinate t, the radial distance r, and the angles 8 and ¢ . In an infinitely small local region, we can
construct a local inertial frame in which the coordinates cdt, dr, df and d¢ behave as linear, orthogonal
guantities. The metric coefficients are constant in such a local plane, but generally vary withrand 6 .

For further considerations on this solution, see the next chapter.

For the complete original derivation of the Schwarzschild metric, see Schwarzschild, On the Gravitational Field of
a Point-Mass, According to Einstein’s Theory, January 13, 1916, and the review article by Oas.

3.1 Discussions about the Schwarzschild metric

3.1.1 Introduction
The Schwarzschild metric is an exact solution of Einstein's field equations for the case of a spherically symmetric
mass in a vacuum. Karl Schwarzschild published this solution in 1915, shortly after Albert Einstein formulated

the general theory of relativity. This solution is one of the most important applications of the theory and
describes how mass influences the structure of space-time.

3.1.2 The Schwarzschild metric in polar coordinates

The Schwarzschild equation in polar coordinates is:
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2GM 2GM\ 1
ds? = c%dt? = (1 7 )czdt2 — (1 - W) dr? —r?d0? — r?sin®0dp>? (1)

In this equation:

e Gisthe gravitational constant,
e Misthe mass,
e cisthe speed of light,

e t,7,0,0 the time and space coordinates.

This metric describes the curved space-time outside a spherically symmetric mass, assuming that no other
matter is present (vacuum).

3.1.3 Dimension analysis

At first glance, it seems as if the dimensions of this equation are incorrect. In reality, the coefficients are
dimensionless, while the coordinates have a length dimension (in meters or m? when squared). The meaning of
formula (1) is therefore that:

2GM 26My\ ! r2 r?
ds? = (1 - W) d(c2t?) — (1 - W) dr? — R—gd(Rg.GZ - R—gsmzﬁd(RS. )

with R, =1 meters. This makes it clear that the coordinates r, 8, @ are treated dimensionally as lengths, while
the corresponding coefficients remain dimensionless.

For practical reasons, the original form of equation (1) is usually used, but it is important to realize that df
and d@ are given a length dimension here by multiplication with R, .

3.1.4 Key insights
e The Schwarzschild solution was found in 1915 by Karl Schwarzschild as an exact solution of the Einstein
field equations in the case of a:
e spherically symmetric,
e non-rotating,
e static mass object inavacuum T, =0

e The metric describes how space and time are curved by a mass M, such as a star or planet, outside of
matter.

e The metricis:

2GM 2GM
ds? = c%dt? = (1 2 ) cdt? — (1 - ?) dr? —r2d6? — r2sin0d@>
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e This metric is represented in polar coordinates (t,r, 8, @ ), adapted to the spherical symmetry of the
problem

e The characteristic scale is the Schwarzschild radius:

2GM
=

c2
e Forr — oo, the metric approximates the flat Minkowski metric, as required for asymptotic flatness in
the absence of mass.

e Nearr =1, effects such as time dilation, horizon formation, and extreme curvature occur

3.1.5 Intuitive explanation

Imagine a heavy star in empty space. Instead of a force field as in Newton's theory, Einstein says that this mass
distorts space-time itself.

The Schwarzschild metric shows how strong this distortion is at different distances:
e Time dilation: the clock ticks slower closer to the mass = determined by the factor:
Joo =1 _rr_s ook wel g,

¢ Radial distance distortion: measuring a distance in the r-direction takes up more "physical space" than

you think - determined by g4 :

J11 = (1 — :—s)_l ook wel g,,

e Angular components (g,,, g33 ) remain classical: surface of spheres with radius r.

"The Schwarzschild solution is therefore not an abstract formula, but a concrete, measurable distortion of space
and time—uvisible in the passage of clocks and the behavior of light and planets."
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Table overview

Quantity Meaning
ds? Line element: measurable distance between events
Joo Determines time dilation (how time passes in the presence of mass)
g11 Determines distortion of radial distances
2GM . . . .
Ty =—5— Schwarzschild radius (possible horizon for black hole)
c

dQ? = d6? + sin?6 dp>? Spherical surface element

3.2 Relation of the Schwarzschild Metric and Noether’s Theorem

3.2.1 Introduction

One of the most profound insights in modern physics is the deep connection between the symmetries of
physical laws and the conservation laws that follow from them. This connection was established in 1918 by
Emmy Noether, whose theorem states that every continuous symmetry of a physical system corresponds to a
conserved quantity.

The Schwarzschild solution of Einstein’s field equations provides an ideal setting in which to illustrate this

principle. It describes the spacetime surrounding a spherically symmetric, non-rotating mass, such as an
idealized black hole or a non-rotating star.

3.2.2 The Schwarzschild Metric

The geometry of this spacetime is described by the metric:

M 26My\ !
)czdtz—(l— > ) dr? —r2d6? — r?sin® 0 dg?
T cir

ds? (1 2G
se=11-

c2
From this metric (the coefficients) we see immediately that:

e it does not explicitly depend on t (time independence),
e it does not explicitly depend on @ (rotational symmetry),

e itis fully spherically symmetric (invariant under arbitrary spatial rotations).
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3.2.3 Symmetries and Killing Vectors

In general relativity, symmetries of the metric are represented by Killing vectors ¥, which satisfy the Killing
equation:
Vi +V, 6, =0

Here, Vu denotes the covariant derivative with respect to x*, which incorporates the curvature of spacetime
and therefore differs from the ordinary partial derivative au. For a vector field we have, for example,

— Ayl
V.V’ =9,VY + T4V

where Iﬁ‘\, are the Christoffel symbols.

A Killing vector field & represents a direction in spacetime along which the metric remains unchanged. This is
the mathematical way of characterizing a symmetry, such as a time translation or a spatial rotation.

Along the geodesic of a test particle, every Killing vector leads to a conserved quantity:

uté, = constant

where u* is the particle’s four-velocity. This is the relativistic formulation of Noether’s theorem.

It is important to note, however, that a linear relation between two quantities does not itself imply symmetry. A
true symmetry means that the form of the physical laws remains unchanged under a given transformation.
According to Noether’s theorem, such a symmetry guarantees a conserved quantity. For instance, the
Schwarzschild metric’s independence of t implies time-translation symmetry, which yields energy conservation.
Similarly, its independence of @ implies rotational symmetry, which leads to angular momentum conservation.
The conserved quantities often appear in linear relations, but these relations are consequences of the
symmetries, not the symmetries themselves.

3.2.4 Application to the Schwarzschild Metric
(a) Time Translation

The Killing vector:
& =(1,0,0,0)

corresponds to invariance under time translations. The associated constant of motion is the energy per unit
mass:

E (1 ZGM) , dt

= — c4 —
c’r dt

dt dt

Here - # 0, since the particle always moves forward in time. What is conserved is the combination ggq Cd—r:

the coefficient of the derivative, not the coordinate itself.
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(b) Rotations

There are three Killing vectors corresponding to the three independent rotational symmetries. A simple
example is the azimuthal symmetry:

& =1(0,0,0,1)
which yields the conserved angular momentum component

l0)

L=r*sin*6—
rT s dr

Together, the three rotational symmetries lead to conservation of the full angular momentum vector. In
practice, one often writes only the Killing vector for the azimuthal coordinate @, which corresponds to
conservation of L,. But two additional Killing vectors correspond to rotations about the other axes, and all three
together imply conservation of the complete vector (Lx, Ly, LZ). Again, the conserved quantity is the

coefficient combining the derivative and the metric component.

3.2.5 Physical Significance
These conserved quantities have direct physical consequences:

e Energy conservation determines whether a particle falls inward radially or escapes to infinity.

e Angular momentum conservation governs the shape of orbits and explains phenomena such as the
perihelion precession of Mercury and the bending of light by gravity.

Thus, spacetime symmetries manifest themselves as measurable astrophysical effects, with conservation laws
expressed as the coefficients of derivatives along the geodesic.

3.2.6 The Scope of Noether’s Theorem in General Relativity

In flat spacetime, energy and angular momentum can be defined universally.
In curved spacetime, the situation is more subtle: a global time symmetry may not exist.

The Schwarzschild solution is stationary and asymptotically flat, so energy and angular momentum conservation
are well-defined and applicable.

In contrast, in dynamical cosmological spacetimes (such as the expanding universe), global definitions of
conserved energy are often impossible.

3.2.7 7. Conclusion

The Schwarzschild metric demonstrates the remarkable power of Noether’s theorem within general relativity.
The metric’s symmetries, expressed through Killing vectors, give rise to conserved energy and angular
momentum. These conserved quantities are not the coordinates themselves but the coefficients associated
with derivatives along the geodesic.
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This insight is central to understanding the motion of particles and light in gravitational fields, and it provides a
bridge between the mathematical structure of the theory and the observable physical phenomena it predicts.

3.3 Physical interpretation of the Schwarzschild metric

Let us now examine the physical meaning of formula (1). Suppose there is an object in space with mass M, which
we consider to be a point mass. In classical Newtonian mechanics, such a mass causes a gravitational field—a
force that acts on other masses in the vicinity.

In general relativity, this idea is fundamentally different: according to Einstein and Schwarzschild, the mass M
does not generate a force, but distorts the structure of space-time. So there is no longer a force in the classical
sense, but a geometric effect.

We choose a coordinate system in which M is at the center. When a test particle (with negligible mass) is at rest
relative to this mass, it experiences a gravitational force in the Newtonian sense. If we release this particle, it
would accelerate towards M, just as Newton predicts.

Yet the particle itself does not feel any force. In its own (moving) frame of reference, it experiences nothing
special—it simply follows the natural path prescribed by space-time itself. In Einstein's theory, this path is not a
straight line, but a geodesic: the shortest or "straightest" path in a curved space-time.

ds
z
/o
o/ |
M Y
AN
X S S
A
Space coordinates
3.3.1 The chosen coordinate system and the local structure of space

We are working here with a Euclidean coordinate system, which can be understood as a Cartesian system (t, x, y,
z) or—as in the Schwarzschild solution—a polar system (¢, 7,8, @) . In the polar case, the path followed by a
particle depends on all four coordinates. The Schwarzschild metric assigns a coefficient to each differential,
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which is a function of r and 0 but independent of t and @ . This reflects the spherical symmetry around the mass
M: a rotation around the center does not change the physical situation.

It is important to realize that these coordinates are hypothetical: they are defined as if they were located in a
flat, non-curved space-time. Schwarzschild found an explicit formula that describes the space-time curvature
around a point mass. This formula relates the elementary line segment ds (the distance in space-time between
two neighboring events) to the chosen coordinate system.

Although space-time is curved, we can consider it to be flat locally—in an infinitesimally small area. Within such
a small area, we can treat the coordinates cdt, dr, d6, and d@ as being mutually perpendicular and straight. The
coefficients in the metric can be considered constant there. If we move to another location, these properties
remain valid locally, but with modified coefficients as a result of changesinrand 9 .

By then integrating over ds along a path—that is, over all infinitesimal steps together—we obtain the complete
trajectory of the particle in curved space-time.

3.3.2 The Schwarzschild metric and the role of proper time

As discussed earlier, the Schwarzschild metric in polar coordinates has the form:

2GM 26My\ !
ds? = c%dr? = (1 - )czdt2 - (1 - ) dr? —r?d6? — r?sin%0 dp? (1)

Here, ds? describes the square interval in space-time between two neighboring events.

For greater compactness, we introduce the function:

Where: 0 = [1— ZZM
cer
allowing the metric to be elegantly rewritten as:
ds? = c%dt? = ?c?dt? — 67%dr? — r2df8? — r?sin%0 dp>? (1a)

Here, dt is the proper time: the time measured by a clock moving with the object. This is the actual duration
experienced by an observer along his own world line.

The coordinate time dt, on the other hand, belongs to a hypothetical system in which there is no mass—an ideal
"flat" frame of reference. Strictly speaking, dt is not directly measurable, except in the limit r — oo, where o —
1 and space-time becomes flat.

Locally, at a fixed value of r, the Schwarzschild metric relates coordinate time and proper time via a simple
relationship:
At osrdinate = 0dt

where o depends on the position r.
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3.3.3 Distance traveled, velocity, and the connection with the Schwarzschild
metric

In Schwarzschild space-time, the infinitesimal spatial distanceA distance between two events is given by:

Adistance = /o=2dr? + r2d6? + r2sin?6 d@?

Where, as mentioned earlier:

2GM
o= [1— 3
cr
The corresponding time duration in coordinate time is:
Atime = odt

From this, the (local) velocity v of a particle in the frame follows:

1 (Adistance)2 _ (672dr? + r2d6? + r?sin®6 do?)

2,2 _
v?/ct == .
/ c2\ Atime o2c2dt?

This takes into account the curvature of space-time.
If we substitute this expression back into the compact form of the Schwarzschild metric (equation (1a)), we find:

o7 2dr? + r2d6? + r%sin6 do?

ds? = c?dt? = g%c?dt? — 2,742 o?c?dt? (2)
which simplifies to:
o4 dr\? o7%r? /dO\?> o 2r2sin?0 /do\’ v
292 _ . 2.29:2 2.2 342
cedt® = o°cedt (1 —C—2<a) — 2 (E) — 2 (E) ) =g°cedt (1 _C_Z) (3)

or, written even more compactly:

)
c2dt? = o%c%dt? <1 — —2>
c

where:

dry? doy? dgy
2 _ 4% —2..2 (%Y 2,220 (Y¥
v =0 (dt) +0 r(dt) +0 rsmB(dt) (Ba)

This derivation shows how both spatial and temporal curvature together determine the dynamics of a moving
particle.

3.3.4 Relationship between proper time and coordinate time dt

The previous derivation (equation (3)) directly implies the relationship between proper time dt and coordinate
time dt:

o
dr =—dt
Y

Where:
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en Yy = — (4)
12
1-=
2
Here, o is a measure of gravitational deceleration (due to mass M) and y is the Lorentz factor, derived from
special relativity.
Becausey = 1 (sincev < cand o < 1 (becauser > ZGM/C2 ), it follows that:

dr < dt (5)

This means that the proper time of the moving object always passes more slowly than the coordinate time in the
reference frame.

Since both g and y are constant during the interval under consideration (they are only functions of rand v, not
of t), we can easily integrate this relationship:

=2
T—yt (5a)

where 7 is the elapsed proper time and t is the elapsed coordinate time.

Here:
e tisthe codrdinate time of an external observer (for example, someone far from the gravitational
field).
e Tisthe proper time of the particle itself.
And:
° é is the rate at which the coordinate time passes relative to the particle’s proper time.
dt . A Lo d et ” ,
e —-isnota velocity in meters per second like d—;, but a relative “time-speed” between the observer’s
coordinate time and the particle’s proper time.
e It does, however, play the same role in the Lagrangian as a kinetic term: the square £2 appears in the
energy-like conserved quantity.
3.3.5 Behavior of a photon in the Schwarzschild metric

For a photon, the proper time dt is zero, because a photon always moves at the speed of light:

0 = o?c?dt? — o7%dr? — r2d6? — r?sin%6 dp>? (6)
It follows that the spatial distance traveled by the photon is given by:
(Adistance)? = 07 2dr? + r?d6? + r?sin’6 d@? (6b)
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We can now determine the effective speed of light v relative to the chosen coordinate system:

o72dr? + r2d6? + r?sin%6 do? _
o2dt? N

) Adistance\* )
¢ :( Atime ) v (6c)

Here, Atime = odt, as discussed earlier.

3.3.6 Interpretation:

e Inthe numerator, we find the 'normal’ spatial distance traveled by the photon.
e Inthe denominator, we see that time is influenced by a factor of ¢ : the clock at a given location ticks

slower due to the influence of gravity.

This shows that, measured in the coordinate time dt, the speed of light is effectively lower than c in the
presence of gravity.
In the local (moving) frame, the photon of course still moves at the constant speed c.

3.3.7 Alternative description of photon motion

We can also rewrite the relationship between distance traveled and time elapsed in a different way:

Adistance\? o 2(c72dr? + r2d6? + r%sin?6 d@?
e = ( ) = ) (6d)

Atime dt?

Here we note:

e The spatial distance is increased by a factor of 62 (since o0 < 1).

e At the same time, the coordinate time dt remains unchanged.

3.3.8 Consequence:

Due to this increased distance in the numerator, but an unchanged time in the denominator, the speed of light
in the coordinate system appears to be smaller than the universal speed of light c.

3.3.9 Summary:
From the perspective of the 'universal' coordinate system:

¢ A photon moves along a curve in curved space-time, and
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e The effective speed of the photon between two coordinate points (e.g., from A to B) is less than c.

In comparison:

o72dr? + r2d6? + r%sin%6 do?
og%c? = 12 (6e)

it can be seen that the speed of light is effectively modified by the factor o2.

3.3.10 Behavior
Physically, this means that:

e The intrinsic speed of the photon remains c along its world line.

e But the projection of its motion onto the coordinate system appears to be a lower speed due to the
curvature of space-time.

In other words:

distance _ distance _ distance
t " pathlength/c pathlengthc

v =
Because the path length is greater than the "straight-line distance,"v < ¢, as measured in coordinate time.

3.3.11 Relationship between local time on Earth and universal frame time
As noted earlier, coordinate time dt is a hypothetical time, defined in a massless environment or at infinite
distance (r = ). Since we perform our measurements from Earth, we must establish a relationship between
(see also section4.6):

e the proper time dz7,,,;, as measured by a clock on Earth, and

e the coordinate time dt from the universal frame of reference.

As previously derived (see also formula (5a)), the following applies:

Ocarth
dTaarde = dt
earth
Or, conversely:
Yearth
dt = ATeqren
Ocarth
where:
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2GM

o Ouurtn= [1— is the gravitational time dilation factor,

2
C%Teart h

1 . . — .
* Yearth = T is the special relativistic Lorentz factor (due to the rotation of the Earth).
1— eart
c

3.3.12 Interpretation:

Time on Earth slows down relatively due to two effects:
1. gravity (gravitational time dilation, via g ),

2. the movement of the Earth (special relativity, via y ).

For an observer moving with the Earth, his own time dt,,,; ;, naturally continues to run normally - every second
remains a second.
However, relative to the universal frame time dft, the local seconds run slightly slower.

3.3.13 Summary:

e On Earth: own clock runs normally (i.e. according to dt ).

e Relative to the universal frame: own clock runs slower due to gravitational and motion influences.

3.3.14 Behavior of a photon in the Schwarzschild metric

A special case occurs when we consider a photon. Because a photon always travels at the speed of light c and
has no rest mass, its proper timedt along its worldline is equal to zero:

dt =0
This also follows directly from the Schwarzschild metric:
0 = o?c?dt? — o7%dr? — r?d6? — r?sin%6 dp? (6)
From this we can deduce that the distance traveled in space Adistance is:
(Adistance)? = ¢72dr? + r?d6? + r?sin?0 d®? (6b)

and the speed of the photon is:

) (Adistance)2 o~ 2dr? + r2d6? + r%sin%6 dp?

= = 6
¢ Atime o2dt? (6c)

3.3.15 Note:

Although a photon would have a "distance of zero" in its own (non-existent) rest frame, an external observer
does see a distance traveled along a curved path in space-time.
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3.3.16  Special cases:
1. Radial motion of the photon (only r-direction, dt = d8 = d® = 0)

Then the previous equation simplifies to:
dr\?
2 _ . —4
c“=0 "|—
(dt)
or:
o %dr

c*c?dt?> =dr? or prrantall: (7)

2. Circular motion in the equatorial plane (6 = m/2)
If the photon is in a circular orbit around the mass M (i.e., dt = dr = dfB = 0), then:

_rdo
T odt
This shows that the rotational speed d@/dt depends on the distance r and the curvature factor o .

3.3.17 Atalarge distance:
If r = o, then:
c-1
And so:
dr =dt

The time measured along the path of the photon and the coordinate time then coincide—exactly as we would
expect in a region without gravity (flat space-time).

3.3.18 In summary:
e For aphoton, dr = 0 always applies.

e The relationship between space and time is completely determined by the curvature factor o .
e In strongly curved space-time (close to mass), the behavior of a photon deviates significantly from what

we intuitively expect in flat space-time.

In general, the motion at infinite distance is rectilinear and uniform, and so the equation becomes:

ds? = c?d7? = c?dt? — dr? — r?d#? — r*sin?6 dp? (8)
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3.3.19 Transformation to Cartesian Coordinates

Schwarzschild's original approach was not in polar coordinates, but in Cartesian coordinates. Although the
Schwarzschild solution is usually presented in spherical coordinates (r, 8, @) , it can also be expressed in terms
of (x, y, 2).

The transformation of the Schwarzschild metric to Cartesian coordinates results in:

1— o2
ds? = c?dr? = %c?dt? — (dx? + dy® + dz?) — e (xdx + ydy + zdz)? 9
Where:
26M
o= J1- c?r

e 1 =./x%+y?+ z2%is the usual radial distance.

3.3.20 Explanation:

The first term a2c?dt? describes the time component that depends on gravity. The second term (dx? + dy? +
dz?) corresponds to flat space-time (Euclidean distance). The third term corrects for the fact that time dilation
(and thus curvature) also affects space components, depending on the direction in which we move relative to

the mass M.

3.3.21 Note on differentiating with respectto tor t
When using the Schwarzschild metric, we must be alert to the variable with respect to which we differentiate:

e Time tis the coordinate time, as measured by an observer at infinite distance (or in a region without
mass).

e Time 7 is the proper time, as measured along the worldline of the moving object.
ds? = c?dt? = g%c?dt? — o7%dr? — r?d6? — r’sin®6 dp? (1a)
In formula form (for the plane 8 = /2 ) and dividing by c?dz? :

o () - () )

or, by rewriting with partial derivatives with respect to t:
LAt rdrde\® ) d dey?
o ) - ) -
dt cdtdt cdtdt
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Then:

v () (-5 () 56 an

From this follows how motion (velocities) and time dilations in curved space-time are related.

3.3.22  Velocity relative to local and universal time

The velocity relative to proper time 7 is:

o72dr? + r?2d6? + r?sin?6 dp?
dt?

and the Schwarzschild metric can be written in terms of v, :

2922 4 22902 4 2202 2
o~ 4dr® +r°df° + r°sin“6 d@
c?dt? = o?c?dt? — s, dt? = o%c?dt? — v, %dr?

2 —
Veo™ =

Or:
c?dt? + v, 2dt? = o?c?dt?

Approximation for small velocities ( v, < ¢ ) via a Taylor series:

a? Vo 2
dT2=Tv%)2dt2%O'2(1_(%) )dt2
dt~ o 1—(17%)2dt=> d‘r=yidt

co

Withy,, = 1/y/(1 —v3, /c?.

3.3.23 Summary

e Schwarzschild originally worked in Cartesian coordinates.

e The Schwarzschild metric can be reduced to both spherical and Cartesian form.

e When interpreting motion (e.g., orbits around a mass), it is essential to make a clear distinction between
the coordinate time t and the proper timer .

e For small velocities, the influence of space-time curvature on the perception of time is small but

measurable.

In general, a trajectory takes place in a single plane. In that case, the polar system can always be chosen so that
the equatorial plane coincides with the trajectory plane; in that case, 8 = /2.

If the trajectory is a circle, so that 8 = /2 and ris constant, then dr = 0 and the equation becomes:
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c2dt? = o%c%dt? — r2dp?

Additional considerations:
Addendum 1: Interpretation of ds as a line segment in space-time

It may be useful to consider ds as an infinitely small line segment in space-time, the length of which in meters
can be measured by multiplying the travel time of a photon over that segment by the speed of light c.

The line segment ds is located at the origin of its own moving reference frame. Within that frame, time is the
only physical quantity that can be measured directly. The distance is measured via the travel time of the photon.

So:
ds = cdt
where dt is the proper time recorded on a moving clock.
Now we introduce a second reference frame, for example the Schwarzschild frame, in which there is a central
mass M. In this frame, we can determine the distance between the line segment and the origin by using external

measuring instruments (such as lasers, rods, etc.).

Important:

The time determination in this external frame is indirect: it depends on the relationship given by the
Schwarzschild metric and cannot be measured directly with a clock on site.

According to the Schwarzschild metric, the following applies:
c?dt? = (cAT)? — (AX)?

2GM
c’r

(cAT)? = (1 — )Czdtz = c%dt? — (AX)?

Where AX is the spatial component, for example:

1
(AX)? = Wdr2 +12d6? + r?sin?6 d@?
(1 C?r
From this it follows:
c2dt? = —(CAT)Z
a (1 _ ZGM)
c’r

The relationship between the theoretical time dt and the proper time dt can only be determined using this
formula.
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Addendum 2: Worldline of a Particle in a Co-moving Reference Frame

If we consider a particle in a co-moving (local) reference frame, the particle is at rest relative to that frame. The
only path that the particle follows in space-time is along its ownt axis: its proper time.

However, we can describe the motion of the particle relative to an external (possibly moving) reference frame.
In that case, we express the position of the particle in coordinates (t, x, y, z) of that other frame.

The world line of the particle—the path that the particle follows through space-time—is then entirely a function
of T:

(t@,x(@, (), 2(D)

The four coordinates are therefore functions of the proper time 7 .

3.3.24 Example: Time difference between the poles and the equator

We calculate the time difference on the Earth's surface between the time at the poles and at the equator,
caused by relativistic effects.

Based on the Schwarzschild metric:
c?dt? = o%c%dt? — 07%dr? — r?2d6? — r%sin%6 do?
3.3.25 Atthe poles

At the poles, the following applies:

e dr = 0 (no radial movement),

e 0=0,
e df =0,
e sinf =0.

Then the Schwarzschild metric becomes:

czdrpoles 2 = g2c?dt?
from which it follows:

dTpoes = 0dt

3.3.26 At the equator

At the equator, the following applies:
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e dr =0,
e O0=m/2,
e df =0,
e sinf =1
Then the metric becomes:
Cszequator 2 = g2c?dt? —r?de?
where d@ describes the rotation around the Earth's axis of rotation.

We rewrite this as:
2 2 _ A2 2 2 2
¢ dTequator =c dTpoles —r°d@
Or:

2 2
r dg
2 2 _ L2 2
¢ dTequator =c dTpoles 1- 2 (d )
¢ Tpoles

The rotational speed V,qyqt0r at the equator is:

do

U, =r—
quator

dTpoles

So:

2
Vequator }

2 2 _ A2 2
c dTequator =c dTpoles {1_ c2

2
Vequator

c?

dTequator = dTpoles 1-

For small speeds(v « ¢) , we can approximate this using a Taylor series:

2
1 Vequator

dTequator ~ dTpoles (1 - E c2 )

3.3.27 Practical Calculation

The rotational speed at the equator is approximately:
~ 1672 km/h or 465 m/s

This results in:

2
Vequator

5 ~ 2.4 % 10712
c

Therefore:

dTequator = dTpoles (1 — 1.2 10_12)
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3.3.28 Interpretation

A clock at the equator ticks slightly slower than a clock at the poles. Over a period of 100 years, the difference
would amount to approximately:

100 year * 1.2 * 10712 ~ 3,75 milliseconds

3.3.29 Conclusion

A person who has lived at the North Pole for 100 years would (theoretically) be 3.75 milliseconds older than
someone who has lived at the equator, if all other conditions remain the same.

3.3.30 Addendum 3: The Schwarzschild coefficient and the escape velocity

Let's pay special attention to the factor:
2GM
1-—
cér

This expression is reminiscent of the well-known formula for escape velocity, which determines the minimum
speed a mass must have in order to leave another mass (e.g., the Earth).

We will derive this relationship below.

3.3.31  Calculation of the Minimum Escape Velocity
If we consider a mass m that is ejected from an object with mass M (e.g., the Earth), then:

e The kinetic energy of m:
Eyin = Emv

e The gravitational force experienced by m:

where ris the distance to the center of mass M.

e The work that must be done to bring the mass m from r to infinity (where the gravitational influence is
zero) is:

@ ® Mm Mm [ 1 1 Mm
W=f Fd5=f G—2d5=—G— =GMm<———):G_
r r S S r o r

r

In order to escape, the kinetic energy must be equal to this work:
2 Mm
—mv‘ =G6G—

2 T

From which it follows:
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2
r
2GM
v =
T
Or conversely:
2GM
r=—
2

3.3.32 The Maximum Speed: Light

The maximum speed that an object can reach is the speed of light c. If

v=c
then the corresponding distance becomes:
_26M
r= Z
This is known as the Schwarzschild radius:
. 26M
r=R; = 2

When an object is within this radius, it is impossible to escape—even light cannot escape. In that case, we refer
to it as a black hole.

3.3.33 Connection with the Schwarzschild metric

In the Schwarzschild metric, this radius appears in the factor:

2GM
1- 2
cir

Normally positive, this factor lies between 1 and 0:
Normally, this factor lies between 1 and 0:

e For large distances (r —» ), the factor approaches 1.

e Near the Schwarzschild radius(r = R;) , the factor becomes 0.
When:

2GM
2 =

cer

the object is located exactly at the Schwarzschild radius, or at the event horizon of a black hole.
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3.3.34 Note

If r becomes smaller than Ry , the factor would become negative. What this means physically requires deeper
analysis within the relativistic theory of black holes, and goes beyond what we are discussing here.

3.3.35 Key insights
¢ In general relativity, geometry replaces force: mass curves space-time instead of generating a force
field.

e The Schwarzschild metric describes this curvature around a spherically symmetric mass and applies
outside the mass, where T',, = 0.

e Atest particle moving in this field feels no force, but follows a geodesic—the "straightest" path in
curved space-time.

e The metric in spherical coordinates:

2GM
c’r

ds? = c?dt? = ¢%c?dt? — 67%dr? — r?df?% — r?sin?0 d@? with o= |1 —

e The coordinate time dt applies in the asymptotically flat (hypothetical) framework at r — oo ; the proper
time dt is measured by a clock that moves with the object.

3.3.36 Intuitive explanation

Einstein states: a mass influences the measurement structure of space and time itself. A freely falling object
does not move "by force," but follows the path imposed by the geometry of space-time—similar to a pebble
rolling on a curved surface.

The Schwarzschild metric states:

¢ Time passes more slowly closer to a mass (viag < 1).
e Space is stretched in the radial direction.

e For a moving object, the metric relates dt to dt and its velocity v :

o 1
dt = ;dt with y =
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3.3.37 Table: Concepts and physical quantities from the Schwarzschild metric

Quantity Physical interpretation
o= |1-— ZGZM Gravitational time dilation factor
cér
dr Proper time: measured by a local clock
dt Coordinate time: measured in asymptotic plane reference frame
v Local velocity, derived from spatial coordinates and dt
ds? = c?dt? Four-dimensional interval (invariant): time and space element
2GM . . .
R = — Schwarzschild radius: where o = 0, event horizon

3.3.38 Specific cases and effects

e Photons:
e Following a trajectory with dT = 0 : they do not experience their own time.
e The effective speed of light in coordinate time is less than ¢ (but locally, v remains= c).

e Object at rest with mass:

e Time dilation via dt = %dt : the smaller r, the slower the clock.
e Object in motion (e.g., circular orbit):

e Both gravitational and kinematic time dilation play a role.

e Equation for velocity in Schwarzschild coordinates:

dry? NG doy?
2 _ 4% 2.2 (%Y 2. 220 (%¥
vi=g (dt) + o0 4r (dt) + o 4r*sin 9(dt> (3a)

3.3.39  Application: Time on Earth vs. Time at infinite distance

e Time on Earth slows down relative to universal coordinate time, due to both:
e gravity (via o),

e Earth's rotation (viay ).

e Result: in 100 years, a clock at the poles= will be 3.75 ms ahead of a clock at the equator
(approximately).

3.3.40 Black holes and escape velocity

e From Newton's mechanics it follows that:
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2GM _ 2GM
r c?

Vescape =

e Atr = R, 0 — event horizon: nothing can escape.

e The Schwarzschild metric explicitly contains this boundary.

3.3.41  Final insight
The Schwarzschild metric provides directly measurable predictions:

e Time dilation (including GPS corrections),
e Light deflection (as measured during solar eclipses),
e Mercury's perihelion precession,

e Conditions for the formation of black holes.

The Schwarzschild metric is therefore not an abstract mathematical object, but a physical machine that tells us
how clocks tick, how light bends, and how masses move—purely on the basis of the geometry of space and
time.

3.4 Experiments: Confirmation of General Relativity

The general theory of relativity is not only an elegant mathematical theory, but is also strongly supported by
experiments and observations. Many of these experiments use the Schwarzschild-solution as the basis for their
theoretical predictions.

The following experiments are discussed in this work:
1. Hafele-Keating experiment (1971) (see chapter4.1)

e Description: Atomic clocks were flown around the Earth in airplanes, both eastward and westward, and
compared with clocks on the ground.

e Result: The measured time differences corresponded exactly to the predictions of general relativity
(gravitational time dilation and motion time dilation).

e Relationship to Schwarzschild metric: The time dilation due to gravity is derived directly from the
Schwarzschild solution.

2. Motion of particles in a gravitational field (see section4.2)
e Description: The orbits of satellites, planets, and other objects are tracked accurately.
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Result: The observed orbits correspond to the predictions of Schwarzschild geometry, including small
deviations from the classical (Newtonian) predictions.

Deflection of light near masses (see section4.3)

Description: During solar eclipses, measurements were taken of how the light from stars is deflected by
the gravity of the sun.

Result: The measured deflection (by Eddington in 1919 and many later experiments) corresponds
exactly to the value predicted by Schwarzschild metric.

Physical significance: Proves that light itself is affected by the curvature of space-time.

Precession of the perihelia (Mercury) (see section4.4)

Description: Mercury's orbit slowly rotates around the sun; this precession cannot be fully explained by
Newtonian gravity.

Result: The remaining precession is explained exactly by the Schwarzschild solution.

Historical significance: This was one of the first major successes of general relativity.

Shapiro time delay (see section4.5)

Description: Radio waves traveling past the Sun take longer than expected in flat space-time.
Result: The extra time delay corresponds to the prediction of the Schwarzschild metric.

Application: Used in radar and communications satellites.

Trajectory of a bullet in a strong gravitational field (see section4.8)

Description: Simulations and measurements of objects moving at high speed near massive objects.

Result: The trajectories deviate from Newtonian predictions but correspond to the Schwarzschild
predictions.

Conclusion

In all these experiments, the results are in excellent agreement with the predictions of general relativity, as
derived from the Schwarzschild metric. This provides powerful confirmation of the correctness of Einstein's

Key insight

General relativity is not only a mathematically elegant theory, but has also been experimentally confirmed with
high precision. The Schwarzschild metric is the key to understanding most classical tests of gravity.
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Part IV - Experiments and Verifications

4 Experiments Confirming Einstein's Theory

In this chapter, we discuss a series of experiments that empirically support Einstein's general theory of relativity.
A central tool in the analysis of these experiments is the Schwarzschild solution of Einstein's field equations.

The following experiments are discussed:

e The Hafele—Keating experiment (see Chapter4.1)

e The motion of particles in a gravitational field (see chapter4.2)

e The deflection of light in the vicinity of masses (see section4.3)

e The precession of the perihelia of planets, particularly Mercury (see section4.4)
e The Shapiro time delay (see section4.5)

e The calculation of the trajectory of a bullet in a strong gravitational field (see section4.8)

Together, these experiments provide powerful evidence for the validity of general relativity. In each case, the
Schwarzschild metric provides a mathematical framework that can be used to accurately explain the observed
phenomena.

4.1 Experiment 1 - The Hafele & Keating Experiment with the Schwarzschild
Equation

Derivation based on: A Hafele & Keating-like thought experiment, by Paul B. Andersen, October 16, 2008
(Andersen, 2008).

The famous experiment by Hafele and Keating tested quantitative predictions of the theory of relativity,
specifically time dilation resulting from both motion (special theory of relativity) and gravity (general theory of
relativity).

In this experiment, two planes were equipped with cesium clocks and flown simultaneously in opposite
directions around the Earth. In addition, a third cesium clock remained at a fixed location on Earth (in
Washington). The results showed that the clocks on board underwent different time dilation effects, depending
on their direction of movement and position relative to the Earth.

The clock in the eastbound aircraft moved with the Earth's rotation. As a result, this clock had a higher speed
relative to the non-rotating center of the Earth than the ground clock. This led to a stronger time dilation: the
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clock ran slow. In contrast, the westbound plane moved against the Earth's rotation, resulting in a lower speed
relative to the Earth's center, and thus a weaker time dilation: this clock ran fast. This difference in the passage
of time shows that the progress of time depends on the movement of the observer—an effect that was
predicted as early as 1905 by Einstein in his original article on the special theory of relativity.

All three clocks are moving eastward. Even though the airplane flying westward is moving westward relative to
the air, the air is moving eastward due to the Earth's rotation.
Source: (Crowell, March 11, 2018)
Purpose and Design

e Objective: Direct experimental test of Einstein's predictions for time dilation due to both motion (special
relativity) and gravity (general relativity).

e Design: Cesium clocks were flown in airplanes eastward and westward around the Earth, while a
reference clock remained on Earth. The time differences between these clocks were measured and
compared with the theoretical predictions.

Theoretical Framework: Schwarzschild Metric

The Schwarzschild metric describes the space-time outside a spherically symmetric massive body such as the
Earth:

2GM 26My\ !
2dr? = (1— . )c2dt2—(1— . ) dr? —12d0% — r2sin?6 dg? )
c°r c°r

The following applies:
e t:the coordinate time, measured by a hypothetical clock outside any gravitational field;
e T:the propertime, measured by a moving clock at position r;
e r:distance to the center of the Earth;
e O:angle of latitude relative to the North Pole;
e (:angle of longitude relative to a fixed meridian;

e @G:the gravitational constant;
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e  M: the mass of the Earth;

e c:the speed of light.

The Schwarzschild metric uses a universal (spherical) coordinate system with its origin at the center of mass of
the Earth. The Earth rotates within this coordinate system. Changes in the angles 8 and @ describe motion
across the Earth's surface. Small changes in time and space are denoted by dt, dr, d8, and d@ , respectively.

Note that dt is the time change for a hypothetical observer far away from gravitational influences; it is not a
directly measured time but a theoretical coordinate time. The actual time measured by a clock at a given
location is dt , the proper time.

We will use the Schwarzschild metric to derive an approximate formula that describes the time dilation of the
clocks, based on their position and motion. We will then also give the complete (exact) solution. Although the
latter is more complex, it is easily manageable with the help of computer programs such as Excel and provides
an accurate result.

4.1.1 Approximate Formula for Time Dilation
We approximate the situation in which the clocks are in circular orbits around the Earth: either at sea level or at
a certain height above the Earth's surface. Because the orbits are circular, dr = 0 . Furthermore, we assume

that the motion takes place in the plane of the equator, so that 8 = /2 is constant and therefore d6 = 0.

This simplifies equation (1) to:

2GM
c2dr? = (1 = )czdtz — r24dg? @)
cer
2GMy\ 12 /d@\*
art = (1-52)-5(5) |ar? 3
' c’r c?\dt ®
If we usev = r%, we get:
2GM  v?
dt= [|1———-——)dt 4)
c‘r ¢
2
Because the terms i%land 1:—2 are very small compared to 1, we can apply a first-order approximation with a
Taylor series:
dr~(1-5M_ 2\ 4 (5)
tE c?r  2c?
Since r and v are constant, we can easily integrate:
(1M, 0) (6)
t= c?r  2c? '
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It is interesting to compare the local time t of different clocks. We take the clock on the Earth's surface as a
reference. This clock has a speed of v; due to the Earth's rotation and is located at a distance of r; from the
center of the Earth. For this clock, the following applies:

ar, = (1-EM %) g, @)
= c’r  2c?
For a clock in an airplane (with speed v, and distance r; ):
dr, = (1-M v2 dt (8)
2= c’r, 2c?

We now want to express the passage of time of clock 2 relative to clock 1. To do this, we use an approximation
for the ratio of the time units:

(1 _GM _ li)
c’r, 2c?

(1 _GM &2)
c’ry  2c?
Using (1 — &) 1 = 1+ ¢, we get:

d 1o ik 1+GM+U12 d
2 ¥ c’r, 2c? c?ry  2c? H

GM v? GM GM v?\ v,? GM  v,?
diy |1+ 5+ 5 (1+5-+ 1+5—+55]|dn

dT2 = dT1

c’ry  2¢? cin c?ry  2c?)  2c? c?ry  2c?

v GM
2¢2’ ¢?ry

. GM 2 . S
Since the terms = and 2_2 are very small, their products can be neglected, from which it follows:
1

p 1+GM+v12 GM  v,? p
T, ® -+t —————-——]d1
2 c?ry  2¢2 c2r, 2c2)71
ary = (142 (E L) 2l ©)
T, ® —|——— )+ ————] dr
2 c2\nn n 2c2 1
If we assume that both clocks start at t; = 7, = 0 , then the integration is immediate:
1_|_GM(1 1)+v12—v22 (10)
T, = — |- )+t—]
2 ct2\nn ny 2c? 1
Comparison between Clocks
For a clock on the Earth's surface (11, V1) and a clock in an airplane (1’2, V) :
GM(l 1)+v12—v22 an
- || +t—|
2 2\ n 2c2 1

Suppose that clock 1 is located on the Earth's surface with radius R, and clock 2 is in an airplane at altitude h,
then r,= R+h. Because h<<R, we can approximate:

1 1 h GM (1 1 ) gh

_——— — : _ — — ~ —

R R+h R? ¢2\R R+h/ ¢?
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So:

GM /1 1 0,2 — vy’ GM /hy\ v2—v,"
1 e R L e O R e (12)

h o L GM
If we assume that 7 <« 1 and the gravitational acceleration is g = Rz then:

h v,%2 —v,?
-1y = <9__g> - 13)

c? 2¢?
Since vy = Veqr¢ , (rotational speed of the Earth) and v = Vpjgne + Veare n (Speed of the airplane relative to the
coordinate system), we get:

2 2 _ 2 2 _ 2 2 2
V1" = V2 = Vearth™ — (vplane t Veart h) = Vearth™ — vplane - Zvearthvplane ~ Veart h

2 2 _ 2 —
V1" = V2 = —Vplane =~ — 2vearth”plane = —VUplane (vplane + Zvearth)

Substituting into (13) gives:

gh  Vpiane(Vpiane + 2Veartn)
_ Vplane\Vplane ear carth (14)

T -7 = |-
plane earth ( c2 22

This equation is therefore derived entirely from the Schwarzschild equation with a few approximations.
This formula corresponds to the approximation used in the original Hafele—Keating experiment and is therefore
consistently derived from the Schwarzschild equation, including the necessary approximations.

Note 1:

If the speed v, of the aircraft is a ground speed, then, as an approximation at altitude h, we can say:
R+h

(vplane + Veart h)

In that case, formula (13 ) would be adjusted accordingly.

vy =

Note 2:

A more accurate approximation is discussed in the next chapter, where the velocities v; and v, are derived
more specifically based on the coordinate system used.

4.1.2 Elaboration of V1 and V2 in Equation (13)

The velocity vy inequation 3 1 1 13 is the velocity of a stationary point on the equator of the Earth's surface.
This is expressed as:

where dt is the coordinate time in the 'universal' reference frame. However, because measurements on the
Earth's surface are made with respect to the local proper time 7, a conversion is necessary. Due to the chain
rule, the following applies:

do dddt dt

Vi =N —S-=N———- = Vi 5=
= ge ~ dardt ~ Yt

(14a)
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We use the Schwarzschild metric (in the equatorial plane and with dr = 0) to find dz/dt :

2

2GM do
c2dt? = (1 - )czdt2 - r12 (—) dt?
cn dt

Reordering yields:

We now define:

Then the following applies:

c? c’n
(&) - (14b)
dt (1 4 vgéz)
Substitution in (14a) gives:
V1t 77112 (ZDZ ’ 012

The expression shows that dt/dt —and thus the conversion between coordinate time and proper time—
depends on vy, , the rotational speed of the Earth measured in proper time on the Earth's surface.

Now consider an airplane flying eastward. The total speed at ground level is then:

el0)

Vit plane = Vplane v t Vit earth =T E

where:

®  Vplane ¢ IS the speed of the airplane relative to the Earth's surface, measured in local time

*  Vy; eqrth IS the rotational speed of a stationary point on Earth, also measured in local time

The corresponding angular velocity in the universal frame is then:

do do drt dr oy
noo=Eno o= (vplane 1t Vit eart h) - = (Upzcme o+ V1t eart h)
dt — dradt dt . >
1+ 17_earth
c2
do o1
E = (vplane T + Vit_eart h) >
Vit earth
|1+ —Legth
C
15 March 2026 Page 128 of 342

Copyright© 2018 [COPYRIGHT Albert Prins], All Rights Reserved. — mailto: aprins@hotmail.com



Here we have calculated the rotational speed (angular velocity) in the universal frame. This is valid for every
level, or every distance from the center. But the speed itself is determined by r times this rotational speed.

Speed at the level of the aircraft

Vplane ¢ IS the measured speed of the aircraft at ground level and relative to its own time, which is the only time
available at that level. v,4, ; is the (rotational) speed of a stationary point on Earth relative to the universal

frame, but measured with its own time at ground level.

The speed of the aircraft in the universal frame at altitude 7; is:

_ d¢ _ T 01 (vplane T + vl‘[_earth)
v ST Sy
1

2
vl‘[_eart h

1+ 2

We split this speed into an 'earth rotation' and an 'airplane' component:

V2t = V2t earth + th_plane

With:
v _ Y] 01 vl‘r_eart h
2t_earth —
- 2
L4 1+ vlr_e(érth
C
And:

W} ] vplane T

th_plane = Uyt — v2t_earth = r
1

1+ 2

Summary of the result:

The conversion of speed at ground level to the universal frame:

Ocart h

Vit _earth = Vit_earth >
U1
1+ T_earth

c?

The speed v, of the aircraft in the universal frame is:

_ T2 Ocart h (vplan er + Veart hr)

Vot = —
n v
1+ 1Teaérth
c
Substitution in equation (3.1.1. 13):
gh v*—v
T,—T =7
2 1 C2 2C2 1

becomes:
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(R+h ?

2
2
T) (vplan er t Veart hr) — Vit earth T1 (17)

This equation describes the time dilation between a clock on the Earth's surface and a clock on board an
airplane, taking into account both gravitational and velocity-dependent effects, all based on locally measurable
quantities.

4.1.3 The Exact Derivation
Instead of an approximation, we now make an exact derivation, based entirely on the Schwarzschild metric.

We start with equation (4)

2GM  v?
ar= |(1-S= -2 )ar )
c°r c

Since r and v are constant, the integration is simple:

2GM  v?

The goal is to compare the proper time of different clocks with each other. As a reference, we take the clock on
the Earth's surface. Other clocks are located in airplanes, at higher altitudes and at different speeds. Even the
clock on Earth has a non-zero speed due to the Earth's rotation.

For the clock on the Earth's surface (radius 7 , speed vy ), the following applies:

ar, = (1228 v 4 (7a)
= ¢’y c? @

For the clock in the airplane (radius r, , speed v, ):

26M 1,2
dr, = [[1- ——|dt (8a)

To find the ratio between the two proper times, we divide these expressions:

(1 _2GM v22>

c2r, ¢
dt, = d 9
7 ey Ga
c’r  c?
With equal start times (7, (0) = 71(0) = 0), the solution is:
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c2r c?
Ty 261\24 1]12 1 (100.)
()
Time difference between two clocks
The time difference between the two clocks is:
2GM 1722
1=z, —7
Ty — T = M oD\ T1 (11a)
(r-22)
c’ry ¢

Suppose 1 = R, the radius of the Earth, and r, = R + h, the altitude of the aircraft, then this becomes:

[(1- 2o ey )
2 2
non=| P ERAD gy (120)

(1 _2GM ﬁ)
\ c?R ¢2 /

Speeds and gravitational effects

In this expression:
e v is the rotational speed of a point on the Earth's surface (towards the east),

e 1, isthe speed of the airplane relative to the universal frame of reference.

Both speeds were previously derived in equation 14b and equation_15b of section4.1.5

The time difference between the aircraft and the Earth is therefore:

/ (1 2GM v22> \
" cZ(R+h) 2
Tplane — Tearth = | ( ) -1 | Teart h (14b)

(1- 252 )
c?R c?
. . ) 2GM . .
Using the Schwarzschild radius R = —z o we rewrite this as:
[o-g-2) )
(R+h) c?

Tplane — Tearth = | -1 | Teart h (15b)

E=

Conclusion
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This equation is an exact expression, derived directly from the Schwarzschild metric. It shows how the difference
in proper time between a clock on Earth and a clock in an airplane is influenced by:

e Gravitational time dilation: Clocks at higher altitudes (weaker gravity) run faster.

¢ Kinematic time dilation: Clocks that move faster run slower.
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Calculations based on the experiments performed:

Conclusion:

PaulAnderson Re_Spec_92 | H&amp;K
Vplane_ground_east_tau 232.55 670 173.98
Vplane_ground_West_tau -232.55 -670 -124.43
Vplane2_east in dt 232.88 672.00 174.19
Vplane2_west in dt -232.88 -672.00 -124.62
V_earth_tau 464.58 464.58 464.58
V_earth_t 464.58 464.58 464.58
V_earth_east on plane level dt 465.24 465.97 465.14
V_earth_west on plane level dt 465.24 465.97 465.28
H_east 9000 19000 7664
H_west 9000 19000 9526
t_earth 172328 59746.528 172328
Result (formula 7.1.13):
Grav_delay (ns)_East 169.46 124.03 144.31
Kin_delay (ns)_East -260.32 -358.69 -184.94
Total_East -9.09E-08 -2.35E-07 -4.06E-08
Grav_delay (ns)_West 169.46 124.03 179.37
Kin_delay (ns)_West 155.16 57.63 95.67
Total_West 3.25E-07 1.82E-07 2.75E-07
Exact (Formula: 7.3.15):
Total_East (ns) -9.11E-08 -2.35E-07 -4.08E-08
Total_West 3.24E-07 1.81E-07 2.75E-07
diff east 2.35E-10 3.63E-10 1.56E-10
diff west 2.18E-10 3.67E-10 2.58E-10
diff east in % -0.26 -0.15 -0.38
diff west in % 0.07 0.20 0.09
sidereal day: 23.9344696hr 86164.1 86164.1 86164.1
Lightvelocity 299792458 299792458 | 299792458
G 6.67E-11 6.67E-11 6.67E-11
M_earth 5.97E+24 5.97E+24 5.97E+24
R_earth 6371000 6371000 6371000
Schwarzschild radius Rs: 8.87E-03 8.87E-03 8.87E-03

The approximations are correct within an accuracy of 0.4%.

Practical Application

o Earth's rotational speed (equator):v,, ; is approximately 464.58 m/s (based on the sidereal day).

e Aircraft: Speed relative to the Earth's surface, corrected for altitude.

o Altitude effect: h is typically several kilometers, R (Earth) approximately 6.371 * 10°m .
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Results and Interpretation

Eastward-flying clock: Greater speed relative to the Earth's center— stronger kinematic time dilation—
clock runs slow.

Clock flying westward: Lower speed relative to the Earth's center— weaker time dilation— clock runs
fast.

Gravitational effect: Clocks at higher altitudes (airplanes) run faster due to weaker gravity.

Experimental outcome

The measured time differences corresponded exactly to the predictions of general relativity, with an
accuracy of less than 0.4%.

Both the approximate and exact formulas (derived from the Schwarzschild metric) are consistent with
the observations.

Summary

The Hafele—Keating experiment is a direct, quantitative confirmation of Einstein's theory of relativity.

The Schwarzschild metric provides the mathematical framework for explaining these time dilation
effects.

Both effects—motion and gravity—are essential and are measured and explained simultaneously.

4.1.4 The Speed of a Stationary Point on the Equator at the Earth's Surface

To calculate the speed of a stationary point on the equator, we must first determine the rotation time of the
Earth: the sidereal day.

Sidereal day versus 24-hour day

A normal day or 24-hour period is the time between two consecutive highest positions of the sun in the sky. This
time is based on the solar cycle, not on the actual rotation of the Earth.

Due to the Earth's annual orbit around the sun, the Earth makes one extra rotation relative to the fixed starry
sky in a year. In one year (365.25 solar days), the Earth therefore rotates 366.25 times around its axis relative to
the stars.

This gives us the duration of one sidereal day:

365.25
Tsidereal = 36625 * 24 x 3600 = 86164.1 seconds.

This is converted to:
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86164.1
3600
= Or 23 hours, 56 minutes, and 4 seconds.

= 23.93447 hour

! Sun .

\\\\ED__/—’/ Second day
First day
Speed at the equator

With the radius of the Earth R=6371 km, or 6.371 = 10° m, we can calculate the circumference at the equator:
Circumference = 2nR = 2m X 6,371 x 10° ~ 4,003 x 10’ m

The speed of a stationary point on the equator (relative to a non-rotating frame of reference) is then:

2nR  4.003 107

= = 464.58
Vearth = g T 861641 s
For comparison: If we incorrectly assume a 24-hour day, we get:
_ 2R 463.3
V= goa00  ro33m/s

Summary

e Asidereal day lasts approximately 23 hours, 56 minutes, and 4 seconds.
e The speed of a stationary point at the equator is approximately 464.58 m/s.

e The difference between a sidereal day and a solar day leads to a measurable difference in speed, which
is important for relativistic calculations such as in the Hafele—Keating experiment.
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4.1.5 Correction to derivation based on Paul Anderson
In Anderson's original derivation, the speed of the aircraft is entered relative to the Earth's surface. However, in
his formula 3.1.1.3, this speed is expressed relative to the coordination time dt, while the clocks in motion
measure proper time dt . This requires a correction: the speed of the object must be expressed relative to its
own clock, i.e., viadT .

Starting point: The complete Schwarzschild relation

We take equation_2 from section4.1.1as our starting point, without approximation:

c?dr? = (1 — zcii/[) c?dt? —r?dp? (2)

Dividing by c? gives:
dr? = (1 — 26621:1) dt? _Z_j(%f dr? (3b)
o[ (@) |- (-

(4b)
With:
do
v = T‘E (40)
So:
dTl = (7b)
dTZ = (8b)
2
(1-55) (1+ %)
_ 2
dt, = (1 B ZGM) (1 N v22> dty (9b)
c*n ?T
This results in the equation between both proper times:
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ZGM vy 2
2
ZGM 22 -T1 (10b)
C T1 C_2>
If we set Ty = T,q¢ s (Clock atsealevel)and 7; = Tpygn. , We get:
2
-5 2)
2
T T -1 (11b)
plane — learth = 2 earth
ZGM 1 n Q)
Here, r; = R, is the radius of the Earth. The distance from the clock in an airplaneisthen R + h :
2GM v 2
/ 14+ eart h \
c?(R+h ) ( c?
Tplane — Tearth | ( ZGM) 1722 -1 | Tearth (14b)
\ (1-%%) (1 + c_z)
Or with Schwarzschild radius Ry = ;\4 :
_ Rs ) ( Veart h )
(1 (R+h) L+ c?
Tplane — Tearth = —1 | Teartn (15b)
(1- —) (1 + )
Relative speed at cruising altitude
The ground speed of the airplane (relative to the Earth's surface) must be converted to a coordinate-
independent speed at flight altitude:
R+h
Up = (vearth + vplane relative to eart h point ) ' T
So far, the formula has been without approximations.
After first-order Taylor approximations of equation (14b), as done previously, the result is:
GM GM vearthz UZZ
Tplane — Tearth = (1 - m) (1 + CZ_R) 1+ 52 1- 507~ 1) Tearen  (16)
GM /1 1 Woare 2 — V2%)
Tplane — Tearth = ((1 + C_Z(E - R—-l-h)> <1 + 202 — 1| Teartn 17)
GM h Weare n> — v22)
Tplane — Tearth = ((1 + C_2ﬁ> (1 +—= 22 — 1) Teartn (18)
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GM h (Veqren® = 12°)
Tplane — Tearth = (C_Zﬁ +—= 202 Tearth (19
2 2
g h (UZ ~ Veart h )
Tplane — Tearth = C_Z - 2c2 Tearth (20)

Note:

The speed of the aircraft is given as the ground speed. It is not immediately clear whether this is measured
relative to the clock on Earth or the clock in the aircraft. Let's assume that the clock on Earth is meant. In that
case, we have to convert to the level of the aircraft, which means we have to consider the clock at that level. We

(beart h

- . . . ., d . . .
do this using the time t in the universal frame. If we consider , this is the rotational speed of the Earth in

. . e d@ear .
the universal frame. We can find the speed of the Earth at sea level by multiplying % by R, the distance

: . dBear
from the center. The speed of the Earth as seen from the level of the airplane is (R + h) % . The same
d(bplane

plane

applies to the airplane: at sea level, the relative airplane speed is R and at airplane level (R + h) ——

®eart h nd d(aplane

Now we need to find
de de

We use equation_4c from section4.1.5.
do d(Z) at d(Z) v, dt
@& Tdtde AT T de
Next, we use equation 3 1 5 4b from chapter4.1.5

dt B
dt
So:
dp v dt
dt r dt

All components on the right-hand side are known.
At sea level:

(1)

2
Veart h
1+ C—Z

d®eart h _ Veart h
dt R

And for the airplane, the same applies:

(1-Z)

2
14+ eart h
C

d®plane _ vplane
dt R
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Now at aircraft level:

dQ) th dQ) l
V2 = V¢ earth T V2t plane = (R + h)< cei‘;r + Z;me

(1 _ ZGM)
2
UC R 2 (Uearth + vplane )

1+ earth

c2

(R+h)
Uy = UZT_earth + VZT_plane = R

Until now, v, was still exact.

But now, with a first-order Taylor approximation, it becomes:

(R + h) 2GM Vourt h2
vZZT (1_ C2R> 1_% (vearth+vplane)

So, the relevant formulas are:

(R+h) ( M vearthz
Uy = 1- -

R cZR 22 > (vearth + vplane)

Result after Taylor approximation

Applied to equation (14b), this leads to the following after linearization

2
2
gh (Vz ~ Vearth )
Tplane — Tearth = | —3 — 2¢2 Tearth (20)
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Conclusion:

This revised approach corrects the inconsistency in the original derivation: speeds must be related to proper
time, not to coordinate time. After correction and Taylor approximation, it appears that the numerical deviation
from the approximation in the previous chapter is less than 0.4% - within the desired accuracy.

Exact (Formula: 3.1.5.15b): Paul Anderson | Re_Spec_92 | H&amp;K
Total_East -9.11E-08 -2.35E-07 -4.08E-08
Total_West 3.24E-07 1.81E-07 2.75E-07
sidereal day: 23.9344696hr 86164.1 86164.1 86164.1
Light velocity 299792458 299792458 | 299792458
G 6.67E-11 6.67E-11 6.67E-11
M_earth 5.97E+24 5.97E+24 5.97E+24
R_earth 6371000 6371000 6371000
Schwarzschild radius Rs: 8.87E-03 8.87E-03 8.87E-03
Formula: 3.1.5.20

Vplane_ground_east_tau 232.55 670 173.98
Vplane_ground_West_tau -232.55 -670 -124.43
V_earth_tau 464.58 464.58 464.58
H_east 9000 19000 7664
H_west 9000 19000 9526
t_earth 172328 59747 172328
v2_east 698.12 1137.96 639.33
v2_west 232.36 -206.03 340.56
Grav_delay (ns)_East 1.69E-07 1.24E-07 1.44E-07
Kin_delay (ns)_East -2.60E-07 -3.59E-07 -1.85E-07
Total_East -9.09E-08 -2.35E-07 -4.06E-08
Grav_delay (ns) West 1.69E-07 1.24E-07 1.79E-07
Kin_delay (ns) West 1.55E-07 5.76E-08 9.57E-08
Total_West 3.25E-07 1.82E-07 2.75E-07
diff east -2.35E-10 -3.63E-10 -1.56E-10
diff west -2.18E-10 -3.67E-10 -3.23E-10
diff east in % 0.26 0.15 0.38

diff west in % -0.07 -0.20 -0.12
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4.1.6 Considerations regarding the Hafele-Keating experiment and the
Schwarzschild metric

We start with the general Schwarzschild equation:

-1

2GM 2GM
ds? = c%dt? = (1 - )czdt2 - (1 - W) dr? —r?d0? — r?sin®6 dp? (1)

As used earlier, we define:

2GM
o= |1-—
ccr
With this notation, equation (1) is rewritten as:
ds? = c%dt? = o?c?dt? — 67%dr? — r®df? — r?sin%0 dp>? (1a)

In the Hafele-Keating experiment, the time of the United States Naval Observatory (USNO) clock and the speed
of an airplane are measured. The question is: what do time and speed represent in the context of the
Schwarzschild metric?

There is a stationary clock at sea level on the equator, and two airplanes moving in the equatorial plane—one to
the east, the other to the west. Both airplanes follow a circular path at constant speed relative to the Earth's
surface, but in opposite directions.

Since the experiment takes place in the equatorial plane, we assume that 8 = % is constant, and that ris also
constant due to the circular orbit. The Schwarzschild metric then simplifies to:

2GM
c?dr? = (1 - ) c?dt? — r?dp? )

The coordinates (t, 7, 8, @) in the Schwarzschild metric can be interpreted as belonging to a universal (inertial)
reference frame in which the Earth rotates. The clocks on the Earth's surface and in the aircraft are each in their
own local inertial frame; their measured time is represented as the proper time 7.

The universal coordination time t is not directly measurable, but is a theoretical quantity. From equation (2) it
follows that:

2
dr? +r—2d®2 r? r2 /doN?
dtz=(1—§ij)=0'_2<d‘fz+c—2d®2>=0_2<1+C—2(E> >dT2 (4)
- cPr

Assuming t=0 when t = 0, this leads to:

(4a)

do . . . . .
Where v = rd—f is the velocity relative to the universal frame. For velocities much smaller than ¢, we can apply a
first-order Taylor approximation:
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v2 1 y
ST=————T1=21 (4b)
o 1——2
Cc

t=o01 1+

2
withy = /1 - Z—z being the Lorentz factor. This equation expresses how the proper timet of a moving clock

relates to the coordination time t in the Schwarzschild system.

4.2 Experiment 2 - Motion of Particles in Schwarzschild Geometry
The derivations in this chapter are largely based on the following sources:

e (Biesel, 2008) The Precession of Mercury’s Perihelion, Owen Biesel, January 25, 2008 (Biesel, 2008)

e (Magnan) Christian Magnan: Complete calculations of the perihelion precession of Mercury and the
deflection of light by the Sun in General Relativity (Magnan)

e (Pe'erl, 2014) Schwarzschild Solution and Black Holes, Asaf Pe’er1, February 19, 2014 (Pe'erl, 2014)
We will derive equations for the motion of particles in Schwarzschild geometry, which serves as the basis for the
following experiments:

e The precession of Mercury's perihelion,

e The deflection of light by the sun,

e The Shapiro experiment

e The calculation of a bullet trajectory.

We use the Schwarzschild metric as a starting point because it exactly satisfies Einstein's field equations and has
proven to be widely applicable. Due to the symmetry in both time t and the angular coordinate @ - that is none
of the metric coefficients denpends on t or @ - the Schwarzschild metric is subject to Noether’s theorem. This
implies conservation of energy (due to time independence) and conservation of angular momentum (due to @
independence).

Schwarzschild metric

The metric is:

dr? r? r2
ds? = g%c%dt? — — = —2ng.92 — —ZSinZB ng.(Z)Z
o Rp Rp

To obtain the correct dimensions (all coordinates in meters), we set Rp=1m, which makes the coefficients
dimensionless. This leads to the more common form:

dr?
ds? = a%c%dt* — i r2d0? — r*sin?0 dp? (1a)

with:
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2GM R, 2GM
— = |1 —-—, whereR; =—
r c

o' =
c2r

Coefficients of the metric

For the metric in polar coordinates, we find:

-1
— 2. — . 2, 2 ci2
Goo =07 11 =_7; G2z =77 g33 =T sin 6
For the equatorial plane 8 = %, the following therefore applies g53 = —12
The contravariant components are:
1 -1 -1
00 _ 11 _ _ ;2. 222 _ 33 _
=—; =—0%; — =—
9 o2’ 9 9 2 9 r2 sin2 0
Furthermore, the following applies:
do R,
dr  2ric

Derivatives of metric components

agoozﬁ_ agu_ Rs .
or 2’ or riet’

99,,
ar —27;
ad
933 _ —2rsinZ20;
ar
0933

= —2r2sinfcos O

a0

Non-zero Christoffel symbols

Christoffel symbols are given by:
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1 {flqm 6gua_ag,w}

r? =_gre
v Zg dxH aoxVv Ix«

Some relevant non-zero symbols are:

l"0 — l"0 — 1 00 {agoo} — R . l..1 _ 1 11 {_ agOO} _ ast . l..1 _ 1 11 {agll} _ —Rg
01 107> 9 or 2r2g2’ 007 2 9 or 2rz2’ 1172 or 2r2g?
1 99,; 1 0933 .
R kB R
1 ad 1 1 ad
th = th =30 {5 = 3 T =307 |- g} = —cososing
1 dgs3) 1 1 dgs3) cosH
3. =3 == 33{ }:_; 3. =3 == 33{ }:
13 317 9 g ar r’ 23 3279 9 a0 sin @

All other Christoffel symbols are zero
Geodesic equation and conservation laws
We consider a geodesic world line, which describes the natural trajectory of a particle in the absence of non-
gravitational forces. The general form of the geodesic equation is:
d?x® dx* dx”

a

re _
a2 Pl =0

We work out the four coordinates, where A is the affine parameter (but can be equated here to proper timert ):

e Fort:
d*t dx* dx¥  d°t o, dtdr d*t R, dtdr
—— 4, =+ A =+ 2 ——— =
dA2 dl dl ~ dA2 dldA ~ dA%2 ' “2r2¢2 dAda
e Forr
d2r+rr dx* dx"_dzr_l_r1 (dt)2+[‘1 (dr>2+r1 (d9>2+l"1 (d(p)z
drz T R da da T daz %% \da 1-\da 22 \ax 33-\da
d’r o%R, (dt\* R, (dr\? doy\? dp\?
2 2 «in2
a2 22 (d/l) 21202 (d/l) re (da) roe s Y-{aa
e Vooré:
d9 L dxtdx’ _d’0 ., drdo (d<p>2
drz " M da da - daZ 2raadr 33 \da
_d%0 1 drdo 0sing <d<p)2_0
a2 Tty daax 8Ty ) T
e Voorg:
d’ dxt dx” d%¢ dr do do do
——— +T?. = 203, ——— 4 23, ——
aZ T A T gt s g
_d2<p+ 1 drd(p+2c059 déde
T dA? r dAdA sinf dldl
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In summary, these four component equations lead to:

d*t o R, dtdr _ 0 .
dA2 " “2r2g2drda &y
d’r  o%R, /dt\?> R, dr\’ do\? dpy\?
- Y s (2 a2 () _s2ain2pg(22) —
a2 22 (d/l) 21252 (dA) re (da) ro”sin Q(dl) 0 2
d29+21drd9 0sing (d(p)z_o ;
W ;aa COoS U S1In a = ( )
d?¢ ldrde cos6dfde
v T e aaar )

We will first follow the elegant approach of Asaf Pe'er from his article "Schwarzschild Solution and Black Holes"
(Pe'er1, 2014), and then present a simpler approach.

According to Asaf Pe'er:

"At first glance, there does not seem to be much hope of easily solving this set of four coupled equations.
Fortunately, our task is greatly simplified by the high degree of symmetry of the Schwarzschild metric."

Schwarzschild space has four Killing fields: three due to spherical symmetry, and one due to time translation.
Each Killing field leads, via Noether's theorem, to a constant of motion for a free particle. If K, isa Killing field,
then:
dx*
K, w7
In addition, there is always another constant of motion that follows from metric compatibility. This states that
along the geodesic world line, the quantity

= constant. (5)

ds? = g,, dx*dx’

(ds>2 (cdr)z ) dx* dxV ©
 — = | — =Cc g = _—

A A 9w "7 "da

is constant. This is the normalization of the four-velocity. Here, ¢ = 1 is for massive particles, € = 0 is for
massless particles (such as photons), and € = —1 is for spatial geodesics.

Instead of directly solving the four coupled geodesic equations, we make use of the symmetries that lead to
conservation laws via Killing fields.

In flat space-time, the symmetries, represented by the Killing fields and according to Noether's theorem, lead to
well-known conserved quantities:

e Time translation invariance results in energy conservation,

e Rotation invariance in conservation of angular momentum.

For Schwarzschild, the following applies analogously:
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e Motion in a plane: Angular momentum retains its direction - particle moves in a plane. Due to
coordinate rotation, we can choose this as the equatorial plane:

T
0= 5 (7)
e Conservation of energy: The time-like Killing field is K* = (1,0,0,0)” , and therefore:
2GM
K, = K"gw = <(1 - T)'O'O'()) (8)

It follows that:

Kﬂ:( —ZQM)ﬂzﬁ ©)
K da c’r)dr ¢’
or defined as:
k=(1-20) 2 =2 (%)
c’r)dr  c?

e Conservation of angular momentum: The Killing vector associated with ¢ rotations is L* = (0,0,0,—1)

, and:
Lll = gHV LV = (OJOJOJ _rZ Sinz 0) . (10)
Ato = %,sine = 1, so that:
d¢
=L 11
" (11)

This implies the conserved quantities: £ and L, the energy and angular momentum per unit mass. For photons,
these are respectively the energy and angular momentum themselves. (For more on angular momentum, see
Appendix 10.)

Note that equation (11) is the equivalent of Kepler's second law within general relativity: equal areas are
traversed in equal times.

Alternative derivation:

Although Asaf Pe'er notes that solving the complete set of coupled geodesic equations seems compley, it turns
out that some of these equations are relatively easy to solve. We will demonstrate this using equations (3.2.1)
and (3.2.4).

We start with equation (3.2.1):

d2t+2 R, dtdr_o
d? 2r202drdA
Where

15 March 2026 Page 146 of 342

Copyright© 2018 [COPYRIGHT Albert Prins], All Rights Reserved. — mailto: aprins@hotmail.com



We multiply both sides by g’
d’t R, dtdr
0=+ —=——=
dA?2  r2dldA
) R, d2t+RSdtdr B
( r)d/lz r2didd
We rewrite this as:
d’t N Rydtdr Ryd*t _
dA? " r2didd  r dA2
Or:

:d<dt det>_0=>d dt(1 RS)]—O
da\dl r dr) dalda rll

dt R,

-4

da T
is constant along the world line. We recognize this as the conserved quantity related to the total energy per unit
mass of the particle. Multiplying by c gives:
Cdt(l Rs) tant E (total ) 9
—— |1 ——| = constant = — (total ener
A = p gy 9

We now continue with equation (3.2.4). To simplify the derivation, we assume that the particle moves in the
equatorial plane, soth 8 = % Then:

This shows that the expression

d’¢ ldrde 2c059d9d<p_

a2 ctrTa A T csmeaadr
d’¢ ldrde

AT ctraan T

We rewrite this as:

r<dA di
This also means that:
249
da
is a constant along the geodesic world line. We recognize this constant as the angular momentum per unit mass:
249 .
U constant = L (impulsmoment) (11)

Due to the symmetries, there are two conserved quantities:

o Energy per unit mass:
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e Angular momentum per unit mass:

4.2.1 The gravitational potential

Using the conservation laws derived earlier, we can now further analyze the motion of particles in the
Schwarzschild metric. We start by writing out equation (6), using the conserved quantities from equations (10)

and (11):
(-2 (@) 0= @) @) - a2

Substituting the conserved quantities E and L gives:

(1 ZGM> 2(aht)z (1 ZGM)_l (dr)z .
c2r )¢ \da c’r di - F
dt 2GM

We multiply this equation by (1 - %) anduse E/c = cﬁ(l — =

(1 ZGM>2 5 (dt)2 (dr)2 (1 ZGM) L? L e%e) = o
2r) © \az da o )\2TE)T
Substituting the expression for E leads to:
E? (dr)z (1 ZGM) AT T 13)
c?  \dA )\t T

This has enabled us to reduce the four coupled geodesic equations to a single differential equation for r(A). This
greatly simplifies the problem.

d .
) and L =12 %to rewrite:

We rewrite equation (13) in the following form:
1 (dr)z V) = 1E? (149
2 \da =32

with the effective potential V(r) defined as:

,  GM I* GMI?
V(T‘):ECS—ST-FF—W. (15)

Equation (14) is formally identical to the classical equation for the motion of a particle (with unit mass) in a one-
2

. . . . 1E . .
dimensional potential V (r), where the total "energy" is 27 Of course, the actual energy is E, but this form

makes the equation analogous to classical mechanics. The first term represents the kinetic energy, the second
the potential, and their sum is constant.

If we analyze the potential V(r) in equation (15), we see that it differs from the Newtonian potential in only one
respect: the last term. This term, which is proportional to 1/73 , represents a purely relativistic correction and
plays an important role especially for small r.
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The terms can be interpreted as follows:

e The first term is constant (rest energy for massive particles) (dependent on € = 1 for massive particles

and & = 0 for photons),
e The second term is the Newtonian gravitational potential,
e The third term is the classical angular momentum potential,

e The fourth term is the relativistic correction.

Note: despite the formal similarity to classical mechanics, this does not describe a particle moving freely in one
dimension. In reality, this concerns a particle moving in orbit around a massive object. The quantities of interest
are r(A), but also t(A) and ¢p(1) , which together describe the space-time trajectory (see Figure 1).

r(A)

Figure 1 - Trajectories of particles in a gravitational potential.

4.2.2 Interlude on Energy in Schwarzschild Geometry

In this interlude, we analyze the form of energy as derived in equation (3.2.9) of section (4.2). This energy is a

conserved quantity in Schwarzschild geometry.

We start with the relation:

( ZGM> dt _ E R dt

c2r )dA me? ? dr’
From which it follows:

dt

E = 2 2 -

gemc 11

The Schwarzschild metric is:

dr?
ds? = c%dt? = g?c?dt? — —T = r2d6?% — r%sin%6 dp?
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To avoid the situation around the origin T = 0, we use an affine parameter A, with dt = dA . We then restrict

ourselves to the equatorial plane (8 = 1/2) , which simplifies the metric.

The norm of the 4-velocity then gives:
dt\? dry\? dp\?
2220 22T _ 22y _ 2
7c (cm) 7 (d)l) r (dl) o
By rewriting to velocities relative to the coordinate time t, we obtain:
() - (5 ) - ) () -

> \a) 77 \ae) ) T \a) \a) T°F

For particles with mass, e = 1:

() (1 o () +r ()
dA oc?

(dt)2 ) v 1
da Co2c2) g2

dt 1

a1~ 2
o (1__0202)

=e=1

From which it follows:

(9a)

2 _p (dr 2 2 (do 2 . . . . . . .
Where v* = ¢ (E) +7r (E) is the total velocity. In combination with the energy (equation 9), this leads
to:
dt
E =0%mc? —
di
So:
omc?
E = —
v
(1 B azcz)

E = y,omc?

This expression gives the total conserved energy. From this we can distinguish three components:

e Restenergy: E = omc?

e Relativistic kinetic energy:
1

Eyin = omc? [—2 - 1]
Wi-22) |
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In the non-relativistic limit v < ¢ , and with a first-order Taylor expansion of the root, we find the "kinetic"

energy:

2 2

mv

202¢2 L= 20

Eyin ~ omc? [1 +

4.2.2.1 Alternative approach via the metric

Start with the Schwarzschild equation:

dr?
ds? = c%dt? = g%c?dt? — —T r2d6?% — r%sin%0 dp?

dt\? dry\? dp\?
2 _ _ =2 _ 22 — 2
ac (dl) 7 (dl) r (d)l) ce

Multiply by ¢ :
de\®  sdr\? N ,
4 2 (28 (2D _ 22(Z2F) _ 2.2
7c (d/l) (d/l) 7T (d/l) oo
Use again:
dt E dt
E = o2me? —— => — = g2¢ —
og“mc a1 >mc o Cd/1
And write:
E\? dry? 2
—(ZZ 2,2 (&% 2.2
(mc) (dA) For (dA) Foete
Suppose
290 L (ﬂ)z > (mur)? _ 2
A m dA rim? rim? t

E\* dr
(—) = (—) +c%v.2 4+ 0%c? =% + 0%v,% + 0%c?

2
E
(—) =m?v.?2 + m?02v,? + m?c?c?

Where
dr do

Uy =E,andvt = I'E

We interpret the terms in this expression as follows:
e muv,:radiale impuls
e mov;: transversale impuls

e omc?:rustenergie
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The kinetic energy is then:

Epin = mcyv,% + 02v,2

4.2.2.2 Third approach: via a relativistic energy-momentum relation

Start again with the 4-velocity norm:
dt\? dr\? dop\*
() ~o (@) - (@) =

E\? dr\? dpr? .
() ) ) =
oc da da

2

E\? : E
(—) —p2 =c’e=> (E) =C2€+p2

From which it follows:

Write this as:

E? = o%c*e + 0?p?c?
where p is the total spatial momentum per unit mass. At rest, E = omc? , for a photon E = opc, and in general

Or:
E? = g’m?cte + 02m?c?U?

where
U? = (dx* /dt)? = 67%(dr/dt)? + r?(d¢ /dr)?
is the quadratic norm of the spatial velocity. For massive particles (¢ = 1) and unit mass, this becomes:
E? = o%c* + 0%c?U?

4.2.3 Summary

e The Schwarzschild metric and the geodesic equations derived from it form the basis for explaining a
wide range of experiments in general relativity.

e By using symmetries and conserved quantities (Noether's theorem), the complex equations of motion
are reduced to manageable forms.

e The effective potential contains all classical and relativistic effects measured in experiments such as the
precession of Mercury, light deflection, Shapiro time delay, and bullet trajectories.
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4.3 Experiment 3 - Deflection of Light

4.3.1 Historical and theoretical background

The deflection of light by gravity was the first experimental test of the general theory of relativity. In classical
Newtonian gravity, light, as a massless phenomenon, moves in straight lines that are not affected by gravity.
According to general relativity, however, light follows the curvature of space-time caused by mass. As a result, a
light ray deviates from a straight line when it passes by a massive object such as the sun.

This effect can be observed when we look at the light from a star that is visually close to the sun. When the light
from the star grazes the sun, it is deflected, so that the star appears to be in a different place in the sky than
where it actually is. Six months later, when the star is on the other side of the sky, its light will pass the sun at a
great distance, and its position will be observed correctly.

To make this effect visible, a solar eclipse is necessary, because otherwise the sunlight outshines the starlight. In
1919, this effect was measured for the first time by Arthur Eddington during a total solar eclipse. His
observations confirmed Einstein's prediction and represented a major breakthrough in the acceptance of the
general theory of relativity.

4.3.2 The derivation of the deflection angle

Consider a light ray (photon) approaching from infinity and moving past the sun. The motion of the photon in
Schwarzschild space is described by the effective energy equation, as derived in section4.2.1(equations 3.2.1.14
and 3.2.1.15). For a photon, € = 0, so that:

1(dr>2 v _1E? 14
2\a) Y=g (14
Together with:

,  GM I* GMIL?
V(T)=EC £—€T+ﬁ—w

Where L is the angular momentum and E is the energy of the photon.

(15)

Inserting this into (14) and knowing that for a photon € = 0, we get:
1 (dr>2 N 1> GML* 1E?
2\dA 2r2 23 227
We divide this expression by L? and multiply by 2:
1 (dr>2 1 2GM _ E?
L2 \dA r2  c2r3 22

1 (dr)2 N 1 (1 ZGM> _E?
12 \da r2 c2r ) 212
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Isolating (dr/dA)? yields:

(dr)2 _p E? 1 (1 ZGM> 16)
ar) 7 |c?Lz 2 c’r
4.3.3 Impact parameter and angular momentum

The impact parameter b is the distance between the center of mass of the massive object (the sun) and the
asymptotic direction of the light ray at infinity (see Figure 2).

momentum g

Fature path
of the particle
[or phidton)

b = impact paramatar

Central mass M

test pariiche
Wil volocRy paraifelto p

Figure 2. Definition of the impact parameter b. The moving particle approaches the mass M from a great
distance with vector momentum p. A test particle with a parallel velocity dives radially toward the mass M. The
distance b between their initially parallel paths in the "infinity" is the impact parameter b.

The angular momentum L of the photon is then:
L =pb a7

The energy in general is E2 = pzc2 + m?2c*; , while for a photon m=0, so E=pc, such that:
L

b=— 18
E/c (18)
Further clarification of the relationship (17) and (18):
The angular momentumis L = psing-r =p-rsin¢g =p-b
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The energy in general is E2 = p?c? + m?c*; and for a photon m=0, so E=pc.

Therefore:
L pb _
E/c pc/c
From this we can also deduce that:
1 E?
b2~ 22 (18a)
4.3.4 Derivation of the path: the trajectory equation for the photon
Using equation equation 4 2 11, (rz % = L), we find:
dp _dgpdr L __dp L (dr>_1
di drdi rZ T dr  r2\dA
Together with (16), this gives:
dp L (dr>‘1 _L1[E2 1 ( 26M\] 2
dr  r2\dA) — “rZL|c?1? r? c’r
With (18a), this becomes:
dp _ 11 1 ( ZGM)]_l/Z (19)
dr  ~r2lp? r2 c’r
This leads to the differential equation:
<1 dr)z 11 (1 2GM> 20)
rzd¢) b2 r? clr

4.3.5 Integration of the path

The angle of deflection is obtained by calculating the change in angle A¢ along the path of the photon, from
infinity to the perihelion r=R, and back again. From (19) we get:
(See Figure 3).

1
A —medr 1 1(1 ZGM)_E 21
¢= S S R c’r ] (21)
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SPaes

path of light
toward Earth

gravitational deflection angle Ad® of starlight by Sun
(greatly exaggerated)

Fig. 3- Deflection of light by angle 8¢

At the turning point r = R, the following applies dr/d¢ = 0, so that (20) gives:

1 1 ( ZGM) 22)
b2 R2 c’R
Substitute this into (20):
(1 dr)z 1 (1 ZGM) 1 (1 2G ) 23)
r2d¢)  RZ c’R) 12 c’r
4.3.6 Variable substitution
Perform the following substitution:
R
u=—
r
du dudr —Rdr R (du)2 B (R dr)2
dp drdep r2dep \dp) \r2de
Where u vary between 1 (r=R) and 0 (r=co0 ). Equation (23) then becomes:
du’ 26M\ (. 2GMu
(@) ~(1-5) -~ (1-T%)
do c’R c’R
Or:
(du)z 1 , 2GM a 3 (24)
dp) WTOR u
From this it follows:
, 2GM 3
d¢)=[1—u—czR(1—u) du
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_2y=1/2
_ a-u)™ du (25)

[1-252 (1 - u)a - u2)1]

N =

This integral is difficult to solve in closed form. To simplify it, we use the substitution:

u=cosawith 0<a<mn/2so0<u<l1

Then:
1
2GM 5 o 2
dp = —|1——— (1 —cos’a)sin"a| da (26)
c“R
By recognizing that:
1—cos3a_ (1 - cosa)(1+cosa + cos?a) _l+cosa(l+cosa) N 1
sinfa (1 —cosa)(1+ cosa) - (1 + cosa) - cosa (1 + cosa)
We ultimately obtain:
1
ap = | ZGM( PR )]_7(1 @7)
¢= 2R \©0%¢ (1+ cosa) *

With:
cosa =R/r

Up to this point, no approximation has been applied. This complete derivation is suitable for calculating the light
deflection exactly, although in practice a first-order approximation is often sufficient to determine the angle of
deflection along the edge of the sun.

4.3.6.1 Approximations and Integration.

The value of the parameter
2GM

2
c“R

is very small at the surface of the sun. This allows us to use an approximation to solve the integral in equation
(27).

~ 424-107°

We apply the well-known Taylor approximation:

1 1
~1+—=—k forsmallk
V1i—k 2

Applied to equation (27), this yields:
1

db = [1 ZGM( + 1 )]_Zd
¢= 2R \©0%¢ (1 + cosa) ¢

1
dp = — da

J[l—%(cosa+m>]
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After approximation:

d [1+GM( P )]d (28)
¢ cZR\O%¢ (1+ cosa) *
We can now calculate the total change in azimuth along the entire path of the photon, froma = 0toa = %,
and double this:
s
A —zF[1+GM( P )]d (29)
¢= 0 2R\ %7 (1 + cosa) *
To work out this integral, we look at the second term separately:
To calculate the integral
1
[——
1+ cosa
We use the trigonometric identity:
1+ 1+ (a+a) 22 tsin? = + cos? = —sin? = = 2 cos?
cosa = cos (= + =) = cos® —+sin”“ — + cos* — —sin“ — = 2 cos“ —
2 2 2 2 2 2 2
So:
1 1
1+cosa ZCOSZ%
Note that:
1 1 sin? % 1 cos% sin? % 1d (tan %) d (tan %)
=1+ == + == =
22 2 2 & 2 a 2 & 2 a da
2cos ) cos® - Cos» Cos“ % d (2)
So
a
f—da =tan—
1+ cosa
Now we can evaluate the complete integral (29):
T
A —2[ +GM(' +t a)]z (30)
¢o=2|a 7R sina an2 .
We substitute:
s . T T
s a=3: sm(E) = 1,tan(z) =1
e «a=0:sin(0)=0,tan(0) =0
So:
A —2[”+GM(1+1) L
¢= 2 C’R —TTOR
Ap =m+ kil (31)
¢=m c’R
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Note: the integral should go from r = oo to R, so now you go from 0 to 1, and thus a van % naar 0 . By changing

the integral to 0 till %, the sign changes and the minus sign disappears.

path of light
toward Earth

SDaes

gravitational deflection angle ¢ 4.5 of the star light by the Sun

The first term, 7, is the total angle change of a photon in flat space-time—a straight path without deflection. The
second term is the extra deflection due to the curvature of space-time. The actual angle of deflection is

therefore:

4GM
0Pger =Adp —m ~ —

Numerical value

With:
e G =6.674-10"1'Nm?/kg?

e M =1.989-10%kg
e c=23.00-108m/s
e R=6.963-10%m

we find:

4-6.674-10"11-1.989-10%
(3.00 - 108) - 6.963 - 108

To convert this into arc seconds, we use:

~ 8.5-107° radians

8Paer =

180-60- 60 "
lrad = — ~ 206.265

From this it follows:
8¢aer ~8.5-1070-206.265 ~ 1.75"
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4.3.7 Conclusion

This deflection of 1.75 arc seconds was first observed by Arthur Eddington during the solar eclipse of 1919. The
result spectacularly confirmed Einstein's prediction and marked a milestone in the experimental confirmation of
the general theory of relativity.

This effect can also be seen outside our solar system and is known as "gravitational lensing."

4.3.8 Physical Interpretation

e Light follows the curvature of space-time:
Near a mass such as the sun, the path of light is deflected; the star appears to be in a different place in
the sky.

e No force on the photon:
The deflection is a purely geometric effect, not the result of a force acting on the light particle.

e Practical effect:
Visible during a solar eclipse, when stars close to the sun appear to shift in the sky.

4.3.9 Key insights

o The deflection of light is a direct consequence of the curvature of space-time around mass.
e The Schwarzschild metric provides a quantitative prediction that has been confirmed experimentally.

e This experiment was crucial for the early acceptance of general relativity.

4.4 Experiment 4 - Precession of the Perihelia (Mercury)

Based on an article by Owen Biesel (Biesel, 2008).

4.4.1 Introduction

e Physical problem:
Mercury's orbit around the sun is an ellipse, but the closest point (perihelion) slowly shifts over time.
This phenomenon is called precession of the perihelion.

e Classical explanation:
Newtonian mechanics explains most of this precession (due to the influence of other planets), but a
residue of approximately 43 arc seconds per century remains unexplained.

15 March 2026 Page 160 of 342

Copyright© 2018 [COPYRIGHT Albert Prins], All Rights Reserved. — mailto: aprins@hotmail.com



e Relativistic explanation:

General relativity predicts an additional precession due to the curvature of space-time around the sun,
corresponding exactly to the observed surplus.

4.4.2 Theoretical framework: Schwarzschild metric

In general relativity, we consider a planet such as Mercury as a test particle moving along a geodesic path
through curved space-time.

e The Schwarzschild metric describes this space-time around a spherically symmetric mass (such as the
sun):

dr?
ds? = c?dt? = o?c?dt? — o r2d6? — r? sin? 62 dp? (33)

with:

2GM R, 2GM
o= [1-— = |1——, whereR; = ——
cr r c?

e For a planet moving in the equatorial pIane(9 = %) , this simplifies to:
R\ (dt\? 1 R\"1rdr\* 1 dgy\?
(-6 201 @ -
r/ \dt c? r dr c? dr
4.4.3 Derivation of the precession via the Lagrange approach (see Appendix
12)

Although we have already derived the expressions for energy E (equation 3.2 9) and angular momentum L
(equation 3.2 11), we will repeat the derivation from the Lagrangian here. We parameterize the orbit

as x* (1) = (¢(7),7(7),0(7), B(7)) witht the proper time. In the equatorial plane (6 = 7/2) , the Lagrangian

becomes:
R\ rdt\? 1 RA\"'dr\2 1 /doy?
=1-—(—) —=5({1—— —) —= 2(—) 4
£ ( r)(dr) cz( r) (d‘r) 2" \ar (34
The Euler-Lagrange equations for @ and t give:
do . dt
E = @ and E =t
R 1 R\ ? 1 .
L= (1__5>f2__2(1__5> ,-,2__27,2@2
T c r c
4.4.4 Euler-Lagrange operation:
here is for @ d(@L)_@L_
ere is for @: 7 \90) "0
d for ¢- d (a,c)_aL_
aneiort ae\oe) T ar ~
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Then the Euler-Lagrange equations for@ , and t are:

0 :%(Zcizrz %) => rzd—?z constant = L
d R\ dt R\ dt E
O:E(2<1_T)E) => (1—7)E=constant=c—2
It follows that L (the angular momentum per unit mass) and E (the energy per unit mass) are constants of
motion.

We rewrite the original norm condition:

1= (- 2) 8 - 302" () -2

c2 r dr c? dt
and substitute the constants £ and L into it:

. R, E? 1(dr)2 1L2+1L2R5
r ¢t c2\dr c2r?  c?rir

dr\? E? R. 1?2 R.I?
(—) =cz<—4—1>+cz—s——+ .
dt c r

r2 r3
By:
dr_drd® drL - (dr)z B rt (dr)z
dt dodr  dor? ~ \d¢) ~ 12\dr
We obtain:
dr\* v, (E? c?R, L?* R,I?
(—) =—|c2[=-1)+ e
do L2 c* r rz 3

dr \*
(% ) = Newtonian terms + relativistic correction

RgL? . . . .
The extra 53 term in the potential causes the precession of the perihelion.

After simplification:

dr\* % (E? c?R
<%> =ﬁ<c—4—1>r4+—sr3—r2+Rsr

LZ
From this we derive:

1
do =

c? (E? c’R a
\/ﬁ(c_‘*_ 1>r4 +Tsr3 — 12+ Ryr
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4.4.5 Precession of the orbit

For a closed orbit, the radial motion must be limited, i.e. dr/(d®) = 0 at two points: the perihelion P and the
aphelion A. The angular displacement between these two points is:

To express E and L in terms of A, P, and R, , we set dr/(dQ)) = 0 for r= A and r= P. This leads to the following

equations:

dr

L25r3 —r2+ R,

o=, e

EZ
c? <C—4 - 1) A* + (L?)(—A? + R,A) = —c?R A3

EZ
c? <C—4 - 1> P* + (L*)(—P% + R;P) = —c?R,P3

2

(35)

(36)

(37)

By suitable combinations and subtractions of these equations, we can express g 1 and L? entirely in terms of

A, P, and R, . (See origi

Multiply (36) by (—P?

EZ
c (_ 1
C
Multiply (37) by (—A?
EZ
2
C <C_4 -1

nal derivation for details.)

+ R,P)

>A4( P%2 + R,P) + (L*)(—A? + R,A)(—P? + R,P) = —c?R,A3(—P? + R,P)
+ R A)
>P4(—A2 + R,A) + (L*)(—P% + RsP)(—A% + RgA) = —c*R;P3(—A% + R,A)

Subtract these two equations from each other:

EZ
c? (C—4 — 1) [4%

15 March 2026

(—P? + R,P) — P*(—A? + R,A)] = —c?R,A3(—P? + R,P) + c?R,P3(—A? + R,A)

, (E? _ —C?R A*(=P? + R,P) + c*R;P?(—A” + R,A)
¢ < - ) T [A*(—P% + R,P) — P*(—A2 + R,A)]
E? —R[A3(=P? 4+ R,P) — P3(—A? + R,A)]
<_4_ >_ [A*(=P2 + R,P) — P*(—A% + R,A)]
—Rs[A3P(—P + R,) — PPA(—A + Ry)]
< ) [A*P(—P + R,) — P*A(—A + R))]
)R AP[A%(—P + Ry) — P2(—A +Ry)]
< ) AP[A3(—P + R,) — P3(—A+R,)]

—R [A2(=P +R,) — P?(—A + RJ)]
A3( P+R,) —P3(—A+R,)]
[-PA% + R,A%? + AP? — R P?]
PA3+R A3 + AP3 — R,P3]

Page 163 of 342

Copyright© 2018 [COPYRIGHT Albert Prins], All Rights Reserved. — mailto: aprins@hotmail.com



(EZ B ) —R,[-AP(A — P) + Ry(A? — P?)]

c* [~AP(A% — P%) + Ry (A3 — P3)]
<E_2 _ 1> _ —R,(A-P)[-AP + R,(A+ P)]
ct (A-P) [—AP(A +P) +R, %
(4°-7?)

Intermezzo to work out

A—P :
(A> = P?)(A+P) = A3 — AP? + A’P - P3
A3 —pP3=(A%2-P?)(A+P)—AP(A-P)

A3 —-P3=(A-P)(A+P)(A+P)—AP(A—-P)

A3 _ P3
=>— = (A+P)* - AP
Now we fill in the result:
<E2 ) 3 —Ry(A — P)[-AP + R,(A + P)]
ct (A—P)[-AP(A+P) + R,(A+ P)?2 — R,AP]

E? B —R,[-AP + R,(A + P)]
<c_4 B ) " [-AP(A+ P +R,) +R,(A + P)?]

E? 3 R,[—AP + R,(A + P)] 36
ct “AP(A+P+R,) — R,(A+ P)? 2)
Now we can find LZ/CZ by applying the same method to equations (36) and (37):
EZ
c? <C—4 - 1) A* + (L?)(—A? + R,A) = —c?R A3 (36)
EZ
c? (C—4 - 1> P* + (L*)(—P% + RyP) = —c*R,P? (37)
Multiply 36 by A :
EZ
c? <C—4 - 1) A*P* + (L) (=A% + RGA)P* = —c2R,A3P*
Multiply 37 by P :
EZ
c? <C—4 - 1) A*P* + (L))(—P% 4+ RyP)A* = —c*R;A*P?
Now subtract:
(LH)[(—A% + R;A)P* — (—P% + RyP)A*] = —c*R;A3P*+c*R,A*P3
2= c?R,A3P3[—P + 4]
~ (=A% + R,A)P* — (—P2% + R,P)A*
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3 c?R,A3P3[—P + A]
~ (—A+Ry)AP* — (—P + R,)PA*
2= c?R,A3P3[—P + 4]
" AP[(—A + R,)P3 — (=P + R,)43]
c?R,A%P?[-P + A]
[(=A+ Ry)P3 — (=P + R,)A3]
_ CPRAPP?[-P + A]
~ A3P — AP3 — (43 — P3)R,
B c?R,A*P%[—P + A]
~ AP(A% — P2) — (A3 — P3)R,
2 = c*R;A*P?
~ AP(A+ P) — Ry(A + P)? + APR,
2= c®R,A*P?
~ AP(A+P +R,)—R,(A + P)?
L? R A%P?
c2  AP(A+P+R,)—R,(A+ P)2

LZ

L* =

LZ

LZ

2
Finally, we get equation (36a) from above and the equation of f—z :

E? —APR + (A + P)R,*

— 1=

ct AP(A+ P +R,) —R,(A+ P)?
L2 A?P?R,

2 AP(A+ P +R,) — R,(A + P)?

Next, we can introduce the variable:
AP
P=a+vp
to further simplify the expressions. This has the dimension of distance.

Then the expression above for £ -1 and L*:

E? (—Ry/AP) + (Rs%/DAP)
¢ T 71 (R R
o+ (ap) - (52)
L’ R
2 1, (R R
5+ (ap) -~ (5%)
LZ
2 R, AP
E_j _1 (=Ry/AP)+ (R*/DAP)  —1+Rs/D
C
LZ
czap _ 1
1_E2 "~ 1—R,/D (38)
%

We want an expression for €, the third non-zero root of:
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E?/c* -1 R
/ r*+—=r3—r24+Rr=0

L?/c? L?/c?
L? L?
E?/c* -1 R pvi vl
4 s 3 c 2 c _
LZ/—CZT +E2 r E2 T+E2 RST'—O
¥ cF ct
This gives the three non-zero roots: A, P, and €.
The complete expression becomes:
E?/c* -1
W(r — A —-P)r—9o)r
Let's work out the four factors:
E?/c*—1
L/ZT [r*— (A+ P+ )3 + (AP + £(A + P)}r? — eAPr]
We know that the sum of the three non-zero roots is equal to % (the coefficient of r° in the standard form
of the polynomial); therefore, we obtain:
1
—(A+P+€) :Rsm

This enables us to further analyze the relationship between the roots A, P, ande in terms of R, , the
Schwarzschild radius, and the energy and angular momentum terms.

From the above, we know that:

E? _ R[-AP+ (A+ P)R,]
ct ~ AP(A+ P+ R,) — Ry(A + P)?
So we fill this into the above equation:
-1
A+P+e= Rs m
AtPiecR ~AP(A+P+R,)+R;(A+P)> —AP(A+P+R,)+Ry(A+P)?
ET ST RI[-AP+ (A+ P)R] —AP + (A + P)R,
—AP(A+ P + Ry) + R,(A + P)?
. ( s) + Rg( ) (A+P)
—AP + (A + P)R
_ —AP(A+P+R,) +Ry(A+P)* +AP(A+P) — (A+P)°R,
B —AP + (A + P)R,
_ —AP(A+P+R)+AP(A+P) —APR, B R _ R,

£ —AP + (A + P)R, T AP+ (A+PR, | (A+PR. | _R

AP D

Which gives:
R
e=—% (39)
1 -8
D
15 March 2026 Page 166 of 342

Copyright© 2018 [COPYRIGHT Albert Prins], All Rights Reserved. — mailto: aprins@hotmail.com



Now we can approximate (35) by writing

E?/c* -1 R E?/c* -1
4 s .3 2 —
2/ r +L2/c2r -r +R5r—W(r—A)(r—P)(r—s)r
1—E?/c*
:W(A—T')(T'—P)(T'—&‘)T'.

We obtain:

12/c? fA 1 dr
1-E2/ct)p \[r(A=r)(r —P)(r —¢)

L?/c?

- 1—52/c4f:\/

dr

r2(A —1)(r — P) (1 —g)

12 /c2 e\—1/2
/ ——) dr

A 1
1
1—E2/c4jp r (A—r)(r—P)( r

-1/2
Now we use the Taylor series expansion (1 - ;) ~1+ ;—r , with an error € bounded by:

3 2 3 2
<50 Q) =50-2 6
which produces:

_ | Le fA ! + 2 dr (40)
1—E?/c*Jp rJA-r)or—-P) r2J(A-7)r—P)

In his article "The Precession of Mercury's Perihelion" by Owen Biesel (January 25, 2008), on page 8, the left part
of the integral (40) in the numerator contains 1 + € , but we believe, following our calculations, that it should
only be 1 and have adjusted the formula accordingly.

-5/2 -5/2

Note:

The first integral of (40) (see4.4.6.1and4.4.6.3for details) in closed form:

A 1
= d
JP r(A—1r)(r —P) "
1 [(A—r)(r—P)+r2 —AP]A
= ——arctan
2,/(A—=71)(r — P)AP

VAP

P

- \/ﬁ [arctan[+o0] — arctan[—oo]] = 1

Tomy 1
MO R

The second integral of (40) (see4.4.6.2for details) is more difficult, but can be evaluated in closed form:
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fA g/2 d ne/2 A+ P 1 me
r = = —_—
p r2J(A—71)(r—P) 2VAP AP AP 4D

If we now recognize that:

L?/c?AP 1
1-E2/c* 1—-R,/D
and:
R
“T1-R/D

(see (38) and (39) above), then we find that:

1 L?/c? 1 me L?/c?
04— 0p = T 2704 T 2D 2/ 0k
JAP "1 —EZjc* " JAP 4D |1 - E%/c
Br— By = L%/c2AP +T[€ L%/c?AP 1 +T[€ 1
ATPP =T T F2 et " 4p [1—E2jc* " |1—R,/D ' 4D |1—R,/D

s)_ T (1+11 R, )
4D/ [1—R./D 4D1-R,/D

o 1 R,/D

- J1—R./D (1 Ta1s RS/D>

T
= =1

With the observed values A(phelion) = 69.8.10°km, and P (erihelion) = 46.0.10°km , we obtain:
2GM
D = 27.7.10°km, and Ry = —7 = 2.95km

And we can approximate the term as follows:
T ( 4 1 Rg/D
J1—R,/D 41—-Ry/D

This gives a reliable estimate of @, — @p (half a revolution, in radians).
This gives:

) ~mT+2512-1077

A@ = 2.512 - 1077 radians for halve a cycle
And
A® = 5.024 - 10~ "radians for a whole cycle

Mercury's orbital period is 87.969 days, so Mercury completes 415.2 revolutions per century. Since there
are 360 - 60 - 60/2m arc seconds per radian, we find that Mercury's perihelion shifts by:

(360 60 - 60)

A® = (5.024-1077) 415.2 = 43.027 arc seconds per century.

AD = 43.027 arc seconds per century.
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Note:

According to Asaf Pe'er, for a small deflection angle, the result (see equation_6 in chapter 4.7) is:

6mGM,,,
cta(l —&2)

(Sd)prec = (41)

Where for Mercury:
e qisthe semi-major axis:5.79 * 101° m

e ¢ isthe eccentricity: 0.206
e M is the mass of the sun:1.989 * 103° kg
e Gis the gravitational constant: 6.674 * 10~ Nm?kg—2

e cisthe speed of light: 3 * 108 m/s?

_ 6nGM
" a(l —e?)c?

To calculate the precession per century:

AQ =5.02 1077 rad per cycle

365.25) (360 * 60 * 60)
*
88 2

AQ = 43" (arc seconds per century).

AQ =5.02 %1077 « (100 *

Which leads to the same result.

This gives us the exact relationship for the precession angle of Mercury's orbit, as described in the result of
43,027 arc seconds per century.

4.4.6 Conclusion
The deviation of Mercury's orbit due to general relativity is determined by the additional curvature terms in
equation (35). The actual precession per orbit can be calculated by the deviation of the integral A@ from 2m. This

theoretical prediction corresponds to the observed deviation of approximately 43 arc seconds per century, an
effect that cannot be explained by Newtonian mechanics.

4.4.6.1 We check the first integral.

Checking the integrand:

d( 1 (A=7r)(r—P)+1*— AP 1
—{—=4arctan ?7=7
dr (VAP 2\/(A—7)(r — P)AP r(A—=1)(r —P)
We know that:
darctanx _ 1
dx 14«2
Therefore:
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1 d (A=7r)(r—P)+1r%— AP 1 1 d[(A—7r)(r—P) +1r%— AP
ﬁa{aman[ 2y/(A—1)(r — P)AP ]} - W1 N [(A 1) —P) + 12 —AP]ZE[ 2y/(A—1)(r — P)AP ]
2\/(A—71)(r — P)AP
1 4(A —1)(r — P)AP d[(A-=7r)(r—P)+7r? —AP]
VAPHA 1) —PYAP + [(A— D —P) + 12— APPdr| 2 —r)r = P)ap
1 4(A—1r)(r — P)AP [—(r—P)+(A—r)+2r
VAP 4A—1)(r —PYAP + [(A—1G — P) + 12 — APE| 2 [(A—1)(r — P)AP

AP{(A—=7)(r—=P)+1r?> —APH-(r—P)+ (A —1)}
B 4{(A —1)(r — P)AP}/? ]
1 4(A —1)(r — P)AP A+P
~ VAP4(A—-1r)(r —P)AP +[(A—1)(r — P) + 12 — AP]? [2\/(,4 — ) (r — P)AP
AP{Ar —AP — 1>+ 1P +1r?> —AP{-r+P+A—71}
B 4{(A—1)(r — P)AP}3/2 ]

1 4(A —1)(r — P)AP [ A+P AP{Ar — 2AP + rPHP + A — 21}

T VAPAA-T G —P)AP+[A-1) —P)+1* - AP 2 [A—r)(r—Pyap  HA -1 —P)APY/?
1 4(A—1)(r — P)AP 1 [Z(A +P)
CVAP4A -1 —P)AP+[(A-1)(—P)+12— AP [(A—pr)(r — P)AP| 4

AP{Ar — 2AP + rP}{P + A — 2r}
B 4(A —1r)(r — P)AP ]
1 4(A —1)(r — P)AP 1
 VAP4A—1)(r = P)AP +[(A=1)(r = P) + 12 = API> [(A—1)(r — P)AP
204+ P)(A—1)(r — P)AP — AP{Ar — 2AP + rP}{P + A — 21}
4(A —r)(r — P)AP ]

1 2(A+P)(A—r)(r— P)AP — AP{Ar — 2AP + rP}{P + A — 2r} 1
VAP 4(A—7)(r —P)AP + [(A—1)(r — P) + 2 — AP]? J@A—-1) — P)AP
B 1 24+ P)(A—1r)(r — P)AP — AP{Ar — 2AP + rP}{P + A — 21}
APJ(A=7)(r = P) 4(A=7)(r —P)AP + [(A—1)(r — P) + 12 — AP]?
B 1 2+ P)(A—7r)(r—P) — {Ar — 2AP + rPH{P + A — 2r}
JA-NG—p) 4A-1)T—-P)AP+[(A-1)(r—P)+1%?—AP]?
B 1 (2A? — 2Ar + 2AP — 2Pr)(r — P) — {APr — 2AP? + rP? + A%r — 2A%P + APr — 2Ar? + 4APr — 2Pr?}
- JA-nG—-pP) 4A2Pr — 4APr? — 4A%2P2 + 4AP?r + [Ar — 12 — AP + Pr + r2 — AP]?
B 1 (24% — 2Ar + 2AP — 2Pr)(r — P) — {6APr — 2AP? + P?r + A*r — 2A%*P — 2Ar* — 2Pr?}
- JA—DGr-p) 4A2Pr — 4APr? — 4A2P? + 4AP%r + [Ar — 2AP + Pr]?
B 1 24%r — 2A4r% + 4APr — 2Pr? — 2A%P — 2AP? + 2P%*r — 6APr + 2AP? — P?r — A’r + 2A%P + 2Ar? + 2Pr?
- JA-nG—-pP) 4A%Pr — 4APT? — 4A%2P% + 4AP?r + [Ar — 2AP + Pr]?
1 A%r — 2APr + +P?*r

" J(A—1)(r — P) #4?Pr — 4APr? — 4A?P% + 4AP?r + [Ar — 2AP + Pr]?
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B 1 r(A% — 24P + +P?)
~ J(A—1)(r — P) 4A%Pr — 4APr? — 4A2P? + 4AP?r + [Ar — 2AP + Pr]?
B 1 r(A — P)?
— JA =) (r — P) 4A2Pr — 4APr? — 4A2P2 + 4AP2r + A%r? + 4A2P? + P?r? — 4A2Pr + 2APr? — 4AP?r

1 r(A — P)? 1 r(A — P)?

T JA=nr = P)—2APrZ + AZr7 + P27 (A = ) (r = P) r2(—24P + A% + P?)

This ultimately becomes:

1 r(A — P)?

JA=7( —-p)r*(A—P)*

Which results in:
1

=r A-r@-P)

So:
1

ry(A—r)(r—P)

This confirms that the integration of the integrand is correct!

4.4.6.2 Calculation of the Second Integral in the Previous Chapter.
We have derived the expression for the second integral:

General form:

1 Vax?+bx+c b 1
f dx=——""""""""-—— dx
x2Vax? + bx +c cx 2¢) xvax?+bx+c
(See also the next chapter for the calculation of the integral on the right-hand side.)
f 1 4 Vax? + bx +c b . bx+2c (c <o)
X =— — arcsin——— = ,(c <o
x2Vax? + bx +c cx 2¢cv/—c |x|Vb?% — 4ac
Now witha = —1,b = A+ Pand c = —AP
A A
e/2 e/2
®A - @p = J / dr = f / dr
p r2J(A—1)(r —P) P r2/—r2 + (A+ P)r — AP
A
J-r2+ (A+ P)r — AP (A+P) . @A+Pr—24pr 1
=—¢/2 +¢e/2——]ar
—APr 2AP\AP Irly/(A + P)? — 4AP],
(A+P) ] (A+ P)A—2AP ~ (A+P)P-2AP
=0+ ¢/2————=1arcsin — arcsin
2APVAP |Al\/(A + P)2 — 4AP |P|\/(A + P)2 — 4AP
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(A+P){ - (A—-P)A . (P=A)P
=¢g/2———={arcsin

7

2APVAP jaja—py
PN P
—e/Z—ZAP\/_P{arcsm(l) arcsin(—1)}
(A+P) (m

=¢€/2

|PI(A -

(A+P)
2APVAP ‘2 { (_ g)} =e/2; ~ v

This corresponds with the calculations

4.4.6.3 Alternative Solution for Integral 1

2APVAP  4DVAP

According to the solutions given in Wikipedia: https://nl.wikipedia.org/wiki/Lijst van integralen, we have

bx + 2c¢

1 1
dx = arcsin
foax2+bx+c \v—c
So:

4 1
zfprmd“ )

—+4+C,(c <0
|x|Vb? — 4ac ( )

rJ-12+ (A+ P)r — AP

1 [ (A+P)r—24p ]A
= ———arcsin

VAP Irl\/(A + P)? — 4AP],,

1 { . (A+P)A—24P

= ———yarcsin —
VAP |Al\/(A + P)2 — 4AP

(A+ P)P — 2AP

dr

csin
|PI{/(A + P)?

_L{ - @A-PA (P—A)P}
_W arcsm—lAl(A_P) aI‘CSIH—lpl(A_P)

1

{arcsin(1) — arcsin(—1)}

3]

4.4.6.4 Detailed Calculation of the Time T of a Revolution

e~
I
=
N
I
\%
QU
I

211'7,.2
—d@=>T=|dt = —d
I T=7 ) fr fo I @
Using equation 40:

’ L%/c? 1
d
0= 1-E*/c* |+ J(A=1)(r — P rZN/(A—r)(r— ‘
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https://nl.wikipedia.org/wiki/Lijst_van_integralen
https://nl.wikipedia.org/wiki/Lijst_van_integralen

L%/c?

&
1 2
d
1—E%/c* lr,/(A — 1)@ - P) * r2J(A—1r)(r — P)‘ "

dT—1 /e ! + % dr
CLJ1-E* | JA=—1aT—P) JA-—1(—P)
2 | L1%2)c2 (A r %
= | dr=- d
At fr L,/l—Ez/c“fp [\/(A—r)(r—P)-l_\/(A—r)(r—P) '

First, the evaluation of the left integral:

r

A r A
dr =
L JA -1 —P) ' fp V-2 + (A+P)r — AP

dr 41

According to the list of integrals (Wikipedia): (https://nl.wikipedia.org/wiki/Lijst van integralen)

x vax2+bx+c b 1
f—dx_———f—d
vax? +bx +c a 2a ) \ax?+ bx +c

(42)

=

And:

arcsin

1
dx =
f\/axz +bx+c V—a Vb2 — 4ac

1 —2ax—b
+C,(a<0)

To convert the left integral to the integral formula:

r

A
f dr =
P /=12 + (A +P)r — AP

J-12+ (A+ P)r — AP
-1

(A+P)f‘4 1
— dr
b =2 Jp \J-r2+ (A+P)r— AP

A+P) (4 1
=—J—AZ+(A+P)A—AP+\/—P2+(A+P)P—AP+( )f dr
2 Jp \J=r2+(A+P)r—AP

(A+P) (4 1
=—04+0+ f dr
2 Jp \J=r2+(A+P)r—AP

Now only the integral:

fA 1 2r— (A + P) 4
+C
P y/-12+ (A+P)r — AP V(A +P)2 —44AP
24— (A+P) . 2P—(A+P)
+ C — arcsin -
J(A+ P)2 —4AP V(A + P)2 —4AP

dr = [arcsin
P

arcsin
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https://nl.wikipedia.org/wiki/Lijst_van_integralen
https://nl.wikipedia.org/wiki/Lijst_van_integralen

. A—P :
= arcsmA — —arcsin Y
T T
§+§=n
So, the left integral yields:
(A+P)n
2
The right integral yields:
3
"2
The sum is:
%((A +P)+e)

So, the total integral for a complete revolution is:

1| L2)c? =
AT=2- |—L —Z((A+P
L 1—E2/c42(( +P)+e)

With:
Ry

AT = 22 P/ m (A+P) + R
YL (1-E%/c*2 1-Rs
D
AT — 2 AP 12/c? Ly R,
=27
2L |1—E%/c* R,
J u+p)(1-F)

Rs

For Mercury:
A=698%101P =4.60+10',D = 2.77 » 10'°, Ry(5n) = 2953.25,L = 2.71 % 105,

7598744
= 87.95 days

Derived in chapter Schwarzschild Approach4.8.2Error! Reference source not found. equation 2d the

instantaneous rotational velocity of Mercury as a function of @:
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N =

_ { GM gy
v =

m(l + 2ecos[@(1—€)] + ez)} (42a)

4.4.7 Physical meaning

e Why precession?
Due to the curvature of space-time around the sun, Mercury's orbit is not a perfect ellipse, but an ellipse
that slowly rotates.

¢ No Newtonian explanation:
This effect cannot be explained by classical mechanics or the influence of other planets alone.

e Empirical confirmation:
The measured value of 43 arc seconds per century was one of the first major successes of general
relativity.

4.4.8 Key insight
e The precession of Mercury's perihelion is a direct, measurable consequence of the curvature of space-
time as predicted by general relativity and the Schwarzschild metric.

e The quantitative agreement between theory and observation is one of the most powerful confirmations
of Einstein's theory.

4.5 Experiment 5 - Shapiro Time Delay

Introduction and Physical Concept

Shapiro time delay is the effect whereby a light signal (or radar wave) traveling past a massive object (such as
the sun) takes longer than expected based on a straight line in flat space-time. This is a direct consequence of
the curvature of space-time by mass, as predicted by general relativity.

History:

The effect was predicted in 1964 by Irwin Shapiro and has since been confirmed in many experiments, including
sending radar signals to Venus and Mercury and measuring the return time.

In the Shapiro experiment, radar signals were sent from Earth to a planet that was on the other side of the Sun
at the time. These signals bounced back to Earth. According to the general theory of relativity, the signal, which
just grazes the sun, will be deflected by the sun's gravity, or rather, the sun's mass has distorted space-time in
such a way that the signal follows a "straight curved" line (see Fig. 4).
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Q\ Planet

Figure 1: The radar reflection of photons from Earth to a planet and back. The left image shows the actual path,

exaggerated for clarity. The right image shows the Euclidean shape.

(From Tests of General Relativity: A Review by Estelle Asmodelle (Asmodelle, 2017) )

To define the Shapiro delay, we assume that the Earth and the planet are stationary, while the total time for the
return trip of the radar signal is At , in coordinate time. The value of t must be expressed in terms of r over the

entire path, where ryis the shortest distance to the Sun.

4.5.1 Derivation based on the Schwarzschild metric

The Schwarzschild equation is used to calculate the Shapiro delay.

dr?
ds? = c%dt? = o%c?dt? — P r2d6?% — r?sin%6 do?

Where:
oo 1o M _ ) R
ccr r
and
2GM
Rs — CZSuTl

The Schwarzschild radius of the Sun.

We choose the frame of reference such that it corresponds to the equatorial plane (6 = /2) .

Then the following applies:
2

dr
c?dt? = g%c%dt? — — - r2dg?
o

For photons or radar echoes, dt = 0 . In that case, the following applies:

dr?
oc?dt? = —+ r2d@?
o
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Derivation to the affine parameter 1 :

() - )
>\ Te\a) T \a

As derived in formula_11 from section4.2the angular momentum is:

5 (dt)z 1 (dr)2 N L2
7 \a) T2\aa) T2

de\>  /dr\* 12
4 2(20) _ (8D Z2
oc (d/l) (d/’l) 20

2

Multiply by o

Suppose:
dt
=)
7 \ax

Note: Thisis also k = — ascan be seen in formula 9a in section4.2.
Then:

ar? L2
ar L2 2,2
(dA) tozot = ke

The energy equation for a photon orbit in Schwarzschild geometry is:
dr\* L2 R,
- —[(1-=)= k2 2
(dl) T ( r ) ¢

L2 = gt (dt)2 - (dt)2 B k?
—% @ ar) T ot

As previously derived:

Where we use:
(dt)z kP k?
ar)

Now:
(dr)2 _ (dr dt)2 O k? (dr)2
dA) — \dtdA) | _Ro\?\dt
We can rewrite the energy equation (42b):
dr\? 2 R,
_ Z (1 28\ 2.2
(dﬂ) +r2<1 r) ke
2
Replace (3—;) with (42c):
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Divide by (1 - %) :

Then we divide by k? :

1 (dr>2 N L2 c? 0 43)
3\ 77 2.2 =
(1 B &) dt k“r 1— %

r

Now consider the path of a photon from Earth to another planet (for example, Venus, with n, =1y ), as shown
in Figure 2. It is clear that the path of the photon will be deflected by the gravitational field of the Sun. Let r, be
the coordinate distance of the closest point where the photon approaches the Sun; then:

(dr) —0
dt/r,
Then we find from (43) the relationship between the constants:
L? c?
kZTOZ - 1— &
To
After rearranging, we can write (43) as:
(dr)2 B (1 RS)3 12 N 2\ (1 RS>3 c? L21y?
at) r k2r2 1R B r 1K k2ry%r?
T r
B (1 Rs)3 c? 9% c?
r 1— RS TZ (1 — &)
0
R R
R, mPet(1-39)\ o r[. nP(1-7)
=(1-7) - e |=e(i-7) [ 1- R
2(1_8s 2(1_28s
T (1 ) T (1 7’0)
1
RA]Z
dr R, o’ (1 - 75)
- -0
2(1_3s
r (1 T'O)
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Earth

Sun

Venus

Figure 2 Photon path from Earth to Venus, deflected by the Sun.

This can be integrated to determine the time required to travel between points r, and r:

T 1
t(r,r) = f Tdr
o RANI2
T 2 1—-—==
c(1-F)|1-= ( R,
2 S
r (1 T'O)
4.5.1.1 First-order approximation

Since Ry K 1y , we can take the first-order Taylor approximation of:

R
(1-7) N (1_&)(1+&)_ R R Ry?
_& r
o
1
So the integrand can be expanded to the first order in R, /7 :
r 1
t(r,ry) = f T dr
o 2 2\12
RN T (B (B RS
C(l r)[ r2<1 r+r0 1

Multiply the numerator and denominator by r:

T T Ty

r T
t(r,mp) = f Tdr
7o 2\ 12
C(l—&) [TZ _rOZ <1 _Rs Rs Rs )]
T T T'O T'T'O
T r
t(r,mp) = f Tdr
To 2 2 2
(o]
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T r
t(r,ry) = f dr

1
7o To Rs 2
R Rsro(1 ———=*
2 _ 4 2 _ s — r r
CTETTo (1 r) r2—1,
-
r
t(r,r) = f Tdr
L) R 2
2 R,rp(1 — 0_"s
cw/rz—r02[<1—%+%> 1-—0p rZ L
-1
First, we work out the right-hand side of the numerator:
R
2R +R52 L R ro(l———7s B
r2 72 — 192 B

=1-

r R T R 3 T R
2R, R Raro(1-5-%) 2r7n(-P-S¢ RPn(1-%-5)
T r2 2 — 1,2 r(r? —1y2) r2(r? —1y2)
After ignoring the smallest terms:

R To
Rro(l———TS :1_2Rs_Rsr0(1—7)
— 12 T 2 —1ro?
R
1 R 7”0(1 —_—75 4 2R Rsro(r —1p)
— 12 a r r(r+ry)r—rgy
R
R ro(l———TS _,_2Rs R
— 12 a r rr+ry)
Fill in the denominator:
r
t(r,m) = f Tdr
. A1
N [1 2R, Ry T2

r  r(r+ry)]
With another first-order Taylor approximation, we obtain:

R sT0 ]
t(r,m) = [1 ——|dr
() = fro c\T2 — 132 27’(7” +7p)]

This can be reduced to (see check below):

—In
c c 0

1 1 1

2 2\> 2 2\> =

r“—r1y“)2 R r+(rc—1r°)2 R. /r —1r9\2
t(r,ro):( 0°) 4B ( ) n s( 0)
2c\r + 1
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We can verify the above formula by taking the derivative; it must be equal to the integrand:

et ) (o eomy
dt(r,mp) _ r N Re \' ry(r2 —1p2)2 N R \r+ry (r+r1)?
- L 1 Ac 1
dr c(r? —ny?)? r+ (r? —n?)2 4e (7” — 7”0)7
10 r+r1
r
(1+—1> (r+r0—r+r0)
dt(r,ry) r R, (r2 —ny2)2 R, (r +19)?
ar ity T T 1
c(r? —ny?)2 r+(r2—rn?)2 (7”_7”0)2
r+ )
1
2 2y
dt(r,mp) r R (r + (=1 )2> Ry, r+my—r+m1)
dr :c(rz rz)%+?(r+(r2 rz)%>(r2 rZ)% 4e r—n % 2
— T — T — T L]
(r + ro) (r+ 1)
dt(r,rp) r R, 1 R, 0
ar it 1% 1
c(r® —rp?)z (r2 —1y?)2 (r2 —1p?)2 (r +1,)?
T+, o T
dt(r,r r R 1 R T
(d 0) — - + s - + s 01
B R R R G O LI R D H G
dt(r,ry) _ r [1 N Ry R,1y
dr c(r? — roz)% r o 2r(r+mn)
So the formula is correct!
Therefore:
2 2\3 2 2\3 1
r“—1°)2 R r+ (r°—nry“)2| R, (r—19\2
t(r,r0)=—( 0”) +—In T on)? +—S( 0)
c c Ty 2c\r + 1y

The first term on the right-hand side is exactly what we would expect if light traveled in a straight line. The
second and third terms give the extra coordination time needed for the photon to travel along the curved path
to point r. As can be seen in Figure 2, if we send a radar beam to Venus and back, the extra coordination time
relative to a straight line is:

1 1
(5% —1p?)2 _ (% — 1?2

At = 2 |t(rg, 1) + t(ry, 1) — p p

As mentioned earlier, the first two terms inside these parentheses form the relativistic time from Earth to
Venus, and the two terms on the right form the time if the path were simply a straight line. The factor of 2 is
included because the photon must go to Venus and back to Earth.

Since 1y 79 and 1,51y , we have:
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1
2 2\5
T 1n°)2 R e + 1 R R 27 R
t(T‘E,T'O) (E 0) sln(E E) Z N ( E)| Z

1
2 2\y
n °)2 R v + 1 R R 2m R
t(ry 7o) (v Co) Csln(v V) s s (V) s

Summation:

R 27 R 21 R 2GM 4ren
e (2 B (22) 4 B 2O (B g
C 70 (o 710 C C 710

So to go to Venus and back, the extra coordinate time delay is:

At

4GM 4Arer
~ 3sun [ln( E2 V) + 1]
C T

This also shows that the time delay increases as the impact parameter 1, (the distance to the center of gravity)
decreases.

Numerical Values

e For Venus, when it is opposite Earth on the other side of the Sun:
At = 252us.

e  While for Mercury:
At = 240us.

e Distance Venus-Sun(ry) : 108 * 10° m

e Distance Sun-Earth(ry) : 150 * 10° m

e Total distance Venus-Earth: 258 x 10° m

The total travel time (Earth, Sun, Venus, and back) without delay is 1720 seconds. The Shapiro delay is therefore
a small but measurable effect.

4.5.1.2 Proper time of Earth versus coordinate time

Of course, clocks on Earth do not measure coordinate time, due to the rotation of the Earth on its own axis and
the effect of the Earth's rotation around the Sun.
Due to the Earth's rotation around its own axis, the corresponding proper time of the signal is given by:

1

2GMgp\2
At = (1 -— ) At
CTg
The effect is therefore:
1
2GMg\2
At—AT=At—(1— 5 ) At
C°Tg
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This gives:
=> 6.98 * 107 10A¢t for252us => 1.76 * 10~ 3seconds = 0.176ps
p=10"12
Since 15 (2_1\2/1 , and therefore 0.176ps < 252us , we can ignore this effect for the accuracy of our calculation.

The effect of the Earth's rotation around the Sun causes a delay of 15 nanoseconds per second, as mentioned in
chapter (4.6).

For the additional time delay At = 252 us from Venus, the rotation of the Earth around the Sun causes a small
effect of: 252 * 107 % 15 % 1072 = 3.78 * 10712 seconds = 3.78 ps , which can also be ignored.

4.5.2 Physical Interpretation

e The extra time delay is a direct consequence of the curvature of space-time by the Sun.
e The effect is greatest when the signal passes close to the Sun (small 1y ).

e Experiments show that the measured time delay corresponds exactly to the predictions of general
relativity.

4.5.3 Practical importance

e The Shapiro time delay is important for accurate navigation of space missions and testing alternative
theories of gravity.

e The effect is also used in pulsar timing and in interpreting signals from spacecraft.

4.5.4 Key insight

The Shapiro time delay is one of four classic experiments that confirm general relativity. The effect is small but
measurable and can be fully explained by the Schwarzschild metric.

4.6 Time relationship between observer on Earth and the center of the Sun

When we consider the deflection of light or the orbits of planets around the Sun, a frame of reference is used
with the center at the center of the Sun, while we observe the phenomenon from Earth and have a rotational
speed relative to the Sun. In this chapter, we investigate the time relationship between an observer on Earth

and the center of the Sun, with the associated correction factors.

The starting point is the Schwarzschild metric, which describes the space-time around a spherically symmetric
massive object. The metric is given by:
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dr?
ds? = g%c%dt? — P r2d0?% — r?sin%6 d@?

where:

e G isthe gravitational constant,
e M,,, isthe mass of the Sun,
e  isthe speed of light,

e Risthe distance to the center of the Sun.

The coordinates 8 and @ represent the usual spherical coordinates, with the observations located in the
equatorial plane of the Sun, so that 8 = m/2 and the radius r is constant.

4.6.1 Simplification of the Schwarzschild metric

In the case of an observer on Earth, it is assumed that the Earth is in a circular orbit around the Sun. The time
measurement of the observer on Earth is associated with the proper time dt , which is the time measured by
the observer himself, and the coordinate time dt, which corresponds to the time in the universal reference
frame of the Sun.

The Schwarzschild metric is simplified to:
ds? = c?dt? = g%c?dt? — r?dp?

where T is the proper time of the observer on Earth and t is the coordinate time in the reference frame of the
Sun. This can be rewritten as:

2 dpN? R 2 dpn?
dr? = o2dt? _Z_Z(d_(f) dt? = (1 —TS—T—(—Q)) )dtZ

4.6.2 Time delay due to gravity and Earth's motion

For an observer on Earth, the time relationship is given as follows:
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where Ry is the Schwarzschild radius of the Sun, v is the speed of the Earth in its orbit, and r is the distance from
the Earth to the center of the Sun. This is the general time relationship that takes into account both the gravity
of the Sun and the speed of the Earth.

The specific values are as follows:

e R,=2950m,
e v =30.000m/s,

e 7 =150x 10° m (the average distance from the Earth to the Sun).

By filling in the values and expanding the expression fordt with a Taylor series to the first order, we obtain the
following approximation:
ar=(1-F_ 2\
T T2 T 22

The second term on the right-hand side is the result of the Sun's gravitational pull, and the third term is the
result of the Earth's speed around the Sun.
Substituting the numerical values gives:

dr = (1 -99.10710 — 50.1071%)d¢
dr ~ (1-15.107%)dt
At — At = 15.107°At

This means that the observer's proper time on Earth (during its orbit around the Sun) is delayed compared to
universal time, with a delay of approximately 15.10~ of the transit time dt. So over one second, the difference
is 15 nanoseconds.

This is the relationship between the time of the observer on Earth and the universal Sun reference time t.

4.6.3 Correction factor for Earth's gravity

The observer on Earth is also influenced by Earth's gravity. This gravity must also be taken into account for a
complete description of the time relationship. In this case, the proper time dr is adjusted by Earth's gravity,
using the following metric for Earth:

where My is the mass of the Earth, r is the radius of the Earth, and the values of the constants G and c are
known. The mass of the Earth is My = 5.9742 x 10%*kg, and the radius of the Earthis7, = 6.381 x 10°m .

This gives:
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dr = /1 —1.3908 » 10~9d¢t = (1 — 0.6954 * 10~°)dt

For an observer at the equator, the rotational speed v,.,; of the Earth is also important. The angular veIocity%
of the Earth is given by the rotation period of the Earth (sidereal period: 86162.4 seconds):

dQ)_ 21

— = =7.2923 x 10 °rad
it T x rad/s

The adjusted time relationship for an observer on the equator, including the Earth's rotation, then becomes:

where the second term concerns the contribution of the Earth's rotational speed. By filling in the correct values,
we obtain the final time relation:

dr = \/1 —1.3908 x 1079 — 2.4059 x 10124t = (1 — 0.6966 = 10~°)dt.
Where:
e Ry =0.008875 m (Schwarzschild radius of the Earth)
e r.=6,381,000 m (radius of the Earth)
e v = 465 m/s (rotation of the Earth around its own axis)

e ¢c=3-108m/s

4.6.4 Conclusion

The time relationship between the observer on Earth and the center of the Sun is a combination of effects
arising from the Sun's gravity, the speed of Earth in its orbit, and the gravity of Earth itself. These factors result
in a time delay that initially appears to be caused by the interaction of the Earth with the Sun's gravitational
field, but is also influenced by the Earth's motion and the Earth's local gravity.

4.6.5 Physical significance

e Clocks on Earth run slower than a hypothetical clock at the center of the Sun, due to both gravity and
motion.

e For GPS and space travel, these corrections are essential for accurate timekeeping.
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4.7 Alternative Derivation of the Orbital Equation

According to Kepler's first law, all planetary orbits around the Sun are elliptical. As we saw in section4.4General
Relativity has shown that there is also a relativistic correction to the elliptical shape that explains the perihelion
precession of Mercury, for example.
We therefore provide here an alternative derivation of the orbital equation for a massive particle in
Schwarzschild geometry, which gives a solution that brings us closer to the original formula for an ellipse.
This is:

a(1-e?)
1+ ecos[® — 0]

This equation is compared with the relativistic result (see equation 3 5 5a) at the end of this chapter:
_a(1-€?)
" 1+ ecos[@ — e@]

Here we see that 8 is not a constant but a function of @ and changes by a factor of €.

r(@) =

From "General Relativity an introduction for Physics" by M.P. Hobson, G. Efstathlou, and A.N. Lasenby Page 230
(M.P Hobson, 2006) .

We limit ourselves to the equatorial plane 8 = /2 , so that the Schwarzschild metric for a massive particle
reduces to:

2GM 26My\ !
cldt® =c%(1- dt? — (1 - dr? — r2dg?
c’r c’r

The metric equation then becomes:
2GM\ (dt\* 26M\"! rdr\? dgy?
“(1-F@ --F) @ @ -
cir / \drt c4r dt dt
After multiplying by (1 — %) , the following results:

(. 2GMN\?rdt\*  gdr\® L d®\?(  2GM\ (. 2GM
“(1-T) @ -G @) (-F)=¢0-F)
c?r ) \dr dr dr c’r c’r

dr\> L d®\* [ 2GM\ (. 2GM\?(dt\* ., (2GM
@) (&) (=) -2 0-F) @) =& -1)
dr dr c’r c’r /) \dr c’r

We substitute the retained quantities:

Rearrangement:

2GM\dt E
(- )@=

c2r)dr  c?
,do
rc—-=1
dt
We then obtain:
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r2 cr cr

r
dr\> 1%/ 2GM\ 2GM _  (E?
() +50-2) -2 (-
dt r? c’r r ct

(dr>2+L2_ 2 (B ), 2GM , 26ML?
dt 2= O\t r c?r3

dr\* 1%/ 2GM\ E?* _(2GM 26M
() +45(1-200)- 5 - () 2
dt c?

Now:
dr _ dr d@ L dr
dr  dpdr r2dp
Filling this into the previous equation:
Ldr\* 1>  (E? 2GM  2GML?
(H35) +m=ct(Z-1)+
r2do ct

re T c2r3
Divide by L?:

(1 dr)z 1 c?(E? 26M+26M
r2do r2 12\ ¢t rl2 = c%r3
Now replace withu = 1/r

du_dudr_—ldr_>1dr_ du
dp  drd® r2de ~ r2d¢  do

Now the equation becomes:

<du)2 ,  c(E? | 2GMu | 2GMu?
do AP L? c?
We differentiate this equation with respect to® to obtain:

du d?u 42 du B 2GM du 4 6GMu? du
agde? " “Yag " 12 dp ' 2 do

. du . du
We divide by 2 20 (assuming that %0 #0):

2

d’u GM 3GMu?
d_®2 +u= F + C2 (44)
If we ignore the last term for now, we get the equation according to Newtonian theory, whose solution is:
STz ¢ cos or T_GM(1+ecos(Z)) (45

This describes an ellipse, where the parameter e represents the eccentricity of the orbit. For example, we can
draw the orbit of a planet around the sun. We can write the distance to the closest point (perihelion) as r; =
a(1 — e) and the distance to the furthest point (aphelion) asr, = a(1 +e) .

Derived from (45) and again substituted with r=1/u gives:
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L2 £

LZ
" GM{ + ecos0) max = oy —e) 2 min T GMA 1 o)
The semi-major axis a is then given by:
 Tnax FTnin  LP ( 1 N 1 )_ L? (1+e+1—e>
AT T2aM\—e) "T(+e) 26M\(1—e)1+e)
So the equation of motion requires that the semi-major axis is given by:
LZ
a=——— 46
GM(1 — e?) (46)
Therefore:
L2 L2
Ymax = m = a(l + e) and Tmin = m = a(l - 6)
Planet
Aphelion Perihelion
a(l-e)

The elliptical orbit of a planet around the sun; e is the eccentricity of the orbit

Now, to include the third term (from equation 44), the solution becomes:

—2(_)+I

(47)
du _ GM p + dAu
0" 12 —-esin
G =~ B I
We substitute this into formula (44):
d’u GM 3GMu?
TR I ‘)
d*u + " GM dzAu_I_A
—— Y eeos0 - ¢ coso —
402 LZ d02 u
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d?Au GM d*u GM [GM  3GMu® 3GMu?

A P T T tae it Tttt T
dzAu+A _3oM (GM)2+(GM Q)>2+(A )2+2(GM)2 ®+2GMA +ZGM 0.A
107 u=— Iz B ecos u Iz e cos 7z Au Iz e cos u
We find that, to first order in Au,
d?Au 3(GM)3 5
207 u=CzT(1+(ecosQ)) + 2ecos D)
A particular solution of the equation is:
A —3(GM)3[1+ 2(1 ! 2(2))+ @ si (b] 48
u= 24 e > 6cos e @ sin (48)

This can be verified by direct differentiation of (48):

ddu 3(GM)311
T A [§

10 e sm2(2)+e51n(2)+e(bcos(b]

d?Au 3(GM)3
107 = o [3e cos2 @ +ecos(b+ecos(b—e(bsm(b]
d?Au 3(GM)3
107 = o [3e cosZ(Z)+2ecos(Z)—e(Z)sm(2)]
Substituting into (48):
dzﬂ Au = B(GM)S[ e?cos2@ +2ecos@ —e@sin@+1+e (1—1(:052@) +e(2)51n(2)]
dp? 3 2 6
dzﬂ =3(G—M)3[1+lez+le2c052®+2ecos(2)
dg? 2 2
d?Au 3(GM)3 1,
d_(2)2+Au =W[1 +Ze (14 cos2@) +2ecos(2)]
d?Au 3(GM)3 5
W+Au——[1+ e?(sin? @ + cos? @ + cos® @ — sin? (Z))+2ecos®]
d?Au 3(GM)3

W+Au=w[1+ezC052®+2€COS®]

So, equation (44) is correct.

Now we substitute Au into equation (3):

GM GM 3(GM)? ,(1 1 :
u=7(1+ecos®)+Au— (1+ecos®)+ﬁ[1+e <§—gc052®)+e¢sm®]

_GM(1+ ®)+3(GM)3 o ¢+3(GM)3[1+ 2<1 1 2@)]
u = LZ e CoS CZL4 e Y Ssin CZL4 e 2 6COS
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. 3(GM)3 . . . .
Since the constant (c2L4) is very small, the last three terms on the right-hand side of the equation can be

neglected—they are so small that they have no noticeable influence and are therefore not useful for testing the
theory.

3(GM)3

However, the last term e WQ) sin @ is a special case. Although this term is initially small, it grows slowly as @

increases, because @ itself increases over time. As a result, the effect accumulates, and we must retain this term.

_GM 3(GM)? 3(GM)3 ,(1 1
u=-7 1+e<cos®+—L®sm®>]+W[1+e (E—ECOSZQ))]

So, our approximate solution is:

GM S(GM)2
u=L—2 1+e|lcos@+———0sin®

Using the relationship:
o(1 3(GM)*\] _ o 3(GM)? 5) = coso 3(GM)? 0+ sindsi 3(GM)? 5
cos 22 = cos 22 = cos @ cos 22 sin @ sin 22
3( M)2 3(GM)?
~ cos@® + ———0@sin® for 2z K1,

we can now write:

2
U~ GLIZI {1 + ecos [(Z) <1 - %)]} = GL—I:I{l +ecos[0(1 - €)]}

For r=1/u, we get:
LZ

"= GM{1 + ecos[D(1 — €)]} ®)

Here:

3(GM)?

E =
c?]?

This expression shows that the orbit is indeed periodic, but with a period of 2w /(1 — €) . This means that the
values of r repeat at an angle greater than 27 . As a result, the orbit does not close perfectly as in a classical
ellipse: the ellipse slowly rotates around the focus. We call this phenomenon precession (see figure below).

After each complete orbit, the ellipse is slightly rotated around the focal point, by an angle of:

AG = 21 o= 2me oo — 6m(GM)?
T1_e MTI_eTET T a2
We replace L using equation (2):
L2
- - 2
L= oM —e?) @
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By substituting this expression into equation (5):
LZ
- GM{1 + ecos[@(1 — €)]}

r

We obtain the following for the trajectory:

B a(1-e?) :
T ecos[0(1 — €)] (5a)
With:
_ 3(GM)? _ 3(GM)? _ 3GM
~ ez T eT c2GMa(1 —e?)  c2a(1 —e?)
Derived from Kepler's third law:
7?2 = 4m?q3 4m?qd T =2 a
“eM+m) oM TN Gm
For the velocity v :
L JaGM(1—e?) (1+ ecos[d(1—€)])
“rcosa  a(l-—e?) cosa
Therefore:
B GM (1+ ecos[0(1—¢€)])
V= a(l—e?) cosa
where:
_3(GM)? 3(GM)? _ 3GM
€T T c2aGM(1 —e?)  c2a(l —e?)
Because:
L?> = aGM(1 — e?)
Filled in gives:
6w (GM)?
AD =— 2
c?aGM(1 — e?)
Ultimately, we obtain the following for the precession angle:
AG = 6mGM ©)
a1 — e?)c?
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Precession of an elliptical orbit (greatly exaggerated)

We apply equation (6) to the orbit of Mercury, with the following parameters:
e period = 88 days
e a=5.8x10(""
e =02
o M,=2x10% kg

we find:
ro 2% gr954
= ar =% ays
6nGM _7
AQ = m = 5.02 %107/ rad per cycle

To calculate the precession per century:

365.25) (360 * 60 * 60)
*
88 2

A@ = 43" (arc seconds per century).

AQ =5.02%1077 « (100 *

In reality, the measured precession is:
5599°.7 + 0.4" per century

The vast majority of this is caused by gravitational influences from other planets. But after correcting for these
disturbances, there remains a residual deviation that corresponds surprisingly well with the prediction of
general relativity. For other celestial bodies, we find similar results (in arc seconds per century):
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Object Observed Predicted

residual residual
precession precession
Mercury 43.1+/-0.5 43.03
Venus 8+/-5 8.6
Earth 5 3.8
Icarus 10+/-1 10.3

The results therefore correspond perfectly with the predictions of general relativity theory. Einstein added this
calculation for Mercury to his 1915 article on general relativity. In doing so, he immediately solved one of the
major outstanding problems in classical celestial mechanics—an impressive first test of his new, complex theory.
You can imagine how much confidence this gave him in its accuracy.

4.8 Calculation of a Spherical Orbit

As an exercise, we are interested in calculating the trajectory of a ball using the rules of general relativity, as
opposed to the classical (Newtonian) approach.

For the General Relativity approach, we assume that the trajectory of the bullet is forced by the mass of the
Earth to follow an elliptical shape. For the calculation, we use the Schwarzschild equation. But first, we start with
the Newtonian approach.

4.8.1 Newtonian Approach

We consider a ball fired at an angle, with a horizontal distance D between the starting point and the target, and
a maximum height h. The gravitational acceleration is g, and the initial velocity of the ball has components v,,
(horizontal) and vy, (vertical).

Height=h

Vo

120)

Distance=D

v

Vio, T

a) Time and velocity components

The time required for the bullet to travel the distance D at a constant horizontal velocity v, is:
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A
HOTT T T

To cover the distance D, the ball also needs an upward velocity, otherwise it will hit the ground too early. This
requires an initial velocity component in the y-direction v, . This velocity is determined by the horizontal
distance D and the time T. So, T is also the time it takes to go up from the ground and fall back to the ground.

Because the motion is symmetrical, the time to reach the highest point is:

T
Tupwards = E

At this point, the vertical velocity is zero. From the equation of motion, we then get:
vy, =V, —gt=0
at:
t==
2
T D
:>Uy0:gt:gE:g

vao
b) Height and relationship with time
The height is reached at time T/2, so:

. Tl(T)Z gD D 1(D)

Conversely, this gives:

g
Vyo =D @

When the ball falls back from the highest point h, it takes T/2 to reach the ground:
c) Total speed and trajectory equation

To reach the highest point:

T ,Zh
V=97 =9 | =V2hg

The total initial velocity:

2 =v§0+v§0 =g8—l;:+2hg =g<¥)
Is therefore:
j D2 + 16h2
J=
Vyo = Vg COS Qg
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The angle of inclination ag at which the ball is fired follows from:

tan =m:—“ 2hg =ﬂ
Vyo D i D
8h
Therefore:
tanog = ﬁ
D

d) Trajectory equation
The y-position as a function of time:
1 T 1 1
(&) = vyt =5 gt = g5t —ogt* =5 gt(T —t)
1 D
y(®) =gt (Zo - t)
In terms of the x-position:

fot X ) 1 X ( D X ) lg D -x)
= = = —— = = — rf—_ l———-— = —— —_
X = Uy e y(x > g - X X
The trajectory of the ball is therefore a parabola:

1

y(x) = E%X(D ~ %)

This is therefore a function of the required distance D when the initial horizontal velocity component is v, .

e) Sample calculation

Horizontal (vy, m/s) Time T (s) Height h (m) Total velocity
distance D (m) (vy, m/s)
10 5 2 4.93 11.06
10 500 0.02 0.000493 500
100 5 20 493 99
100 50 2 4.93 51

(where g=9.87 m/s*)
f) Next step

Now that we have fully developed the Newtonian approximation, we can compare it with the calculation based
on Schwarzschild geometry within general relativity. This comparison follows in the next section.
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4.8.2 Schwarzschild Approach

For this approximation, we consider the spherical orbit as part of an ellipse with the center of the Earth as one
of the foci. We use the results from the Schwarzschild equation in section 4.74.7Alternative Derivation of the
Orbital EquationandWe obtain the following for the trajectory:

The semi-major axis is:
L2
~GM(1 - e?)
The parameter e represents the eccentricity of the bullet's trajectory. The perihelionisr; = a(1 — e) and the
aphelionisr, = a(l+e).

(2)

a

e = —_— =

So foracircle,e=0andr =1, =1, =a.

To obtain an ellipse, as in the drawing below, where the center of the Earth coincides with the left focus of the
ellipse, the equation looks like this:

a(1—e?)
—ecos[0(1 — )]
Now we will derive the angle @ between v, the velocity tangential to the ellipse, and v,,, , perpendiculartor,

to determine the angular momentum. In this experiment, v is the total velocity of the bullet along the ellipse,
while vy, is the component of the velocity v relative to the Earth's surface and, as mentioned, perpendicular

tor(0) .

r@ =7 (2a)

dr {1 —ecos[®(1 —e)}{a(1 —e?)(1 —e)(esin[d(1 — )]}
rd® a(l —e?) {1 —ecos[@(1 — €)]}?

dr e(1—e€)sin[0(1—¢€)]

rd® 1 —ecos[0(1 —€)]

e(1—-e)sin[p(1 — e)]}

tana =

tana =

a= arctan{ 1—ecos[0(1—¢€)]

If:
1
oS = ———
Vv1+tana
Then we get:

1
_ e(1 —e)sin[p(1 — )]\ 2
cosa =1+ ( 1 —ecos[@(1 —€)] )

1 —2ecos[@(1 —€)] + e?cos?[@(1 — €)] + {e(1 — €)sin[@(1 — €)]}? _%

{1 —ecos[@(1 — €)]}?

Because of the negative root sign, we reverse the equation:

cosa =
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1 —ecos[@(1 —€)]
cosa =

[1—2ecos[@(1 — €)] + e?cos?[@(1 — )] + (1 — 2€ + €X)e?sin?[P(1 — €)]]

1—ecos[@(1 —€)]
cosa =

1/2

1

[1—2ecos[@(1 — €)] + e?cos?[@(1 — €)] + e2sin?[B(1 — €)] — €(2 — €)e?sin?[P(1 — €)]]?

1—ecos[0(1—€)]

Ot = " Zecos[0(1 — €)] + e2(1 — €(2 — e)sinZ[p(1 — )])] /2

The momentum L is constant across the entire ellipse. The momentum is the velocity perpendicula
multiplied by r (assuming that the mass is unity):

L=y r=v-cosa-r
So here, the following applies:
L = vy Rearen
According to equation (2):

L=.aGM(1 — e?)

The velocity v is given by:

L (aGM( —e?)'?

v = =
rcosa a(l—e?)cosa

(1 —ecos[@(1—€)])

This simplifies to:

3 GM %(1 —ecos[@(1 —¢€)])
V= (a(l - e2)> cosa

Substitute cos( &) from equation (2b) into equation (2c):

B GM %(1 —ecos[@(1—¢€)])
V= (a(l - ez)) 1—ecos[@(1 —€)]

The instantaneous velocity as a function of @ is:
1

v= _&m (1—2ecos[0(1 — )] + €*{1 — €(2 — €)sin*[p(1 — €)]}) :
" \a(l-e?)

Obtained from the previous chapter € :

_ 3(GM)? 3(GM)>? 3GM

(2b)

rtor,

(2¢)

[1— 2ecos[@(1 — )] + (1 — e(2 — e)sin?[p(1 — €)])]'/?

(2d)

cTTor T c2aGM(1 — e?) - c?a(l—e?)
Here,
3(GM)? 3(GM)? 3¢? ( GM )2 thish N on (2¢)
= = = is has no dimension e
212 Cz(vaReart h)z vaZ CzRearth
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Bullet
trajectory

To zoom in a little further:

rd@

d@

Earth center

(Z)R—D—> @—D
T2 " 2R

Vper = Uxa = VCOS(a) env,, = vsin(a)

From (2a)
a(1—e?) =r{1--ecos[@(1—e)]}
From (2d)
GM 2
v= <a(1 —oh (1 —2ecos[@(1 — €)] + e?*{1 — e(2 — e)sin?[®(1 — E)]}))
,__ GM 2 2
Ve (1 —2ecos[@(1 — )] + e*{1 — (2 — €)sin*[@(1 — )]})
s (1 —2ecos[@(1 —€)] + e?{1 — e(2 — e)sin?[@(1 — €)]})
Vo= r{1 —ecos[@(1 — €)]}
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2
%{1 —ecos[@(1 —€)]} =1 —2ecos[@(1 —€)] + e?{1 — (2 — €)sin?[0(1 — €)]}

ver

21-e2 - osin’[p(1 - )]} — ecos[B(1 — €)] Z—U—Zr + 1—i =0
e —€(2 — e)sin —€ ecos € oM ol

vir

2
cos[@(1 — €)] (2 - Té—j\;) + \/[cos[@(l —e)] (2 - W)] —4 (1 - %) {1-€e2-e)sin?[0(1 -}
2{1 — €2 — e)sin?[@d(1 — )]}

e =

For the starting point at the intersection of the Earth and the orbit, r=R. (R is the radius of the Earth) and @ = 2

2R
From (2a):
3 a(l—e?)
TE1C ecos[@(1 — €)]
a(l—e?) =R {1 — ecos [%(1 — e)]}
D
e R {1 — ezzs_[g)(l — e)]} 3)
cos [% 1- E)] (2 - ?—;}) + j[cos [% 1- e)] <2 - 12;2_1:;)]2 -4 (1 - Téz—;;) {1-€2-e)sin2[p(1-e)]}

2{1 — €2 — €)sin2[(1 — €)]}

Or here from equations (2), (2e), and (3):

Rft—ecos| 1=} = a1 —et) = =
ecos >R €)lf=a e)—GM
1_L 1_L 1_(vx0R)2
o — RGM _ RGM _ RGM
D 2 2 2 2
cos |55 (1 — €) D _L(ﬂ) D [y _ 3¢ (GM
|27 | cos [ZR(l LAV cos 7R | 1 vx02(c2R)
2
_va R
1 ——Cnm

e =
D (,_ 3¢ (G_M)z

cos |5p v0? \CZR

The given velocity at the point r=R is v. So for a given velocity, there are two solutions for e.

Here, h is the highest point of the ball's trajectory:

h=a(l+e)—R
Together with (3):
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1 —ecos [%(1 — 6)]
1—e

R {1 — ecos [%(1 — 6)]}

) -1

h= (1+e)—R=R

1—ecos[%(1—e)]—1+e e(l—cos[%(l—E)D
1—e R l1-e

h=R

Here, D is the horizontal distance of the bullet on Earth, v is the initial velocity of the bullet, and R is the Earth's

. D
radius. As seen above, @ = T

Or, pragmatically speaking, in our bullet example with v, en D as starting points:

a(l—e?) L? (vyoR)?
h=a(l+e)—-R=—————-R=—————R=—0 - __
a(l+e) (1—e) GM(1—e) GM(1—e)
P WoR? L R?
GM(1 —e) GM(1—e)
Where:
v,0°R
1— x0
o GM

D 3¢ (GM\?
cos [ﬁ(l ~ 07 (7F) )]

Derivation of the circumference of an ellipse:
2 2
xT Yy
—+—==1
a? b2
X = acosf eny = bsinfs

Circumference = 4a fn/z \/(Z—;)Z + (Z—Z)Z dp
0

m/2
= 4af Ja2sin?B + b2cos?p dp
71/20

=4a Ja2(1 — cos?B) + b2cos?p dp
0

/2
= 4af Ja? — (a? — b?)cos?pB dp
0 m/2
Circumference = 4af J1—e?cos?Bdp
0

There is no simple closed-form solution for the circumference of an ellipse. There are approximations, such as
the Ramanujan approximation:

Circumference ~ ma [3 (1 +41— ez) - \/10\/ 1—e2+3(2—-¢e?)

Summary of the formulas used:
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The starting points for this derivation are the speed of the ball along the Earth's surface
(Vxo = Vper loodrechtop r) and the required distance D. So, at the starting point where the ball is launched, we
know the position and momentum of the ball and should be able to calculate its trajectory.

o L=v," Regrtn dus € is L function of L(v,g)
3(GM)?
¢ €= dus €(vyp)
D
s O=— dus @(D)
L2
e e= _ra _ dus e(vyq, D)
cos[@(1—e)] x0
_ e(1—e)sin[@(1—e)]
e o =arctan {—1_ecos 5010 } dus e(vy, D)
LZ
e (= m dus a(’Uxo,D)
e h=a(l+e)—R dus h(vy,g, D)

Using these formulas, we obtain the results shown in the Excel table below:

Detailed results of calculations for the above example. The starting points are the (perpendicular to r) velocity of
the bullet and the distance to be traveled.

Vper0(m/s)
Distance (m)
VrO(m/s)

speed (m/s)

epsilon

e(eccentricity)

a(m)

h(m)

alpha(rad)

alpha(deg)

Phi(rad)

L (angular
momentum)

cos(alpha)

cos(alpha+phi)

Circ. (km)
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3) Analysis of the results
Height differences

In the classical case, the maximum height of the projectile is h = 4.93 m at low speeds. In the Schwarzschild
approximation, this is slightly lower (e.g., 4.88 m), indicating a stronger effective gravity.

Eccentricity

An eccentricity of exactly 1 implies the classical parabola. The Schwarzschild approximation shows that the
orbits are slightly elliptical with e < 1 . For a horizontal velocity of 500 m/s, e = 0.996 , whileat5m/s,e = 1,
which corresponds to a nearly parabolic orbit.

Directional angle

The deviation in direction angle @ is very small at low speeds, but measurable at higher energies. For a projectile
traveling at 500 m/s over 2 km, the deviationis @ =~ 1.57 * 10~* rad, which corresponds to a precession of the
ellipse axis.

Angular momentum and circumference

The angular momentum L increases with the initial velocity. The corresponding circumference of the elliptical
trajectory (approximated) also shows an increase, reflecting the longer distance traveled by a powerful
projectile.

4.8.3 Conclusion

e Newtonian ballistics is an excellent approximation for everyday situations.
e Relativistic corrections are subtle, but indispensable for highly accurate applications and at high speeds.

e The Schwarzschild approximation shows that even a simple bullet trajectory is, in principle, influenced
by the curvature of space-time.
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Part V - Coordinates and Formal Analysis

5 Coordinate Systems

5.1 Rectangular (Cartesian) Coordinate System

A coordinate system is created to distinguish between points in space. The most important features of a
coordinate system are the origin and the coordinate axes. The origin can be chosen based on what is most
practical, and a Cartesian system is usually chosen for the axes because its simplicity makes it mathematically
easy to work with.

In a Cartesian coordinate system:

e The axes are perpendicular (orthogonal) to each other.

e The axes are independent of each other, i.e. changing the value of one coordinate does not
affect the other.

e The axes have a direction and magnitude and can therefore be considered vectors.

A point in space is represented by its coordinates, for example A (x,, ¥, ). The x, can be found by drawing a line
parallel to the y-axis; where that line intersects the x-axis is the point x, . The same applies to the y, .
The distance from point A to the origin can be found using Pythagoras' theorem.

(A - Origin)? = x2 + y?
If we work with a line segment between A and B, then the length is:
(A=B)* = (xqg = x)* + Wa = ¥)°

The advantage of this is that the length of the line segment is independent of the arbitrarily chosen origin; i.e.,
the values of x,, Y., Xb, Yp do change, but the difference |4 — B]|, which is the length of the line segment, does
not change.

5.2 Non-Orthogonal Coordinate System

For practical reasons, a coordinate system can also be chosen whose axes are not orthogonal. In such a system,
we can also describe positions and distances, but the calculations become slightly more complex.

A line segments in this system is the sum of the basis vectors:

S=x+y
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“©y
<

&

The magnitude s of § can be found by the inner product of § with itself:

-

53=@+9).F+P) =RE+ET+72+5.5
s? = x% 4+ (2cosa)xy + y?
If @ is the angle between X en y , thencos @ = — cos ¢ , and therefore:
cosa = cos(180° — @) = —cos @
s?=x%+y%—2xycosg

This is the well-known cosine rule. So, in addition to the squares of the coordinates, the product of the
coordinates is also part of the equation.

5.3 Curved Coordinates

Instead of coordinate axes that are not orthogonal, it can also be practical to use curved coordinates. Working
with these coordinates is obviously more complex, but Einstein used the following approach: A curved line can
be considered as a line made up of infinitely small straight lines. By looking at an infinitely small area, these
curved coordinates can be considered a local coordinate system with straight (linear) coordinates, which are not
necessarily rectangular.

Because the coordinate system here involves infinitely small coordinates, the coordinates are denoted as dx, dy,
and so on. In addition, these coordinates have coefficients, and these coefficients contain information about the
curvature of the coordinate systems. In the case of curvature, these coefficients are no longer constants, but
parameters that depend on their location along the coordinate systems.

It is said that gravity bends the coordinate systems and thus distorts space-time, creating a gravitational field

and thereby causing acceleration. However, by choosing a curved coordinate system that moves and bends in
the direction of the gravitational field, no force or gravity is experienced; thus, in the same way that in special
relativity, a moving coordinate system was chosen to neutralize the speed of the moving object.
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5.4 General Form for a Coordinate System

Let us derive an equation for the relationship between a line segment and its curved coordinate system.

LA
Y ds

N
X

»
»

As mentioned earlier, an infinitely small line segment ds is a vector, and its magnitude can be calculated as
shown above:

Bd5= (B4 D) (Bt dy) = Bodi + Tdy + &y. B+ DDy
(for an orthogonal system)
To have a more general form (not necessarily orthogonal), it is assumed that each term has a coefficient g,;, :
ds? = g, dxdx + Iry dxdy + g, dydx + g,, dydy
Here, in the example of the cosine rule above, is:

Gxx = gyy = land gxy = gyx = —Cos @

v is called the metric tensor and, in this two-dimensional coordinate system, can be considered as a matrix

with 2x2 elements:
( 1 —Co0S go)
—Cos ¢ 1

5.5 The Metric Tensor and Einstein Notation

For a general four-dimensional space-time system (with time as coordinate ct), the metric is a 4x4 tensor. The
general form is:

ds? = Z v dxtdx”
uv

In Einstein notation:

ds® = g,,dx"dx"

Here, i and v range from 0 to 3, with coordinates x0 = ct, x1 = x, x% = y, x3 = 7. The metric tensor gw
contains all information about the curvature of space-time.

Example of a metric tensor in matrix form:
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doo YJo1 YJoz YJo3

_ [ 910 911 YGi1z Y913
9w =\ g0 921 G22 923
930 931 932 Y933

If the coordinate system is orthogonal, then all cross terms (where 1 # v ) are zero: g, = 0 forp # v.

The value of ds” remains unchanged when the coordinate system is changed, provided that the corresponding
metric is adjusted correctly. That is to say:

ds? = g,,(X)dxtdx’ = g.p(y)dy*dyF

Here you see that g, is the “weighting factor” that determines how the infinitesimal displacements in the u-
and v- directions contribute to the length.

e The diagonal elements g, can be viewed as the “scaling factors” for the corresponding coordinate
directions.

» The off-diagonal elements g,, (1 # v) indicate whether the coordinate directions are skew (i.e., not
perpendicular). In a sense, they are related to direction cosines (projections of one axis onto another).

In summary

e A coordinate system is a tool for structuring space; distances can be calculated within it.
e Inorthogonal systems, Pythagoras' theorem applies; in non-orthogonal systems, the cosine rule applies.
e Curved coordinate systems are necessary to describe gravitational fields in general relativity.

e The metric 9 contains all information about distance determination and curvature of space or space-
time.

5.6 Transformation between two coordinate systems

As mentioned earlier, in a curved coordinate system, a coordinate system with straight lines can be used
"locally," in an infinitely small area. For a four-dimensional coordinate system, each new coordinate in the new
x-system has a linear relationship with all old coordinates in the old y-system, according to the equation:

dx° = a—xodyo + a—xody1 + a—xodyz + a—xoaly3
ay"° oyl dy? ay3
The same applies to the other three coordinates, leading to the general formula:
dx™ = 0x™ dy”
ay"

The summation is performed over the repeated index r.
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Here, the summation is implicitly performed over the index r according to Einstein notation. This means that for
each value of m, the derivatives over all values of r (from 0 to 3) are added together. This formula describes how
an infinitesimal change in the new coordinate system x™ is constructed from changes in the old systemy™ .

5.6.1 Detailed Explanation of the Metric Tensor

We start with a Cartesian coordinate system, which in this case is similar to the Minkowski equation (see
section5.10.1and Appendix 9.1equation_11a) in special relativity:

ds? = c?dt? — dx? — dy? — dz?

To make the notation more compact and general, we rename the differential terms:
cdt = dx°, dx = dxl,dy =dx?,dz = dx?3

Here, all differential terms have the dimension of length (meters). In this notation, the space-time interval is
written as:

s* = (dx — (ax — (ax — (ax =nyax-ax
dZ dOZ d12 d22 d32 #dudv

The metric tensor 7, (the Minkowski metric) is in matrix form:

1.0 0 0
_[o -1 0 o
Tw =10 0 -1 o0

0 O 0 -1
This tensor describes the distance structure of flat space-time. The distance between two events is therefore:
ds? =1, dx*dx"
Now we consider an arbitrary coordinate system y% , with coordinates y°, y!,y2,y3 . The relationship between
the old and the new system is given by the chain rule:

oxH oxH Ox* Ox*

dxt = a—yody0 +6_yldy1 + Wdy2 + 6_y3dy3
Or in compact notation:
dx* = 0x” dy“®
dy?
And:
dxV?
dx’ = 357 yP

Substitution into the Minkowski form:
ds? = Ny dxt dx”
yields:

axHt axY

2 _ - a B

We now define a new metric tensor g, in the coordinate system y“ , as follows:
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_ ox* dxY
Gap = N WW

So that:
ds? = gopdy®dy”

If we then switch to another arbitrary coordinate system x* , the inverse transformation applies:

457 = gop 20 fnday = g d
S —gaﬁmwx X —gwx X
This gives the general transformation formula for the metric tensor:

dy* ayh
Iuw(x) = Wﬁgaﬂ(Y)

This formula describes how the components of the metric tensor transform under a general coordinate
transformation. It is a fundamental result in general relativity and forms the basis for understanding curved
space-time.

5.7 Transformation between Cartesian and Polar (infinitesimal) Coordinates

As an example, we will now perform the transformation from a Cartesian to a spherical (polar) coordinate
system. We assume that the reader is familiar with the standard transformation between the two systems (see
figure below):

x =rsinf cos ¢ y=rsinfsing z=rcosf

Derivation of dx, dy, and dz:

We differentiate the above expressions to obtain the infinitesimal displacements

—

dx :sianosq)E:+rcos€cosq0d_0)—rsin9$in<p@)
E;= sin@sin(paﬂ)+rcos€sin<pfl§+rsin9cos<pap)
dz = cosOdr —rsin6dé

These vectorial differentials describe the infinitesimal displacements in the x, y, and z directions in terms
of dr,d@, and do.

Determination of the square of the differentials
To determine the magnitude of dx, dy, and dz, we take the inner product of each of them:
dx? = dx - dx; dy2=a;-a;; dz? =dz-dz
Since the coordinates r, 8 and ¢ are perpendicular to each other, the cross products are zero, resulting in:
dx? = sin? 6 cos? ¢ dr? + r% cos? 0 cos? ¢ dB? + r? sin? 6 sin? ¢ dp?

dy? = sin? 0 sin? ¢ dr? + r? cos? 0 sin? ¢ d? + r? sin? 6 cos? ¢ dp?
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dz? = cos® 6 dr? + r? sin? 6 d6?
Addition of dx?+dy?+dz>

By adding the three expressions above, we get:
dx?+dy?+dz? = sin? 6 cos? ¢ dr? + sin? 6 sin? ¢ dr? + cos? 6 dr? + r? cos? 6 cos? ¢ dH?
+ 12 cos? @ sin® ¢ dO? + r? sin?  d? + r? sin? 0 sin? ¢ dp? + r? sin? 6 cos? ¢ dp?
Using the trigonometric identities:
cos? @ +sinp =1, cos?O+sin?6=1
this is simplified to:
dx*+dy*+dz? = dr? + r?d6? + r? sin? 0 dp? (D

This expression is precisely the spatial component of the metric in spherical coordinates. The time component
can be added as ds? = c?dt? — dx? — dy%?—dz?, or in spherical form:

ds? = c?dt? — dr? —r?d0? — r? sin® 6 d¢?

Volume element in spherical coordinates

This describes the transformation from a system with Cartesian coordinates to a system with spherical (polar)
coordinates.

rsing dg

The volume element in Cartesian coordinates is:
dV = dxdydz
After transformation to spherical coordinates, this becomes:

dV = dr.r df.rsinf dg = r? sin 0 drdfdg

Calculation of the Volume of a Sphere

The total volume of a sphere with radius R follows from the integral:

V= .Uf r2sin @ drdfdg
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with the integration limits:

e r€]0,R]
e 0O€e [0, 7]
e (@€ [0,2n]

R m 2m
%4 :f rzdrf sin 9d9f do
0 0 0

1 1 4
V=§r3|§ (—cos ) T p|&" =§R3-2-2n=§nR3

This confirms the well-known result for the volume of a sphere.

5.8 Exercise: Applying the Metric Transformation Formula

Here we show how the metric transformation formula is formally applied when converting from a Cartesian to
a polar (spherical) coordinate system.

1. General formulas
We recall the following relationships:

1.1.Transformation of coordinates

1.2.Line element in Cartesian coordinates
ds? = Ny, dEMdET
1.3.Invariance of the line element under coordinate transformation
ds? = Gmn (X)dx™dx™ = gpq (V)dyP dy*
1.4.Transformation formula for the metric
dx™ dx"
Ipqg(¥) = Gmn(x) d_yl’d_y‘l

2. From Cartesian to spherical

We consider the following Cartesian metric (in four-dimensional space-time with signature (+,- ,-,-)):
ds? = c?dt? — dx? — dy? — dz*
The corresponding form in spherical coordinates is (with equation 4 6 1):

ds? = c?dt? — dr? —r?d6? — r? sin? 6 dp?
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The metric tensor in Cartesian coordinates is:

1 0 0 0
_[0 -1 0 0
Iv =10 0 -1 o0
0 0 0 -1
So here we have ggo =1, g11 = —1, g2 = —1 en gz3 = —1 for Cartesian elements, and the other elements

are zero.

Our objective is now: find the metric g,,, in spherical coordinates.

goo =1, g11=—1, gpp = —1%,g33 = —1?

sin? 6
3. Coordinate transformation
The spherical coordinates are expressed as a function of the Cartesian coordinates:
x =7rsinf cos @

y =rsinfsing

z=rcosf
We apply the transformation formula:
dx™ = 0x™ dy”
ay”
When we write out this formula in full, it looks like this:
dt a—dt+a—dr+a—d9+a—d<p
Jt ar a6 dp
dx = a—xdt +a—dr +a—d0 +a—d<p
Jt or a6 dp

dy  dy 0 9
dy = 2 dt + L dr + 22 dg + =2 dg

i T 90 T oe
dr=22ar+ %4+ % 49+ 9% 4
T Y T e T e 99

The differentials become:
dt =dt
dx =sinfcos@dr +rcosfcospdfd —rsinfsinpde
dy = sin@sin@ dr + rcosf sinp df + rsin 0 cos ¢ do
dz = cos@dr —rsinfd df

So the elements of the metric tensor are:
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at Jat Jt Jt
=0

Frin P Fr Fr

dx dx ) dx dx ] )
EZO §=+51n9c05(p %=+rcosec05(p %=—rsm951n(p
%:0 a—i]:+sinesin<p g—g=+rcosesin<p S—Z=+rsin9cos<p
0z 0z 0z ) 0z

E:O E=+c059 %z—rsm9 %z

4. Calculating the New Metric
We now apply the transformation formula:
dx™ dx™
dyP dy1

Ipq V) = Gmn (X) 7

We now work out the metric tensor elements:

dx? dx” dx® dx?! dx? dx? dx? dx3
9oo(Y) = goo(x )d OdyO + go1 (x )d OdyO + 9oz (x )d Ody + 9oz (x )d Ody +

()dx dx® N ()dx dx! N ()dx dx ()dx dx3 d
dx? dx® dx? dx! dx? dx? dx? dx3
gzo(x)d Odyo 921(x)d Odyo gzz(x)d Odyo 923(x)d Ody0+

da® dx” dx® dx' dx3 dx? dx3 dx3
g30(x)d_y°d_yo + g31(x)d_y°d_y° + g32(x)d_y°d_y° + 933 (x)d_yod_yo

As an example, we now fill in the correct polar and Cartesian coordinates:

dt dt dt dx dt dy dt dz
Grr = Gt aa"‘gtx dr dr + 9ty 72 dr dr + Gtz aa"‘
dx dt dx dx dx dy dxdz
IGxt EE"’gxxEd Ixy 7 de + Gxz d_d_+
dy dt dy dx dy dy dydz
Segrar " arar "W arar "9 arar
dz dt dz dx dz dy dz dz

Gzt aa"’gzxadr gzy dr dT gzz aa

Because the coordinate system here is an orthogonal system, only those elements with equal indices are non-
zero.
So the matrix above ultimately becomes:

1.5.Time component:
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_ dt dt N dx dx N dy dy+ dz dz
I = 9u grar V9= grar I arar V97 gt ar

g =1+0+0+0=1
1.6.Radial component:

B dt dt N dx dx N dy dy N dzdz
Grr =9 grar T I gy Y9 grar T 9% gr ar

Grr = 0 — 1(+sin 6 cos 9)? — 1(+sin O sinp)? — 1(+ cos§)? = —sin®> ¢ — cos? ¢ = —1

1.7.Angular component 0 :

_ dt dt N dx dx N dy dy N dz dz
900 = 9t a9 a9 " I apae " 97 aede " 9 dg dg
goo = 0 — 1(+r cos @ cos ¢)? — 1(+7r cos O sin p)?> — 1(—rsinf)? = —r? cos? § —r?sin® @ = —r?
1.8.Angular component ¢ :
dt dt dx dx dy dy dz dz

Gop = Gt %% t Gxx @% + Gyy %% + 9z %%

9pp =0 —1(=rsinfsinp)* — 1(+rsinb cos @) — 0 = —r*sin* ¢

Result

So the transformation from a Cartesian to a polar metric tensor yields the following elements:

goo=1 g11=-1 gp=-1 933 =—1
9ie=1 gmw=-1 geo=-1> gy, =-1*sin’g

Or in matrix form:

1 0 0 0

{0 -1 o0 0

Iw =0 o =2 0
0O O 0 —r2sin?0

This corresponds to the metric of a polar coordinate system in a three-dimensional space.

Conclusion

Applying the metric transformation formula to the transition from Cartesian to spherical coordinates leads to
the expected spherical form of the space-time metric. This exercise illustrates how tensor transformations are
used to guarantee coordinate invariance of physical laws within general relativity.
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5.9 Further Considerations on Co- and Contravariant Transformations

5.9.1 Introduction

In this section, we examine how basis vectors and vector components transform under a coordinate
transformation. We consider both the direct and inverse transformations and check their consistency. These
considerations form the basis for understanding covariant and contravariant objects in tensor analysis.

5.9.2 Covariant Transformation of Basis Vectors and Dual Vectors (or one-
forms):

Consider a two-dimensional vector space with original basis vectors &; and &, , which are transformed to a new
. . . —/ -/ . . . . .
coordinate system with basis vectors "é; and e, . This transformation is linear and can be written as:

el = a11€é1 + aqp€;
e; = azie; +axe;

(el>_(a11 a12)(€1)
e Qz1  Qz2/ \é;

e =Ae

This can be written in matrix form as:

Or more concisely:

5.9.2.1 Inverse Transformation of the Basis Vectors

To find the inverse transformation (from the transformed to the original system), we solve €; and €, in terms

of 8, and &, .
Step 1: Set up linear combination

We take combinations of the original transformations to isolate é; :
_ - -
az€1 = 110261 + 120226
a12€; = A120z1€1 + A12022€;
Subtracting gives:
A€ — ape; = (a11a; — A12021)€;
This gives us the expression for é; :
_)! _>l
A22€1 — A12€;

-

€1

11022 — Q12021
Step 2: The same for €,
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In a similar way, we find:
_ - -
a1 €; = aj1az1€; +a12031€;
aj1€; = a11az1€1 + ag1a2€;
Now we multiply the first equation by a,; and the second by a;4 and subtract them from each other again to
find éz .
N N N
az16; — a11€; = (a12a21 — a11a;2)€;
So the expression foré, is:

_ —azie; + a6,

a11Qz3 — Aq120a31

In matrix form, the inverse transformation is:

(‘122 —alz) ,
(el) _ \=ax agy (6’1)
€2 11022 — Q12021 \€2
Or, more concisely:

é=(@AhHe
5.9.2.2 Checking the Inverse Transformation

We can check whether A and A~ are indeed inverses of each other by multiplying the two matrices together
and seeing whether they produce the identity matrix A™1A = I :

(el)_(all a12)(6’1)
e Qz1  Qz2/ \é

Now we multiply A~1 by A:

1 (azz —a21)(a11 a21)_
(aq1a97 —ajpay) V%2 Q11 /\A1z Ay

( (az20d11—021012 Az2021—0A21077 )
—Q1p0q1 T Q11412 —A120p1 + A114p;

(ai1a32 — agpa;1)

(azz a1 —az1a 0 )
0 —Q1,071 + A110y;

(a11a32 — aspaz1)

(az2a11—az1a12) ((1) 0)

(a11a22 — a12a31)

(o 1)

This simplifies to the identity matrix:

Therefore:
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A1A=1

the inverse transformation is correct Q.E.D.

5.9.2.3 Conclusion

We have derived the covariant transformation for basis vectors and its inverse in a two-dimensional space. We
have verified that the transformation and its inverse cancel each other out to the identity matrix, which confirms
the consistency of the transformation between basis vectors in different coordinate systems. This formal
consistency is essential for the correct application of tensor transformations in general relativity.

5.9.3 Contravariant Transformation of Vector Components

In differential geometry, it is essential to distinguish between how basis vectors (covariant) and how the
components of vectors (contravariant) transform under a coordinate transformation. In this section, we examine
the transformation properties of contravariant vector components in a two-dimensional space.

Vector Invariance and Component Transformation

A vector V remains geometrically the same under a coordinate transformation, but its components change.
Suppose we write in the original coordinate system:

V=V8é +V,8
and in the new (transformed) system:
V=V8 + V8,
V; Since the vector itself remains invariant, the components of the vector must change as the basis vectors
change.
Basis change
The new basis vectors are linearly related to the original basis vectors via a matrix A:
(%) =A (él), where 4 = (a11 a12)
e € a1 4z

The inverse transformation for the basis vectors is then:

e &
&)=+ (2)
€ €
Derivation of the Contravariante Transformation

By expressing the basis vectors e; and e; in terms of €; and €&, , we obtain:

‘7 = Vlgl + V2§2
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— a é)’ —a é)’ —a é)’ +a é)’
V V. 22¢1 12€2 LV 211 11€2

1 < ) 2 < )
ay10ay> 120721 ap10ay;y 120721

This can be rewritten as:

! N N N

7 <a22V161 - a12Vlez> + <—a21V2€1 + ‘111V26’2)
A11dz2 —A12021 a1z — Aq120721

By combining the terms:

7= (aVi—ay Vp)é; + (—aVy + ay ,)é,

A11022 — A12021
And we also know that:
V=Vvé +V,é
This gives us the transformations for the components of the vector:

, ar,Vi—ao V-
V1_(221 21V2)

110Gz — Q12021

r (mappVr + a1 V)
v, =

A11az2 — Q12021
In matrix form, we can write this as:

( azz —a21)

(V;)= —a1; Qq1 (V1>
v, aq1103; — Aq30a1 \V2

So:

V' =@Hrv

Inverse Transformation of the Components

Now for the inverse transformation, starting with the transformed vector components:
V=8 +V,8
V =V1(a118; + a128,) + V5 (a218; + az,8,)
This gives:
V= (anVy +azV)é + (a;Vy + azV,)é,
Which corresponds to:
V=Vé + 1,8,
From this, the relationships for the original vector components follow:
Vi = anVy + ayV;
Vo = aiVi + azV,

In matrix form:
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(Vl) _ (a11 a21) (Vi)
VZ A1z Az VZ

<61> _ (a11 alZ) (61)

e Q1 G2/ \€;

In contrast, the vector components transform in the opposite direction:
( azz —a21)

(Vlr): —Qi;  aqq (V1)
Vo) agaz; — ajpa \Vz

The basis vectors transform according to:

5.9.4 Summary of the Transformations

The core relationships are as follows:
Basis vectors (covariant):
e = Aé
é=(Aa"1)é
Vector components (contravariant):
V' =@Hv
V=AV
So if the basis vectors (covariant vectors) transform with:
air a2
(a21 azz) =4

While the relationship between:

(a11 a21)_ AT
Az azz

The transposed of A:
Then the contravariant vectors transform according to:

Vi Vi
(V2> en (V2>
( az; —a21)
i Q11 ) _ A‘l)T
(a11a22 — aj2a31)

This is the inverse and its transpose.
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Conclusion

When the coordinate system changes, the basis vectors transform according to a matrix A, while the vector
T
components transform with the inverse transpose (A 1) . This contravariant transformation ensures that the

vector V itself remains invariant—its representation adapts to the changing basis so that the geometric meaning
is preserved.

5.10 Considerations on the Minkowski and Schwarzschild Formulas

5.10.1 Minkowski -space

The Minkowski metric is used in special relativity, in which the effects of gravity and acceleration are neglected.
In this context, reference frames move uniformly at constant speed relative to each other, and the coordinate
system used is linear and flat.

Consider a point K in space-time with its own coordinate system. In this system, K is always located at the origin,
so that only time progresses. The distance in space-time—the interval—is then given by:

s =T,
where T is the proper time, measured by a clock moving with K.

An observer is located elsewhere in space-time with a different inertial system, which moves relative to K. If the
observer observes that K is moving in space, then the measured velocity of K is:

(x? +y? + z%)
=t—2

The Minkowski metric in four-dimensional space-time is then written as:

2

s2 =22 —x2 —y2 — 72

For an infinitesimal segment along a world line, the following applies:
ds? = c?dt? — dx? — dy? — dz?
This differential segment is, as it were, a tangent to the world line in space-time. Even if the world line is curved

(as in the case of acceleration or in the presence of gravity), we can locally approximate it as being composed of
linear segments.

The coordinates t, x, y, and z represent four components of a space-time vector. In an orthogonal coordinate
system (such as in Minkowski space), the interval can be calculated using a generalized Pythagorean theorem. If
we take the time component as imaginary ict, and the space components as real, then the familiar Minkowski
form follows.
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To describe the general structure of an interval s in four dimensions, we can write:

We must realize that t, x, y, and z have magnitude and direction; they are vectors. Finding the magnitude of s
means adding the four vectors. If this coordinate system is an orthogonal system, the Pythagorean theorem can
be applied to the space segment. If we consider the time part as complex icdt, and for the left side of the
formula ds=icdt, then by squaring the coordinates we obtain the Minkowski formula.

§ = a15c’1 + az.?_C)Z
To find the magnitude of s, we calculate the inner product of s by multiplying s by itself:
5.8 = (a1X%1 + azXy). (a1 %1 + aXy),
Which results in:
s? = ay%x?,a;a,%,. Xy + aqay%y. X0y X3

In four dimensions, we generalize this using the metric tensorg,,, :

u v

Or in Einstein notation (sum over repeated low and high indices):
s? =gy, xtxY

When using a local orthogonal coordinate system, all products involving 4 # v disappear. If only an
infinitesimally small local "area" is considered, dx is used instead of x, and the same applies to the other
coordinates. Finally, the equation results in a Minkowski or Schwarzschild form:

ds? = (cdx®)? — (dx1)? — (dx?)? — (dx?)?
General:

ds? = goo(cdx®)? + g11 (dx1)? + gp2 (dx?)? + g33(dx?)?

In Minkowski space, the components of the metric tensor are constant:

oo =land g11 = g22 = g33 = —1

Meaning of the Minkowski formula
The Minkowski interval formula is:
ds? = c?dt? — dx? — dy? —dz* = c2dt’® —dx'* - dy’2 —dz'*

The left side represents an object that is in its own (moving) reference frame: it experiences only a progression
in its own time 1. An observer in the coordinate system t, x, y, z sees the object moving at a speed:

(dx? + dy? + dz?)
B dt?

And a second observer in another inertial framet ,x ,y ,z measures:

L, (dx+dy*+dz'?)
v = )
dt

2
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The relationship between proper time t and coordinate time t is given by:
ds? = c?dt? — dx?® — dy? — dz? = c?dr?

So:

2 2 342

v cedt

c2dt? = c2dt? <1 — —2) 5
c 14

Here,T is the so-called proper time, that is, the time of a moving clock located at the origin of its own moving
coordinate system.

The relationship between the proper time 7 in the ds system and the observer is:

dt?
de = -
Y
dt = ydrt
where the Lorentz factory is defined as:
_ 1
Y= =
-z

Becausey = 1, dt < dt : a moving clock runs slower than a clock at rest from the perspective of an external
observer.

5.10.2 Transformations performed by Schwarzschild

The Schwarzschild metric is an extension of the Minkowski metric in that it also takes into account the effects of
mass and gravity. In contrast to the flat space-time of special relativity, this results in a curved space-time. This
curvature translates into a non-linear coordinate system, adapted to the spherical symmetry around a massive
body.

From Cartesian to spherical

Schwarzschild starts with the usual flat (Cartesian) coordinates and performs a transformation to spherical
coordinates (7, 8, @) . This results in the following expression for the space-time interval (in natural units G=c=1,
this is often written without ¢, but we retain it here for didactic clarity):

2 2.27.2 dr? 2902 _ 2 2cin2 2
ds® = oc“cdt —?—r dO° — r=sin“0 d@
With:
2GM
rc?

o2 =1-

The determinant of the metric
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The determinant g of the metric tensor appears in these coordinates:
-1
g = o2, (F) (=1%).(=r%sin?0) = —r*sin? 6

However, Einstein wanted g=-1 to apply in suitable coordinates in his field equations (as in the Minkowski
metric). Schwarzschild therefore investigates whether there is a coordinate transformation that satisfies this
condition.

Transformation to new coordinates

To normalize the determinant to g=-1, Schwarzschild defines new coordinates (x, x,, x3) , based on:
dr 1 o 1 dg

dx; 1%’ dx, sinf’ dxs3

Schwarzschild notes: "The new variables are the polar coordinates with determinant 1." To obtain these
derivatives, he finds the following relations:
3
X =—=, X =—cosf, x3=0

3 )
These new coordinates transform the metric to:
2
dx1 2 1

2. 2
rtg? sin2 @

ds? = g%c?dt? — dx,? —r?sin? 0 dx;>

Substitution of trigonometric relations
Since x, = —cos 8, the following applies:
x;2 =cos?0 =1—sin?f =>sin’f =1 — x,°
We thus rewrite the metric as:
dx,? 1

r? dx,? —r?(1 — x,%)dx3?

ds? = g?c?dt? — -
r4g? 1— x,2

The new metric components

The components of the metric tensor g, in these transformed coordinates are now:
2

oo =0
1
911 = T rig2
r2
922 = 1= x,2

The determinant g of this tensor is now:

9 =Yoo " 911" 922 " g3z = —1
Exactly as desired. The transformation performed by Schwarzschild is therefore valid and results in a metric with
determinant -1, despite the curved nature of space-time.
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Special cases

In the specific case 8 = 90° , the following applies cos 8 = 0, and therefore x, = 0, which leads to:

dxlz

rtg?

sinf =1 = ds?=o?c%dt? - —r2dx,% — r?dx;?

In this plane around the equatorial plane, the metric becomes even simpler in form.

5.11 Schwarzschild: “On the Gravitational Field of a Mass Point According to
Einstein’s Theory”

The aim of Karl Schwarzschild in his 1916 article was to find an exact solution to Einstein's field equations in a
vacuum. This solution describes the space-time around a mass point moving along a geodesic line in a four-
dimensional manifold, with the space-time interval ds at its center.

Conditions for the solution
The following conditions are imposed on the solution:
1. Time independence: All components of the metric are independent of the time coordinate x,.
2. No space-time coupling: The mixed components g,4 = g4, =0 forp =1,2,3.

3. Spherical symmetry: The solution is invariant under orthogonal transformations (rotations)
of x1,x; x3; this reflects spherical symmetry.

4. Asymptotic flatness: At infinite distance, the components of the metric tensor disappear, with
the exception of the following limits:

lim g44 =1, rll_)l‘{}o 911 = 922 = g3z = —1

r—-00

From Cartesian to spherical coordinates
Schwarzschild starts with a general metric in Cartesian coordinates:
ds? = Fdt? — G(dx? + dy? + dz?) — H(xdx + ydy + zdz)?
He then performs the standard transformations to spherical coordinates:
x =rsindcosp, y=rsindsing, z=rcosV;
After substitution, we obtain the space-time interval in spherical coordinates:
ds? = Fdt? — G(dr? + r?d9? + r? sin9? dg?) — Hr?dr?
This is rewritten as:

ds? = Fdt? — (G + Hr?)dr? — Gr?(d9? + sin9? d¢?)
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Transformation to determinant 1

Because the determinant of the metric in this case is not equal to -1, Schwarzschild performs a transformation
to new variables that satisfy this condition. He defines:

73

xl—?, X, =—cosVY, X3=¢@
This makes the line segment:
G H dx,?
dSZ = thZ — (T_4 + T_2> dxlz — GTZ [1——)(22 + dX32(1 - Xzz)

The Schwarzschild solution
By inserting this metric into the Einstein field equations and solving them in vacuum (T;w = 0) , Schwarzschild
finds the well-known solution:

2GM
c2r

ds? = c2dt? = (1 - )Czdt2 - dr? — r2d6* — r? sin? 6% d@? (12)

This equation describes the curved space-time around a spherically symmetric mass point in a vacuum. Although
Schwarzschild began his derivation with Cartesian coordinates, the final solution is more convenient and
insightful in spherical coordinates, given the spherical symmetry of the problem.

There is also a less common form of the Schwarzschild solution in Cartesian coordinates, which is as follows:

2GM
2GM 2
ds? = c?dt? =(1- 5 c?dt? — (dx? + dy? + dz?) — — T (xdx + ydy + zdz)? (13)
c?r (1 _ ZGM) r2
c?r

However, this form is rarely practical, because spherical coordinates are much better suited to the symmetry of
the problem, for example in applications such as the description of black holes or the exterior of stars.

Sources

e Schwarzschild, K., On the Gravitational Field of a Point-Mass, According to Einstein's Theory, published
on January 13, 1916.

e Oas, G., various discussions and analyses of the Schwarzschild solution. See also the Bibliography section
at the end of this document.

The Schwarzschild solution is a cornerstone of general relativity and is frequently used in astrophysics in the
study of black holes, neutron stars, and other objects with extremely strong gravitational fields.
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Part VI - Validation of the Theory

6 Verification of whether the Schwarzschild Metric satisfies Einstein's Field
Equations

We will now mathematically verify whether Schwarzschild's equation satisfies Einstein's field equations. We will
do this first for the complete field equations and then for the simplified ones.

6.1 Verification using the full field equations

The general form of Einstein's field equations is as follows:

1 8nG
Ryv - Eg;wR + Agyv = C_4T;w

Here, the left side describes the geometry of space-time, while the right side represents the content of mass and
energy. The constant A is the cosmological constant, which is usually negligible in calculations on an
astrophysical or planetary scale. Therefore, the simplified equation is usually used:

1 8nG
Ryv _Egva = C_4Tuv

The left side of the formula represents the geometry, while the right side is formed by the mass and energy. In
vacuum regions—i.e., outside a mass—Tw = 0, so the equation reduces to:

1
R, —EgWR =0

The indices u and v each take four values (0 to 3), resulting in 16 coupled differential equations. The field
equations are completely dependent on the metric tensor g,,, and its first and second derivatives. This is
because they are constructed exclusively from the Christoffel symbols and their derivatives, and the Christoffel
symbols themselves are completely determined by the metric and its first derivatives.

6.1.1 The Schwarzschild solution

Karl Schwarzschild found an exact solution to the field equations in vacuum, assuming spherical symmetry. The
metric is:

dr?
ds? = a?c?dt* — i r2d0? — r? sin? 0% d@>

with:

The general form of the metric in coordinate notation is:
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dSz = goodt2+g11drz + g22d92 + g33d®2
This shows that only four of the sixteen metric components are non-zero. Therefore, there are only four relevant

components of the Ricci tensor R,,, , namely:

Roo, R11, Rz, R33

6.1.2 The Ricci tensor and Christoffel symbols
The Ricci tensor is defined as:
_ pP
Ry =Ry,
With the general expression:

_pP _TP _TP P rA _ P 1A
Ruv - Rupv - Fuv.p Fpu.v + Fpk FV“ L r‘P“

Or written differently:

p P

R Rl - 7] B Tl

S N O Y

This formula is composed of derivatives and products of the Christoffel symbols. The general form of a
Christoffel symbol is:

P A _ P A
+ T T — T Tow

1 09va 09y OGuwv
F,U — _ ,pa Ha N
g 29 {ax“ + axVv ox«

6.1.3 Simplification in vacuum

As indicated earlier, in vacuum:

1
R,uv _EgHVR =0

Here, R stands for the Ricci scalar and represents the curvature of the local space-time. The Ricci scalar is a
measure of the total curvature of space-time at a given point and is calculated as the contraction of the Ricci
tensor:

R =g" Ry

This means that the Ricci scalar is a summary of how space-time curves in all directions, based on the
information in the Ricci tensor. In the case of Einstein's field equations in a vacuum, R= 0, which means that the
total space-time curvature is zero outside a massive source.

When the previous formula is multiplied by g* , we get:
1
Rﬂv - E'g’“’R =0
v 1 Hv 1
9" Ry —Eg gowR=0=>R —5(4)R =0

This can only be true if R = 0 and therefore R, = 0.
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So, as a result of the relationship between R and R it is clear that:

uv s

1
R, —ngR =0

so the vacuum equation becomes:

R/W =0
6.1.4 Calculations and numerical verification

Based on the general form of the Ricci tensor and the Christoffel symbols, we have demonstrated both
numerically (using a computer program) and theoretically that the Schwarzschild metric indeed satisfies the
vacuum equation. R, =0

The relevant expressions for the Ricci components in terms of Christoffel symbols are:
Roo = Tgo,1+T00 Ty + Tgo Tz + Ty T — g T
Ryy = —Tioq — g1 — i3 + [Ty + Ty T + Ty Ty — TTgy — T T — I T
Ry = Tppq — T3y + [0y Ty + Ty Ty + T3y Ty — T4y Ty — T35 T3,
Rs3 = +T334 + T3, + 33 Ty + T3 Ty + T35 Ty — [ T3 — T35 T
These equations were evaluated by deriving the Christoffel symbols from the Schwarzschild metric and

substituting them into the above expressions. These symbols are summarized in Table 1 (see Appendix 1.2).

Note: In the literature, the Christoffel formula is sometimes given with a minus sign (=/%) or a plus sign (+%) for
the leading factor. In our approach, we have used a positive factor of %. This convention proved to be consistent
with the result that all relevant Ricci components are zero:

Roo =R11 =Ry =R33 =0

which is required according to Einstein's field equations in vacuum. Therefore, the Christoffel formula is applied
in the following form:

1 99va  O9pa _ 09y
OxH oxv 0x«

6.1.5 Conclusion

Through both analytical and numerical evaluation of the Ricci tensor components, based on the Schwarzschild
metric and associated Christoffel symbols, it has been demonstrated that this solution does indeed satisfy
Einstein's field equations in vacuum. This makes the Schwarzschild solution an exact and physically consistent
description of the space-time structure outside a spherically symmetric mass.

6.2 Checking Roo, R11, R22 and R33 in the Schwarzschild metric

When checking the Einstein field equations in vacuum, the components of the Ricci tensor—
namely Ryg, R11, Ry, and R33— must be evaluated in the context of the Schwarzschild solution. This is done in
spherical coordinates (¢t,7,6,0) .
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The Schwarzschild metric is:

dr?
ds? = o%c%dt? — ke r2d6?% — r?sin? 0 do?

With

Where R; = ZCG—ZM is the Schwarzschild radius.

To determine the components of the Ricci tensor, we go through the following steps:

1. Derive the Christoffel symbols from the Schwarzschild metric in spherical coordinates;
2. Substituting these symbols into the expressions for the Ricci tensor components;

3. Checking that all relevant components R,,, are equal to zero, in accordance with the Einstein field
equations in vacuum.

The Christoffel symbols used and their derivatives can be found in Appendix 1.2.
The individual checks are listed below.

Check of ROO
The component Ry is given by:
Roo = [do,1+Tg0 Ity + Tgo T + oo I3 — Tox T
After substituting the relevant terms, the following applies:

_ R,(3R;—2r) o*R; =R,  0°Rs1 0’R;1 Ry o’R,

00~ 2r4 2r2 2r2g2 ' 292 r ' 2r2 r 2r2g?% 2r2
Rs(3Ry —2r) R¢® 2R,(r—Rs) 3R,*—2rRs—R,*+ 2R,r — 2R*
™ A ™ 21 =0
So:
Rgpo =0 q.e.d.
Checking R4
The component Ry is calculated from:
Ry = —Tfoq — Ty 1 — Tigq + 1Ty + Ty Ty + Ty Ty — TpTg; — Tfy T — T T3
After calculation:
R(R,—2r) -1 -1 —R, R, R, 1 -R, 1 R, R, 11 11
W= opdgt 42 p2 1 2920227202 ' 21202 1 2r202 1 2r2022r6? rr rr
oo @iz 11 R R R R 11
2rigt r2  r2  4rigt 2r3¢?2 2r3¢%2 4Artet r?2 2
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Rs
R(R,—2r) RS 2Rr(1-=7)  R(R,—2r) RS> 2R, —2R

R = 2rtgt  2rtgt 2rtgt B 2rtct 2rigt  2rtgt
—R,242rRs —R®> —2R,r+2R,?
R = 2rig* 2r4ot 2rio* =0
Therefore:
Ri; =0 qg.e.d.
Check of R,

For the component R,, , the following applies:
3
Ryy =Ty — T35, + T Iy + T Ty + T3 T —TATS, — T T3,

Filling in gives:

Ry =—-14+1—r0? 2:2502 +710? z;l:zR;z —ro? %+% ra?—0=0
Therefore:
Ry, =0 q.e.d
Check of R33

The component R33 is calculated as follows:
Rz = +T331 + T35, + 43 Ty + T35 Ty + [33 T, — T3 T35 — T3, T4

The calculation results in:

R R 1 1
_ 2 s 2 s 2 2 _
Ryz=—-1+1-710 2T202+r0 —Zrzaz—ra ;+;ra - 0=0
Therefore:
R33 =0 q e. d
Conclusion

All relevant components of the Ricci tensor are zero:
R, =0 for u,v € {0,1,2,3},

which confirms that the Schwarzschild solution satisfies Einstein's field equations in vacuum. This demonstrates
that this solution correctly describes space-time outside a spherically symmetric mass in the absence of energy
or matter. This constitutes a fundamental confirmation of both the consistency of the Schwarzschild solution
and the correctness of general relativity in this specific case.
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6.3 Checking the Ricci tensor components Roo, R11, R22, and R33in Schwarzschild
coordinates

We explicitly check the components of the Ricci tensor for the Schwarzschild solution in a modified coordinate
system (to, X1, X2, X3) , Where the metric has the form:

ds? = o%c%dt, 2 — — — ——— —1r?sin?0 dX32

Where g% =1 — % , with R; the Schwarzschild radius.

The necessary Christoffel symbols and their derivatives are given in Appendix 1.3. Below, we verify that all
components of the Ricci tensor are zero, as required for a vacuum solution (R, = 0).

Component R,
Roo = Too,1+Tgo Iy + Too Tz + T Tis — To1 T
Filled in with expressions for the Christoffel symbols:

R2 R,023R,—4r Ryw? 1 Ry? 1 R, R,o?

Ryp = — — —
00 ™ op4 2 2rig? 2 13 2 r3 2rtg? 2
2R’ N 3R,% — 4rR, N 4R;ra?  RZ
00 ™ 44 4t 4t 44

2R.2+3R,” —4rR, —R,2 4R,(r—R,) 2R.2+3R,’ —4rR, —R,> 4R,r — 4R
ROO = + = +

47t 4 4t 4r4
e 4R,% — 4R, N 4R,r — 4R,? _
00 474 474
Result:
ROO =0 q e. d
Component R4
Ryy = —T{o1 — Ty —Tisq + ThTN + T T + T T — TRIG — T& TA-TH T3

Filling in gives:

R(3R—4r) -3 -3 3R —4r R, 3R—4r1 3R—4r1 R R 11
27’8041 ) ré rb 2rtg? 2rtg? 2rtg? 13 2rta? 3 2rto?2rtg?  r3¢3

r3 rs3

After simplification:

Rs
2R;(3Ry —4r) 4 R,(3R,—4r) 4BR;—4rr(1-—) RS2

Ri1=— — —
1 47804 r6 47804 47804 4r8g4
= —6R,* + 8rR; + 3R, — 4rR, + 12R,r — 1612 — 12R,? + 16rRs — R,? N 4
= 4r8g4 r6
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Rs\?
—16R,* +32rR; —16r% 4  —16R,* + 32rR; — 1672 . 161 (1 - 7)

= +—=
11 4r8g* roé 4r8g4 4r8g4
Rs  R,?
_ —16R,*+32rR,—16r> 4 —16R,* + 32rR, — 1612 16r?(1-2--+-%) _
= 4r8g4 r6 47r8g4 4r8g4 B
r —16R,*> +32rR, — 16r> 4  —16R,* + 32rR, — 1672 N 16r% — 32rRs + 16R,> 0
= 47804 ré 4r8g* 47r8g4 N
Result:
R11 =0 q.e. d
Component R,
Ry =Thyy — T3, + T Ty + T, Ty + T I —TA T3, — TR T35
Filling in and simplification gives:
R 3R, — 4r 1
_ s 3 2 s 3 2 s 3.2 3.2
Rzz——3+r+1—TO' W—T TO_Z—TO' T—3+T_3TO'—O
2R, R, 3R, —4r 1 1
R,» = =3 1___—_32_ _32_0
22 +T+ o o TO'T3+r3TO'
—4r 4R, Ry 3R, —4r
R = — e —— 0
22 2r + 2r 2r 2r
Result:
Rzz = 0 q e. d
Component R33
R33 = +T431 + T3, + T Iy + T Ty + T T, — T3 T — T3, T
2R, s, Re 4 ,3R;—4r .1 1
R33=—3+T+1—T o W—T o W—T o T_3+T_3r oc— 0
R, R, 3R,—4r ., ,1 1 .,
R33=_3+r 1—;— o T0 —+—5rcc—-0
o T4 4R, Ry 3R —d4r_
3BT 2 2r  2r 2r
Result:
R33 =0 q e. d
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Conclusion

The four independent components of the Ricci tensor are all zero in Schwarzschild coordinates, as expected for
the vacuum solution of Einstein's field equations:

Roo =Ry1 =Ry = R33=0

This confirms that the Schwarzschild metric is indeed a solution of R, = 0 outside the central mass.
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6.4 Verification of the Schwarzschild Solution using a simplified form of the field
equations

In this chapter, we check the Schwarzschild solution using a simplified version of the Einstein field equations.
This limited form comes from Schwarzschild's original derivation and applies only when the trace of the metric
tensor satisfies:

tr(guv) =-1
In this approach, the field equations take the form:
org
_ T a b
Gy = ox, + s D

In this expression, the Christoffel symbols are defined with a negative sign, as Schwarzschild did:

L oo {agm L 09 _ ag,w}

rh =—-=
i 2 JxH axv 0x®

Due to this negative convention, all derived expressions, including the derivatives of the Ricci tensor, will differ
in sign from the standard definition.

Schwarzschild used the coordinates (t, x, y, z) in his derivation. We will therefore start with these coordinates
and show the relevant components of the Ricci tensor, as they follow from the limited formula.

Derivative components of the Ricci tensor
The following expressions apply in Schwarzschild's notation:

e For the Ryy component:
Roo = Tgo,1+T01 Too + Too Ity
e For the R{; component:

Rll == Flll,l + Floor(())l + Flll Flll + F122 F221 + F133 F331

e Forthe Ry, component:

Ry = Tp1 + Tia + Ty Tfy + T4y Ty + T3, TS, + T35 T3
e Forthe R33 component:

Ryz = +T331 + 53, + T35 Iy + T I35 + T3 T3 + 13, T

These components can be easily filled in once the correct Christoffel symbols have been calculated from the
Schwarzschild metric. In the next section, we evaluate these components explicitly.

First:
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6.5 t,x,y,z(-modified polar) coordinates

We work in modified Cartesian-polar coordinates (t, x, y, z), in which Schwarzschild originally formulated his
solution. We explicitly check that the components of the Ricci tensor R, are zero

Calculation of Ry

1
Roo = Tgo1+T61 Tao + Tdo b

With the given values:

R = —R? N Ry, Rw® Ry* Ry, —-RS RS 0
007 o4 " 2rtg2 2 2 2rig?2  2rt  2r%
Result:
ROO = 0, g.e. d.

Calculation of R4

Riy =Tiya + 0OT0) + 44 Ih + 05 0 + G315
By carefully substituting and simplifying all terms, we find:

-6 10R, 45R> R, R, 3R,—4r3R,—4r 11 1 1

Ryt = — - -
7 6q4 7 1754 8454 2rto2 2rtg? 2rtg?  2rto? r3 3 33

-6 10R, 45R,® R O9RZ+16r%—24rR, 2
R = réat " r7g*  18g% | 4r8g% 4r8g* + ré
—24r%2  40rR, 18R,> R,;> 9R,/?+16r% —24rR, 2
R = 47r8g4 + 41854 4r8g% " 4r8gt 4r8g4 + ré
—8R,2—8r2 +16rR, 2
R = 4r8g4 + ré
—8R,2 —8r2 +16rR, 8ric*
R = 4r8g4 4r8g4

R 2
—8R,> —8r2 + 16rR, 81° (1 - —S)

Ri1 = L
4r8g4 4r8g4
= —8R,% — 8r2 4+ 167R, N 8(r?+R,* — 2rR,) _ 0
= 4r8g4 4184 B
Result:
Ri; =0 q.e.d.

Calculation of R,
Ry =T3yy +Th, + T Th + T4 T, + T4 T + T T3

After simplifying the trigonometric and radial terms:

R — —2R, + 3r N —1—cos?6 N -r30g? 1 N 1 —1r36%> —cos(@)—cos(@) cos8 cosb
227 rsin?6 sin* 0 sin20 r3 13 sin?20  sin?(0) sin%(0) sin?(0)sin%(0)
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—2R,+3r —1-cos?0 —2r3¢%  2cos?6

Ra2 = rsin? + sin* @ * r3sin2 0 + sin* 0
R = —2R,+3r —1-cos?8 —2(r—Ry) N 2cos? 0

227 rsin?6 sin* @ rsin? 6 sin* @

o 1 +—1—00529 2 cos’ 6
22 " sin%0 sin* @ sin* @
sin’ 6 —sin?6 — cos? 6 — cos? 2cos” 6
2 = Sin%g + sin* 0 + sin*6
Result:
Ry, =0 q.e.d

Calculation of R33
_.rl 2 1 13 2 3 3 pl 3 2
R33 = +I331 + I35, + 33 I3 + 33 o3 + I3 [33 + T35 33

After combining terms with the angle-dependent factors:

2R, 1 cos B
R33=<3_T) sin®@ +3cos?6 —1—r30? sin? 0—+( sin? 6 cos 6) inZ(G)
—ir3azsin29+ 0 (—sin® 6 cos 6)
r3 2(0)
2R, 5 cos 6
R33=<3—T) sin?0 +3cos?0 —1—20%sin?6 — 2sin (G)COSBW

2R, R,
R33=<3_T) sin®0 + 3cos? 6—1—2(1—7> sin® 6 — 2cos? 0

R33 =<3—$) sin?@ + 3 cos? 9—1+( 2+£) sin?@ — 2cos? 0
Ry3 =sin?60 +3cos?0—1— 2cos? 0
Ry3 =sin?60 +3cos?0 —sin>0 —cos?O — 2cos?6 =0
Result:
R33 =0, q.e.d.
Conclusion

We have shown that the components Ryy, Ri1, Ry en R33 of the Ricci tensor are all zero within Schwarzschild
geometry when we use the simplified field equation withtr(g,, ) = —1 . This confirms that the Schwarzschild
solution is indeed a vacuum solution of the Einstein field equations, even in this specific derivation method.

6.6 Checking the Ricci Components in Spherical Coordinates

We check whether the Schwarzschild solution in spherical coordinates satisfies the restricted Einstein field
equations, in which the determinant of the metric is g=-1
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The Schwarzschild metric in spherical coordinates is:

2

dr R
ds? = o2c%dt? ——2—r2d92 —r2sin 0 dp?, withg? =1—-=
o

Below, we evaluate the components of the Ricci tensor R, separately.
Component R

Roo = Tgo1+To1 Too + Too o
After substitution and simplification:

—R;(3R;—2r) R, 0%R, 0?R;, R,

Ron =
00 2r* 2r2g2 2r2 + 2r2 2rig2
—R,(3R; —2r) R/’
00 = 2rt 2k
_Rs (ZRS - 27‘) _RS(RS - T)
00 = 2rt - rt
Conclusion:

Component R4
Ry = Tiyq + Tiploy + Ty Ty + T, T3 + T T3

Elaboration leads to:

—R,(2r—Rs) R, R, —R, —R, 11 1
R = 2riot 2r2o22rig? + 2r20? 2r2g? + rr + rr
_ —R,2r—Rs) RS 2
= 2riot 2rigt ' 12
—R,(2r —Rs) R  4(r*+R,* —2rR,)
1= 2riot 2rio? 2riot
—2rRy+R,>  R* 4(r?4R% — 2rRy)
R = 2riot 2ric* 2rict
—2rR+2R*  4(r?+R,* — 2rR;)
Ruy = 2rig* 2rig*
—2rRy+2R: + 412 + 4R 2 — 8rR,
Rin = 2riot
_ —10rR,+6R,” + 4r? 3R, + 2r? — 5rR,
= 2ric* B rtot

Through further simplification:

—107R,+6R2 + 412 3R* + 2r2 —51R,

= 2rtgt " r2(Ry2 + 12 — 2rRy)
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Conclusion:
Ri1 #0
Component R,
_ri 2 2 2 11 2 12 3 13
Ry = Topq + T3pp + Ty Tty + T41 [0y + T TS, + T35 55
Evaluation of these terms gives:

cos B cos@

1 1
Ry =140+ (—10%) =+ = (-r0?)+0 +
22 (ro)r r( ro’) sinf sin@
cosze_sinze cos? 0

— 202

Ry =1-202 + = +
22 sin2@  sin?0  sin%6

— 202

Ro2 = sin? @
Conclusion:
Ry #0
Component R33

_ .l 2
R33 = +T334 + T§35 + [i3 T + T I35 + T3 T3 + I3, T4

2 .2 2291 ., cosf 1 2 2 cos .
R33 =1+ c0os“0 —sin“0 —ro“sin®6 ——cosOsinb. ——+— (—ro*sin“0) + —— (—cos 0 sin0)
T sin@ r sinf
) 5 2 . o . cos 0
R33 =1+ cos“0 —sin“0 —20°sin“0 — 2cos0sinb. i

Ry3 =1+ cos?0 —sin?6 —20°sin?60 — 2cos? 6
Ry3 =1—cos? 0 —sin?0 — 20°sin’ 6
Ry = —20%sin? 6
Conclusion:

General Conclusion

We see that all components are R,,, # 0 when using the restricted Einstein field equations. Thus, the
Schwarzschild formula with spherical/polar coordinates does not satisfy this limited formula. This is not
surprising, since the determinant of g for the spherical coordinates is not -1, which is a requirement for using the
limited formula. For the Schwarzschild metric in spherical coordinates, the following applies:

1
g=—02-—2-r2-rzsin29=—r4sin29¢—1
o

However, with regard to the full formula for the Einstein field equations, Schwarzschild's spherical/polar
coordinate equation is consistent, as demonstrated above.
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Note:

The restricted formula was the result of the additional condition that Einstein added, namely that the product of
the elements of the trace of the metric tensor must be g=-1 (g = goo-911-922- 933 = —1 ). This additional
condition was introduced by Einstein to simplify the calculations and his general formula. However, the
restricted formula is a restriction that ignores a number of possible solutions. Therefore, in my opinion, applying
the general formula is the best approach. This is also supported by the fact that the practical Schwarzschild

equation:
2

dr
ds? = g%c%dt? — — - r2d6?% — r? sin? 0 dp?
o

has a g that is not equal to -1 and therefore does not satisfy the restricted Einstein formula, but does satisfy the
general formula. This formula can be used to solve all kinds of practical problems in general relativity, such as
the bending of light, the orbit of Mercury, Shapiro time delay, and so on. Various measurements have also
shown that the calculations correspond to the measurement results. In short, Schwarzschild's solution shows
that the general formula of general relativity theory is preferred over the restricted formula.

1 8nG
Ryv _Engv 4 Tyv

is preferable to the limited formula.

The general Einstein field equations form the correct basis of relativistic gravitational theory. The limited
formula is only a specialization under restrictive conditions.
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Part VII - Questions and Discussion

7 Answers to Questions

7.1 Derivation of the Schwarzschild Formula to proper time T
Question:
What | find difficult to accept in general relativity is the derivation to "ds." The line element is nothing more than
the speed of light multiplied by the locally measured time difference "dt," (ds = c. dt,). | can understand dt/ds
(difference in clock times), but what does dx/ds mean?
Answer:
The confusion arises from the interpretation of ds. In general relativity, the following applies:

ds = cdt

Where 7 is the proper time: the time measured by a clock that is at rest relative to the object being measured—
in other words, the time on a clock that "moves" with the object itself.

The quantity dt, on the other hand, is the coordinate time in a universal (or external) reference frame, for
example the center of a gravitational field (such as the center of the Earth). This time t is therefore not a directly

measured time, but a mathematical parameter that can be derived fromdrt via the metric.

The relationship between the two is:

In this,

R L . . .
e 0= /1 - the gravitational factor (derived from the Schwarzschild solution),

1
e Y= = the Lorentz factor,
(1-52)
2GM
e R, = = the Schwarzschild radius.

Derivation from the Schwarzschild metric

We consider the time interval based on the general form of the metric tensor product in a stationary, spherically
symmetric field:
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c?dt? = Ac?dt? — Bdx? — Ddy? — Edz?

where A, B, D, E are the components of the metric tensor, depending on the position in space (e.g., onr).

1 _A(dt)2 B (dx)z D (dy)2 E (dZ)Z
- \dr c2\dt cz\dr cz\dr

We rewrite the spatial derivatives using the chain rule:

dx dx dt "
—_— = etc.
drt dt dt’

Divide both sides by c?dt? :

This gives the equation:

1=2 (dt)2 B (dx>2 (dt)2 D (dy>2 (dt)2 E (dZ)Z (dt)z
- \dr c2\dt/) \dr c2\dt) \dr c2\dt/) \dr

Here, x, y, and z are divided by t in their own frame and turn out to be velocities in that frame.

1—A(dt>2 1 B (dx>2 D (dy)2 E (dZ)Z
T \dr Ac? \dt Ac? \dt Ac? \dt

2_B(dx)2 D(dy)2 E(dZ)Z
v=a\a) "a\a) Ta\a

1—A<dt>2 ) v?\ A
— \dr Y

This results in:

Or:
o
dr = —dt
Y

This is the relationship between the time of the measuring clock and the time at the origin of the universal
frame.

Conclusion

This derivation shows the relationship between the proper timet (as measured by a moving clock in its own rest
frame) and the coordinate time t (as defined in the global gravitational field). The role of dx/ds also becomes
clear: it describes the speed of spatial change per unit of proper time—i.e., the projection of the four-velocity
onto the spatial coordinates.

This relationship is fundamental in general relativity and forms the basis for analyzing time dilation in
gravitational fields, such as in the Hafele—Keating experiment and other applications of the Schwarzschild
metric.
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7.2 Explanation of Einstein's Transformation Formula

In general relativity, it is fundamental that physical laws remain invariant under coordinate transformations. The
relationship between old and new coordinate systems is expressed mathematically using a transformation
formula based on partial derivatives.

1. Coordinate systems
The formula represents the covariant transformation between two coordinate systems. The old system is
denoted by Xg ,i.e., with coordinate axes xy, X1, X, X3 . The new system is denoted by x,, , with xg, x; x;, x5 .

2. Transformation formula
We express the differential of the new coordinates dx;, in terms of the differential of the old coordinates dxg as
follows:

dxa = —v—dxlg

This formula is written according to Einstein notation, which means that there is a summation over g8 .
This actually means:

d = P9 g+ 9 gy 4 P2 g, + 524
x“‘ﬁj *o 9x, *1 9x, *2 0%, *3

For each value of a (0 to 3), this gives a separate equation that expresses each of the new coordinate
differentials dxg, dxq, dx,, dx3 in terms of the old coordinates.

3. Tensor form

In total, we then get:

dx(') = a—xgdxo +a—x¥dx1 +a—x%—dx2 + a—x§—dx3
0x, 0x, 0x, 0x,
dx; = a—x(r)—dxo +a—xlrdx1 +a—xzrdx2 + a—xidxg
0xq 0x, 0x4 0xq
dxlz = a—xgdxo +a—x}—dx1 +a—xrz—dx2 + a—xidxg
0x, 0x, 0x, 0x,
dx’3 = a—xgdxo +a—x}—dx1 +a—xrz—dx2 + a—xidxg
0x5 0x5 0x3 0x3

This can also be represented as a tensor (matrix form):
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'axo 6x1 axz 6x3'
dx, 0x, 0xy Oxg

dx, dxg O0xy Ox; Ox3| /dx,
dxy | _|0x; 9x; 0x; oxy| [ dxg
dxé - dx, 0x; Ox, Ox3| dx;
dxs/  |0x, Ox; Ox, Oxp| \d¥3

axo 6x1 axz 6x3

[0x3 0x3 Ox3 E

This matrix represents the Jacobian of the coordinate transformation and describes how vector components
transform between two systems.

4. Interpretation

This formula shows how a vector (or differential) in one system can be expressed in the other system. Important
here is:

. 0xy . . . .
e The transformation factors ai,“ indicate how the old coordinates change with respect to the new ones.
X
B
e Intensor analysis, we speak of a covariant transformation if the indices are on the right (such as axﬁ )

and a contravariant transformation if the indices are above (such as dx” ).

5. Example: Transformation within Schwarzschild metric

A practical application is the transition from spherical coordinates (¢, 7, 8, ¢ ) to Cartesian coordinates (t, x, y, 2).
Here, the spatial coordinates are transformed via:

x =rsinf cos ¢
x =rsinfsing
x =rcosf

The corresponding differential transformations for dx, dy, dz can then be derived using the chain rule, as
formalized above.
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7.3 Answer to questions concerning Schwarzschild
Question 1:

Where does the general relativity formula with the Ricci tensor come from, which only came into general use
after 19167

Answer:
The complete field equations of general relativity, including the Ricci tensor, were part of Einstein's theory from
the beginning. The simplified version with the condition g=—1 was later used to make the equations

mathematically simpler, but this restriction reduces the number of possible solutions.

In much of the literature, the tensor Guv is called the Einstein tensor. Einstein himself presented this tensor as:

1
Guv = Ruv __gpvR

2
In this,
e R, the Riccitensor,
e R: the Ricci scalar, or the trace of the Ricci tensor,

e g.: the metric tensor of space-time.

The Ricci scalar is given by:
R =g" Ry = g°Roo + 9" Ri1 + g** Ry + g*Ra3
Contraction of the Einstein field equations with g*V yields:
1 1
9" G = 9" Ry =5 9" gwR =R - 4R = -R

The complete Einstein field equations are:

1 8nG
Rpw _EguvR = C_4Tuv
Where:
° RW: the Ricci tensor,
* Juw: the metric tensor,
e G: the gravitational constant,
[ Tm,: the energy-momentum tensor,
e (: the speed of light.

There is no matter or energy outside a massive sphere. In that case, T,,, = 0, and the field equations simplify to:

1
Gw =Ry —59wR=0

2
We know that:
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1 1 1
Guv = va _5guvR = R,uv _ig,uvgﬂvRuv = Ruv _54'R,uv = _R,uv

From which it follows:

G, =0 onlyif R,,=0 andalso R=0
Background: from Riemann to Ricci

Einstein built on the work of Riemann, who had already developed a mathematical description of curved
surfaces. The Riemann tensor:

Rquv

This is a rank-four tensor and difficult to visualize. Because the mass-energy-momentum tensor 7,,, has only
two indices, the Riemann tensor must be converted from four to two indices.

Using the metric tensor, the covariant Riemann tensor can be converted into a partially contravariant form:

RPyov = g% Rygp

This is necessary to perform the desired contraction. By setting 8 = p , the contraction can be performed,
resulting in the Ricci tensor Ry, .

RB . =R

HBV HV

Here, the Ricci tensor is the trace of the Riemann tensor.

The role of Christoffel symbols
The Ricci tensor can also be expressed in terms of Christoffel symbols:
_npP _T° p p A P A
Ruv - Rupv - l—‘Mv,p - l—‘pu,v + FpA FV# - Fvl F,Dli

where the Christoffel symbol itself is:

_1 99va  O9pa _ 09y
OxH oxv 0x«

The derivative of the Christoffel symbol then becomes:

p =arlﬁ’ — pa.agp“. p +l pa 9% gva + azg#“ azglﬂ/
Y gxY axy W Zg

Ox*oxY  0xVoxY O0x%dxY

When calculating the Ricci elements Rgg, R11, R22, R33 with the complete Einstein field equations, it appears that
these are all zero, which is correct. But when we do the calculation with the limited formula of the field
equations (g=-1), the result is not correct. So the Schwarzschild equation does satisfy the general field equations
but not the limited ones. This is correct because in the Schwarzschild equation g #= —1.

About the Schwarzschild solution and the restriction g=-1
Schwarzschild uses the well-known polar equation. The determinant of the metric tensor (here the product of

the coefficients) is not -1. This polar equation satisfies the Einstein field equations, but not the restricted version
of these equations, because the latter requires g=— 1. Schwarzschild derived a transformation based on modified

15 March 2026 Page 245 of 342

Copyright© 2018 [COPYRIGHT Albert Prins], All Rights Reserved. — mailto: aprins@hotmail.com



polar coordinates, choosing the transformation such that g=- 1 is achieved. In that case, the equation also
satisfies the restricted Einstein field equations.

Conclusion

Although Schwarzschild attempted to satisfy Einstein's desire to have the metric trace g=- 1, in my opinion, the
only relevant question is whether the Einstein field equations, where T, = 0, and thus Ryg = Ry; = Ry =
R33 = 0, are satisfied, regardless of whether g = —1 of g # —1 . Thus, the requirementof g = —1isan
unnecessary restriction.

Question 2:

The difference in formulas has significant consequences. In your document, | count nine Christoffel symbols,
while Karl Schwarzschild found ten. In your case, the 222 (I',) seems to be absent. This is because your
definition of the metric tensor g differs from that of Schwarzschild; g,, and g5 are -1 for Schwarzschild, while
you add the coordinate r (for example, g,, = —r? ). Droste (1917), Eddington (1921), MWT (1975), and OAS (2007) also
adhered to g=-1 for the Schwarzschild solution, so that: g,, = g33 = —1. This raises the question for me: do you
think g=-1is required for the Schwarzschild solution?

Answer:

Schwarzschild's original derivation started from the Cartesian coordinate system (x, y, z). The metric in that form
has the following components:

1 r2

_ 2 _ _
Joo =0 g1 = 5 Y2 = —
o

2 cin2
= —r“sin“ 0
7 933

sinZ @
In this case, ten (or fourteen) relevant Christoffel symbols are created. You can also see in my overview of

formulas that | have derived formulas for both the spherical and the Cartesian x, y, z form. In the x, y, z form,
222 (T%) .

However, this is different for the spherical form; there, the elements of the metric tensor are:

-1
— 2 — — 2 — 2 in2
Goo =0 g1 = o2 922 =T g3z = —rsin” 6

This is exactly the same form as in Schwarzschild. In these spherical coordinates, g, and gz3 explicitly depend

onr and @, and therefore cannot be constant, as ing,, = g3z = —1 . If these values were constant, the partial
. . dg22 0g22 0933 dg33 . . . .
derivatives i—,z—e,‘g—, and z—ewould all be zero. As a result, many Christoffel symbols, including crucial
s T

ones such as I'}, and ', , would also disappear.

This also applies to Schwarzschild! The elements g,, en g;3 cannot be -1 because in that case
0922 0922 0933 0933
or a0 ' or ' 06

100, and 111.

would be zero and the number of Christoffel symbols would be limited to 001 (and 010),

As for '3, :
For spherical coordinates, this component is indeed zero, because g,, does not depend onf8 and the derivative
is therefore zero:

1 0922
r2 —— 22( )=0
22759 59
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It is important to note that when evaluating components for a specific value such as 8 = % (or90° ), substitution

should only be performed at the end of the calculations.
For example:
1 0
I$; = 5922 {—%} = —cos@sinf =0 when8 = 90°

This value becomes zero when 6 = %, but for the Ricci element, the derivative of this Christoffel symbol with
respect to 6 is also needed, which is:
2
a0
And that is not zero, which is crucial for calculating, for example, the Ricci tensor component R, .

= —cos% 0 + sin?0 = 1 when 8 = 90°

Regarding the condition det(g)=-1:

Why Einstein introduced this restriction is not entirely clear, but it simplifies the algebra in many cases and
ensures symmetry. However, in my opinion, this leads to an unnecessary limitation. It also depends on which
type of coordinate system is chosen. For example, the element of the metric tensor of t, x, y, z does indeed yield
a det(g) of -1:

1 r?
2 2ein2n) —
o '(_r402>'(_sin29>'(_r sin“9) = —1

But with spherical coordinates, it is:

-1
02.? (=1%).(-1%sin?0) = — r*sin? 6

And so here, det(g) # —1 . Nevertheless, this metric perfectly satisfies the Einstein field equations in
vacuum (Tuv = 0) , which means that R, = 0 and therefore also R=0.

Conclusion:

The requirement det(g)=-1 is a coordinate-dependent convention that may offer mathematical convenience,
but is not physically necessary for the correctness of the Schwarzschild solution. What really matters is that the
field equations are satisfied. Schwarzschild's choice to use a transformation that achieves det(g)=-1 was
primarily intended to satisfy Einstein's wishes, but is unnecessary from a physical point of view.

Question 3:

The field equations in your document on pages 2 and 3, based on the Ricci tensor, differ greatly from those we
(and Karl Schwarzschild) used in Appendix E, based on the G tensor. You also mentioned the G tensor in your
document on page 9. My question is: shouldn't the results be the same?

Answer:

By the G-tensor, as you mention in your question, you mean Einstein's restricted field equations. As | have
shown theoretically in my story above, Schwarzschild satisfies the general field equations but not the restricted
field equations G. This is because Einstein introduced the additional requirement of det(g)=-1 in order to obtain
simpler formulas, but this led to unnecessary restrictions on possible solutions such as the Schwarzschild
equation based on spherical coordinates. While this equation is a great solution for calculating phenomena in a
vacuum in a reasonably simple way.
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Question 4:
| still have some difficulty understanding the Schwarzschild equation and Einstein's field equations. Could you
elaborate on this?

Answer:

It seems that we are re-entering a discussion we have had before. Let me make it clear from the outset: it is not
my intention to defend the Schwarzschild or Einstein solution against your approach, or to criticize your
suggestion to modify the Schwarzschild metric. My goal is to achieve a complete understanding. As long as | do
not fully understand the Schwarzschild solution, | will continue to seek insight. Only when | recognize and
understand a fundamental error will | consider revising the solution.

Let us therefore first examine the Schwarzschild solution in detail before delving into the Einstein field
equations. | do not claim to already know the complete answer, but | would like to explain how | understand the
structure so far.

Einstein's starting point

Einstein sought a description of gravity in which gravity is no longer a force, as in Newton's theory, but rather a
consequence of the curvature of space-time. He wanted to find a coordinate system in which no forces are felt,
so that a freely falling particle moves without acceleration—in a sense, "voluntarily," without any external
cause.

In classical mechanics, an object moves at a constant speed along a straight line if no force acts on it. Einstein
translated this into the theory of relativity: an object without external force moves along a geodesic line in
curved space-time. These geodesics are, in a sense, the "straight lines" of curved space-time.

Einstein therefore sought a mathematical formulation that would be valid for any coordinate system, curved or
not, and would correctly describe the gravitational field. This led to the field equations:

1
Ru\) - igu\,R =0
in the vacuum case (outside a mass), where:
* Ry, the Ricci tensor is a measure of local curvature,
e R the Ricci scalar, the trace of the Ricci tensor,
* g, the metric, which describes the space-time structure.

This equation is covariant: it is valid in any coordinate system.
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Coordinates, metric, and geometry

Although the field equations are coordinate-independent, the components of the tensors involved are
dependent on the choice of coordinate system. The Ricci tensor and the scalar R are expressed in terms of the
Christoffel symbols, which are themselves derived from the metric g,,,, .

The metric describes how the distance ds? between two infinitesimally close points is calculated. In the simplest
case (e.g., flat space in Cartesian coordinates), this is:

ds? = c?dt? — dx? — dy? — dz®
But in curved space-time, ds? depends on the location and on the metric components. The metric contains
information about the geometric structure of space, including possible cross terms (such as dx dy) if the
coordinates are not orthogonal.

For comparison:

e Inarectangular flat space, c?> = a® + b? applies (Pythagoras).

e Inan oblique space, the following applies: c? = a® + b? — 2ab cos ¢ (cosine rule).

By analogy, Einstein considers space-time to be composed of an infinite number of infinitesimally small planes,
on which the geometry can be considered locally as a plane (via the equivalence principle). In these small areas,
we still use a coordinate system, but the metric components change from location to location—and encode the
curvature.

Schwarzschild's approach

Karl Schwarzschild found an exact solution to Einstein's equations in a vacuum around a spherical mass. He
chose a coordinate system that contains as much symmetry as possible:

e spherically symmetric,
e static (time-independent),

e and without cross terms (i.e., a diagonal metric).

This yields the Schwarzschild metric:

2GM 2GM\!
ds? = (1 — )czdt2 — (1 2 ) dr? —r?2d6? — r? sin’ 0 dp>?

This formula describes the quadratic line segment ds? as a function of four coordinates: (¢, 7,8, ®) . The
coefficients (metric components) depend on r (and implicitly, via sin® 8 , also on 8 , but notont or @ .

This reflects the physical assumptions: the solution is static (time-independent) and spherically symmetric.

Each location in space has its own metric components, and therefore its own geometric structure. By integrating
ds along a path, we obtain the total distance or duration of the trajectory in this curved space-time.
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Summary

e The Einstein field equations describe how mass and energy determine the curvature of space-time.

e The Ricci tensor and Einstein tensor are geometric objects that are independent of the coordinate
system, but their components change when a different coordinate system is chosen.

e Schwarzschild chose a specific coordinate system and found an exact solution for the gravitational field
outside a spherically symmetric mass.

e His solution is consistent with Einstein's equations and is still one of the most important solutions in
general relativity.

7.4 Detailed derivation of the Einstein Equation (57) from equation (53)

Question:

| am reading Einstein's original GR paper. | have attached it as a PDF to this email. (Einstein, Relativity: The

Special and General Theory, 1916 (this revised edition: 1924)) (Einstein, The Collected Papers of Albert Einstein,
1997)

In section 18, at the bottom of page 186 of the article (bottom left of page 22 of the PDF), there is an equation
that | am trying to derive using the method Einstein proposes in the article (multiplying equation 53 by the
derivative of the metric tensor and using the methods in section 15). Could you derive this equation in the
specific way Einstein indicates, based solely on the preceding material in Einstein's article? Can you show me the
detailed steps you took to arrive at that equation according to the method Einstein indicates?

Answer:

Note: the equation numbers refer to Einstein's original work on General Relativity.

Derivation of equation (57) from equation (53)

We start from equation (53) in Einstein's article:

(14

ar 1
nv B _
Fpe + I",‘:ﬂl"m = —K (Tuv - Egm,T>

Here, the following applies:

e T, isthe energy-momentum tensor,
e T=g" T,y isits trace,

e and we assume that,/—g = 1, as Einstein does in section 18.

. aghtv
Step 1: Multiply by Py
uv
We multiply both sides of equation (53) by Z‘ia , or:
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ag" (oI 09"
0x° <6x“ +C‘% Lo | = 0x°

This leads to:

. 29" —
Step 2: Use that oo Jw = 0

From equation (29) in Einstein's article, it follows that:

1 6,/—g=_1_ agr”
[—g 0x° 2 9w Gyo
Because ,/—g = —1, its derivative is zero. So:
1 ag
T2 9w e =0
Filling in, we get:
_ ag*’ 1 g™ ag*v agh*v
= K Gxe T T2 e T )T TR e T 70 )= TR G
Then the equation becomes:
og* olyy 99" 5 . 99"
0x° 0x*  0x° s e + ¢ ox° T =0
The next step gives:
1 (og* oL, dgt a 1ag*
ﬂ(ax" ox*  9x° fup Tva | + 2 0x° T =0
Substitute this into:
1( 0 " 1ag*
Z Ee (—ZKta) + E—axo_ T#v =0

See the calculation of the yellow part below the dotted line below.

This leads to:
ats
0x®

1ag*
2 0x°

T

w =0

Now use Einstein's equation (56):
o+13) _,
ax° -

So:
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dx° 0x°
Replace o door a, en p door o:
at¥ JaT#
ox®  0x“
Equation (2) becomes:
aT4 lag‘“’T _o

Derivation of the yellow step:
To prove that:
_9g™ aL% g™ .
T 9x0 x| 9xo M@

pp (—2ktd)

We use Einstein's equation (48):

oH »
aguv = _I—l'iﬁ I;’“
oH
aguv 1—;11/
o

Einstein equation (47b):

a ( oH oH ___ 0 (0H\_ oH
ax“\ag" ) agw T 0x*\agt) 0g™

(57)

09" iy 99" . s
x° dx* = 9xo HB v

Can be rewritten as:

ogt o ( oH dgt’ oH
dx7 dx*\agh’ x? g

Now we can differentiate:

0 ( w OH\ d(g5") oH ag"|dH
0x*\77 agt’ 0x* agt’ 0x° dg"

Here, the following applies:

a(gt")  a%g™ a(gy)

dxe«  0x*0x° 0x°

Fill this in:
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0 ( w OH\ 0(g;") 0H | aH ag"
0x*\7% agh’ 0x? 0g," 0gt 0x°

- . . . . . agH
As stated in Einstein's document under equation (47a), H is considered a function of g*V and ggv (= aia ) , SO:

OH _ 0H dg', = 0H dg"
dx?  dgly’ dx?  dgh 0x°

9 [, OH\ oH
g —
0x*\”? agt’) 0x°

0 (wdH\_ 0
axa ga agzv axo—( )

0 (w OH\_ 0
axa ga agzv axa( o )

o [ w OH
Oxa 9o agyv _60H

a

Fill this in:

Or:

According to Einstein's equation (49):

Fill this in equation (1):

1 (ogt oL% odg* 1og"
_(g nv g Fa[;/a>+_g—T =0

2k \ 0x° O0x® = 0x° * 2 0x° *
Becomes:
1 ag*
ﬂ{a @ (—2th)}+ 2 x v =0
g.e.d.
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7.5 Question about equation in Einstein's original work (English version)

Question:

| am reattaching the PDF file of Einstein's article for reference (Einstein, Relativity: The Special and General
Theory, 1916 — revised edition 1924; also in The Collected Papers of Albert Einstein, 1997).

At the bottom of page 191 of the English version, there are three terms separated by equal signs. | don't
understand why the first term is equal to the second. Einstein refers to equation (60), but that doesn't help me.
Can you explain why these two terms are equal?

Answer:

Let's first look at equation (60) in Einstein's original German article.

On page 812 of the German original, there appears to be an error in equation (60):

JF, JF, JF,
oo ot o _
ax® + d0x¢@ + dxe
This is probably incorrect and should be:
OF, OF JF,
oo oT e
ax® + dxe@ + 0x°

In the English translation (page 189), it has already been corrected.

=0 (60)

On page 191 (in English), we find the following equation:

FHv OFou - _lpuv _aﬁ“’ = _lglm vB aFi (1)
axVv 2 0x° 2 0x°
We focus on the first equal sign:
why does
F#VaFﬂz _lpuvaFi ?

axVv 2 0x°
According to equation (60), the following applies:
oE, N 0F,, N ok, _o
dx°  Jdx* = OxV

From this it follows:

aFO’ﬂ _ aEN 0F,;

axVv 0x°  OxH

Filling in equation (1) yields:

LT (_ OF, aFV(,) OB 9F

axv 0x°  OxH 0x° OxH

Now we split each term into two equal parts:
1 VGP;W _EFW oE, B 1 ., 0F; 1FF“’ 0F,,

= __FH ZFH
2 ax° 2 0x° 2 axt 2 oxH

15 March 2026 Page 254 of 342

Copyright© 2018 [COPYRIGHT Albert Prins], All Rights Reserved. — mailto: aprins@hotmail.com



1 JF, 1 oF oF
e e .
2 0x° 2< 0x° + OxH +

Now we rearrange the indices (dummy indices may be swapped):

1 0F 1 0F oF -
— __pw W 2w TR u VO
2 F 0x°® 2 <F 0x° +F OxH + )

Because EYM = —F™ , the sign of the last term changes:

= _lpuvaFi_l F#VaFi+FwaFl_-
2 dx? 2 dx° dxH

By swapping the indices of. and changing the sign:
1 JF, 1 JF, JF,
= —_fw " pw H L puv VO -
2 dx° 2 ( dx° + dxH *
= _EFIWaF_‘w_lFHV aF_w,+aFl+.
2 daxe 2 dx°% = OxH

The expression in parentheses is exactly equation (60), which is equal to zero. So:

FHv aFU# — lF;w aFl'W
daxv 2 dx°
Q.E.D.

7.6 Question about Einstein's equation (69)

Question:
Equation (69) in Einstein's book states:

8nK

k=—=187.10"7 (E69)

Why does this number not correspond to the value we use today? And why is there still ac? in the denominator
if Einstein previously stated that c=1?

Answer:

In this book, Einstein worked with CGS units (centimeter—gram—second), whereas today we usually use Sl units
(meter—kilogram—second). This causes differences in the numerical values of natural constants such as K (the
gravitational constant), depending on the unit system.

Step 1: Interpretation of Einstein's notation

e In Einstein's equation:
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_ 8K
=

e Kis the gravitational constant in CGS units:
K=6.67+10"% cm3g~1s7?
e ¢=3.00x10"cm/s

If we fill in these values:
_ 8m(6.67 x107%)
~ (3.00 * 1010)2

~ 1.87 x 10727
That is exactly the value Einstein mentions. His calculation is therefore correct within the CGS system.

Step 2: Conversion to modern units (SI)

In modern literature, we use the following for Einstein's field equations:

8nG
k =—F=~207.107%
c

with:
e G=6674%10"11 m3kg 's2
e ¢=3.00%10%8m/s

Filled in:

_ 81(6.67 x 107'1)

~ 43 11,512
(3.00 = 105)° ~ 2.07.107* m~ kg™ s

Step 3: Why is there still a ¢2 in Einstein's equation?

Although Einstein uses the convention c=1 (natural units) elsewhere in the book, he continues to explicitly note
c here. This is probably because he wanted to give a numerical estimate at this point that corresponds to

concrete physical units, and therefore temporarily disregarded the convention c=1.

Conclusion:
e Einstein's value of k = 1.87 * 10727 is correct in CGS units.

e Inmodern Sl units, k =~ 2.07. 10743,

e The notation with explicit c? indicates that Einstein had not yet switched to natural units (where c=1) in

order to calculate a concrete value.
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Appendices

Appendix1 Formulas of General Relativity

Below we summarize a number of previously derived general relativity and Schwarzschild formulas. We then
derive all formulas relevant for calculations in various chapters. In this appendix we use Einstein notation.

General Relativity Formulas:

Einstein's field equations:

8nG

1
Ruv - ngVR + Aguv = C_4Tuv

Where:

* R, isthe Ricci tensor

® g, the metric tensor

e R the Ricciscalar

e 1 the cosmological constant

e T, the energy-momentum tensor

Schwarzschild metric (in spherical coordinates):

2GM 2GMy\ !
dSZ = (1— rcz )CZdt2_<1_rC_2) dTZ—TZdez—TZ Sin29d®2

Where:

ds? is the space-time interval

G the gravitational constant

M the mass of the central object
r the radial coordinate

e 6 and @ are spherical coordinates.

The coefficients are therefore independent of t and @ , but only depend on rand 0 !

Time dilation for a spherical object (Gravitational Time Dilation):

2GM
rc?

At = At [1—
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Where:

e At the proper time is for an observer at a distance r

e At thetime is for a distant observer

Path of light (null geodesics):

2GM 26My\ !
ds?=0=> (1 -— )czdt2 = (1 - —2> dr? +r2d6?% + r? sin? 0 d@?
rc rc

Radius of curvature of light around a mass:

The deviation of a light ray in the presence of a gravitational field is given by:

4GM
60 =

rc?
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Appendix 1.1

Summary and derivation of further relevant formulas:

In this section, we will derive the relevant formulas for the specific calculations in the chapters. This includes the
derivation of the metric tensor, geodesic equations, and the energy-momentum tensor in different

configurations.

EH :guﬁgﬂ = guﬁgﬁpEp = 5})‘51) = F¥

m 0x™ 1 8nG
dx™ = ayr d RIW —5guvR + Aguv = C_4Tw
ds? = 1, dEMdE" Geodesic equation:
ds? = Gy (X)dx™dx™ = g, (V)dyP dy? d?x* o dxt dx" L _oxt 9%
dx™ dx™ dcz M dr dr WT 9 gxkoxY
gPQ()’) gmn( )d ) dyq ( ) Ox axﬁT
n
I y
V) =SV a0 = 5y ay?
, oxd 'R () = dy* 9y” 9" .
W, V) = =W, dxa gxB P
ayp Ox® ayﬁ
T (x) = Oxm K ayﬂ dxP ®
dx" 0x°s gyagaﬁ = 5;19
T ) = aym ayn Trs () Contraction:
dy™ ay™ Al = gk A
Tmn(y)_ a ra STrS( ) ‘4‘1:‘9#1’9‘4;99
T (x) = Arfs so: A.B = g,sA*B’ = AyB’
Eﬂ = gng

Ricci Tensor:

Line segment in small area applies: Pythagoras:

ox™ ox™

2 —
ds* = 6mn Wdyna_ysdy

N

upv w p puY

Gy, —Flfvp—l“vp/1 onlyif g =

Ry =R, =T, —T) +rp s -T2 rl

detf(g,uv) - =

Transforming to another frame:

ax"l axll

Christoffel symbol:

1 dg dg ag
P _ 2~ pa va pe  Y9uv
v g {ax“ T oxr T oxe

2
ds _Smn W 2y° dyrdys
trict . —s ax™ ox"
metric tensor: gy, = Oy 3y .ays
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Page 260 of 342

Copyright© 2018 [COPYRIGHT Albert Prins], All Rights Reserved. — mailto: aprins@hotmail.com




Below, we perform a number of additional calculations for Schwarzschild geometries

Appendix 1.2
Polar Coordinates

Schwarzschild Metric —

dr?
ds? = g%c%dt? — — - r2d6?% — r% sin® 0 d@?

Schwarzschild polar coordinates:

5 R, = 2GM
0“=1—— hieris: Ry = —5—
r c
9oo = Gt 922 = Yoo
911 = Grr 933 = YJop
Schwarzschild in polar coordinates (in plane 8 = 90° )
1
Joo = 0* g% = o2
-1
— 11 _ _ 2
g1 = o2 g -0
-1
g2z = 17 g% = 7z
-1 -1
— —12gin2@ = —12 ¢33 = -
§s3 rosim ™9 r¢sinZ@ r?
do  R;
dr _ 2ric

Metric first derivative for spherical coordinates

=1 e {agva 199 _ag,w}
uv

2‘9 dxH daxV dx«
1 9900 R
0 _p0 _— 00 —_s
for =To =79 { or }_ 2r2g2
2
F()lo =1g11 _ag00 =0' RS
s E
1 _ = 11 J11 _ s
Fir = %g 65 } 2r2g?
1 __ 11 _ g22 — 2
I3 = 29 aar ro
1
I} =Eg11 . gﬁga = —ro?sin? = —rg?
1 922 1
Th =T4 25922 FIo e
1 6g33 1
O =T3 = 5933 ar " r
1 0933
2 22) - _ ing =
l"33—2g {1 696} cosezlne 0
933 CcoSs
[3, =T3 == ¢33 22( — =
23=732739 190 J " sine

agOO — & a«911 _ Rs
aar r? 5 or rio*

922 _ 5, 933 _ _arsin2@ = —2r
aar or
9933 _ —2r2.sin(0)cos(B) = 0

a6

Metric second derivative for spherical coordinates
62900 _ _ZRS 62911 _ —2R;

grz 3 , orz  r3g®
0°922 0933 . 2

‘27”2 =-2 572 =-2sin“0 = -2
a

629%2;? = —4r.sin(0)cos(8) =0
a

3333 = 2r2.(sin?(0) — cos?(0)) = 2r?
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In r, theta, phi coordinates:
argl _ ar100 _ Rs(Rs — Zr)

or  dr  2riot
0o _Rs(3Rs — 2r)
or 2rt
orf; _Ry(2r —Rs)
671  2riot
M2 _ 4
o
or.
— 33 — _sin%0
or

orf, ory or  org -1

or or or ar  r2
—2> = —cos20 +sin?0=1
ory;  ors, -1

- - =1
a6 d6  sin%@

Schwarzschild in r, theta, phi coordinates:
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P
Low =

1 o 99va , O9pa _ 99w
2 OxH* axVv 0x®

First derivative of the Christoffel symbol:

Oy _109°° (0gva 0y 09w
0x8 2 0x% | ox# dxv  0x«

-}-1 pa azgva azgya
29" \9x#0x° " 9xvox°
%G }
0x%9x%
ar;ﬁ/ _ __1(gpa)2 agpoc agva ag,ua . ag,uv
d0x6 2 0xS | oxt = 0x¥  Ox®
2 2
+lgpa 4 Ira 4 g,md
2 Ox*0x 0xVox
_ %gw }
0x%0x9
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Schwarzschild Metric -
x,¥,z Coordinates

Appendix 1.3

Xog = teo dxo = dtoo
o PR dr 1
x1—3 X1 =re.dr dx, 17
= 60 =0 dx, =sinf.d0 = do d0_1
Xy = —cosf = X, =sinf.df = dx,  sin@
X3 = ® dX3 = d@
dx® r?dx,?
2 _ 2.2 2 2 win? 2
ds® = o°c*dty —W—m—r sin® 6 dx;
Assumption at equator level 8 = 90° => sinf = 1
dX12

ds? = o%c%dt, % — 7 r2dx,? — r2dx;*

Schwarzschild metricinx, vy, z

1
_ 2 00 _
=0 = —
9oo ) g o2
11 4 2
=—— =—-r"o
911 rtg2 g
r? sin’ 6
922 = —Z 35, g% =~
sin? 8 1 r2 .
gs3 = —r?sin?@ = —r? g33

r2sin2  r?

g's depend onr (so x; ) and 8 (so x, ):

ar 1 do  R; a 1
dx, sin@

dx; 1?2 dx, 2rte

Metric derivative for x, y, z

o9 _dg dr _ R R
0xq or dxy 2ric 1

0g1; 4r—3R,

dx1 T 18g%

09ga2 0gpp dr  _,(—2r\ -2 -2
ox;  or d_xl_r (sin2 9) _erinZG_T
aag—;:’ =7r"2(—2rsin?0) = —2+m0 = _72

09y, _2rfcosi{®) 1 2r¥cosiB)

dx,  sin3(8) ‘sin®  sin*(0) 0

0933 _0gs33 db 1
222 793 7 — (=272 i -
dx, a6 dx, ( r".sin(6)co S(G)) sin 6

=-2.1%cos(0) =0

0%goy _—4Rs 0%g,, -2(141%+9R;® - 22rR)
axlz B r7 axlz h rizg6
azgzz _ 2 _ 2
0x;2  rtsin%2(0) rt
0292 _ —2r?(1+3cos?(9)) _ 2y2
0x,2 sin%(0) e
02922 _ 02922 _ 4cos(0) _
axlaxZ axZaxl rSin4(0)
02933 _ 2sin®(0) 2
ax;2  rt  rt
02933 _ 02933 _ —4cos(6) —0
axlaxZ axZaxl r
92933 1
= 2r?.sin@ —— = 2r?
0x,° TS Gine - "
Schwarzschildinx, y, z
o =lgpa 09va | OGua  OGuw
w2 dx*  9xvV  0x“
1 agoo 11R R
0 _10 _ = 00 _ s __ s
fo1 =To = 29 {axl } T 2027% T 2rt02 "
1 agoo 1 —R R.o
[l =2 1l I s _Hs
1 _ 11 g11 _ 4247'—3Rs_ s — 4ar
I = Eg ox! } B E(_T ? gt 21“;’0'22
1 0972 1 2 -r°c
[l —Z 11f_ (42 _
22759 ox1! 2( ro )rsinZB sinZ @
— 1342
1 dgs3) 1 2sin% 6
1 _ 2 11 _ 4 _2
=29 "oy =207 )
= —1r30?sin? 0 = —1r30?

1 agzz 1

Th =TH =5g% {—} = 5(—
1
2

sin?9_ =2 1
r2 “rsin26 13

Metric second derivative for x, y, z coordinates

15 March 2026

1 6g33 Sinz 0
2 __ 22)_ — _ 2
I = >3 { axz} 2 (2.7%.cos(0))
= —sin?0cos0 =0
r2 1 {agzz} _ 1 _sin2 6\ 2r? cos(6)
279 0x? 2 r2 sin*(0)
_ —cos(0) 0
~ sin2(9)
1 dgs3) 1 -1 _—2sin%6
3 _p3 _ 2 33 -
I3 =I5y 29 {E)xl } 2 (r2 sin? 0 r
3
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1 0933
Ly =T5; = Eg33 {axz
1 -1 )
= E(m (—ZT .COS(Q))
cos 0
= —. = 0
sinZ(0)

For x, y, z coordinates:
oy oIy R (3R, —4r)

aXl N aXl N 21‘80'4
gy RS
aXl N 21'4

ar, 6 10R, 4.5R.
x4 “ b0t 7ot * r8ot
or, _ 2R.s —3r _ . 2R,
dx; rsin%@

%: (—3+2RS).sin20 = -3+
0% r

orf, ory; ory;  ory; -3

ox, 0x; 0x; 0xq T 16
orh, _orh, _ors, _or,
ox, 0xq 0xq 0xq
arj, 2r3c%cos@

2R,

=0

dx,  sin*@

ory

—3 — _2r36%cos0 =0

aXZ

ors

—3 - _3cos?20+1=1

aXZ

arj, 1+cos?6

dx,  sin*@

ory; o3, —1-cos?6 1
aXZ - aXZ - Sin40 -
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i _71i i u i u i
ikt = Dige = iy + T T — e Ty

_RpP _rP _7P AP _1A P
Ru‘,—R”pv—FW'p I'”p'v+ I'”,,I'Ap I'M,I'Av

_RpP  _ _TP P AP A TP
Riw =Ry = =T p + Ly — T F/lp + Lip Ty

After some calculations, the conclusion was that, in order to get all elements of the Ricci tensor to zero in vacuum, the
formula for the Christoffel symbol must start with a positive +1/2:

09va  0Gua ag,w}

FP — 1 P
i +2‘g {ax“ + dxv 0x®

The sign at the beginning of the Christoffel symbols does not affect the product of the Christoffel symbols in the element
of the Ricci tensor, but only the sign of the first two terms: the derivatives of the Christoffel symbols.

Schwarzschild symmetry:
Ry =T 0 = Touy + Toa I — Tz T,
+hw1 = Dy + Ty T — T T,
+T2 , — T4, + T4 T, —Th I3,

3 3 3 A 3 A
+Fyv,3 - 1—‘311,1/ + F3A Fv,u - Fvl F3u

— TP _ TP P rA _1P 11
Ruv - F;w,p 1-‘pu,v + Fp,l FVH Fvﬂ Fp#

R2 14r—3R,1

1 1R 1 R, 1
Roo = Tgo,1+ It Too+ [51 Too+ I51 Too — Tgo Tip = 7 2 gz 2 0% = ERSO-Z Eﬁ - EﬁERsUZ
Rip = —To1,1 — [0 — D51 + Ton Ty + T3y Ty + T35y Ty — Ty 9y — Tty Ty — T T3

Ry = l“212,1—1“332,2 + Ty T+ Ty T+ TA Th+ T3 T, — T Th —TA T,
R33 = T3 14 gy T+ Iy T+ T T — T3 I

For spherical coordinates and the Schwarzschild configuration with 8 = 90° , the following elements of the Ricci tensor
are relevant:

Roo = Tgo,1+Tgo Iy + Too Itz + Tgp I3 — To1 T
Ri1 = —T{o1 —Tfp1 —Tisq + THI + Ty T + T T — I T — I 5 —TH T
Roz = Tgpq —Tasp + T, Ty + T, Ty + T3, T + B85 — T54 T, — T35 T
Rz = +T334 + T35, + I35 Ty + T35 Ty + T35 T, + 505 — 3 T — T3, T

R33 = Sin2 0. R22

Whenf # 90° , then forR,, andRs3 , respectively, there is an additional term +T%, [, en + ' T3 |.
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Appendix 2 Derivation of the Christoffel Symbols in a General Form

It is demonstrated how the Christoffel symbol depends only on the elements of the metric tensor and its derivatives.
This is useful when using it in a spreadsheet or program.

6 = 1gpa {agm 1 99a _6gw}

oxH oxVv ox®

T, _ 19g" {agm 09ua agw}Jrlgpa{azgm Gua %G }
2

axY 2 dxY | dxH oxv 0x® OxtoxY  0xVoxY 0Ox*0xY
P
097" _ " 9pa _ =1 09pa (") 99pa
oxY 0x¥  gpa? ox’ axY

D
ar/w _ __1( pa)Z_ agpa agva agya _ aguv + 1 pa azgva + azgua _ azguv
oxY OxY | OxH oxV 0x® 2 OxtoxY 0xVdxY 0Ox*0xY

ary, 1 goe [_gpa 39 pa {agm OGua 6g,w} { 9va | Gua g }]

axy 2 " axY | dxH ox¥  Ox“ AxMaxY ' 9xVaxY 9dxoxY
Or:
ar;ﬁ/ _ _pa _agpa .T” +1 pa azgva azg/m _ azgyv
axv axy * 2 OxH*oxY  O0xvoxY 0Ox%oxY

Appendix 3 Mathematical Derivation of Schwarzschild

Here we will work out the Christoffel symbols for the metric tensor of the Schwarzschild configuration.

Schwarzschild in r, theta, phi coordinates:

o =L e [09va  O9ua O
v 9 JxH axv 0x®

1 9900 1 9900 9911 1 9922
0 _ 10 _ = 00 1 2 o ri I, 11
fo1 =To =79 {E)r} foo =39 { c’)r} i { } 29 { ar}
1 0933 1 0922 1 0933 1 0933
1 _* o1 2 _r2 _ 2 2 _ 3 _ > 33 2 2
f33=39 { ar } =In=39 {61‘} My =T =549 { 67"} I33=739 { 26 }
1 0933
I = T3 = 5933 {W}

All elements in the metric tensor are zero, except for the elements in the diagonal. This means that the contravariant
, . . 1
elements are the direct inverse of the covariant components. So, for example gOO = Too and so on.
00
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Forr, theta, phi coordinates:

Derivatives of gamma with respect to x,=r:

arl,  ar’ 1( -1 /9gyy\> 1 02 1 (-1 , p
0011 = 0101 = —21 = 1°=—{ (‘900) +— 900}_ {—(goo)2+goo}

or or 2 |goo?\ or goo 972 | 2900 Lgoo
gy —1(—109110900 1 9%goo -1 (-1 . y
1001 = —=— - = _—
or 2 (g1 or or gy Or? 2911 {911911 oo + Joo }
ory, 1(-1 /9g11\> 1 d%gn 1 (-1 , p
1111 = == — - - 2 }
ar 2 9112( or ) +g11 or? 2911 {911 (911)" + 911
), —1(-10g110g2, 1 0%gy -1 (-1 . y
1221 = —= = — - = _—
ar 2 \g,2 or or g1y 012 2911 {gugn g22 + 922 }
Oy —1(—10g110g933 1 0%gs3 -1 (-1 ., "
1331 = —— = — - = -
ar 2 \g 2 ar or gy 012 2911 {911911 933 + 933 }
ary 9Ty 1( -1 (9gy\" 1 8%gx 1 (-1 . .,
2121 = 2211 = —2 =21 _ ( ) . _ {_ 2 }
ar ~ or  2\g2\or ) T gy or? 292 9 (922 )" + 922
ard; ard, 1(-1 (9gss\" 1 8%gas 1 (-1 . .,
3131 = 3311 = = == ( ) = _ {_ 2 }
or ar 219332\ or g3z 012 2933 (933 (933 )" t+ 933
2331 = g _~1{—1 092093 1 9%gs3 _ 1 (-1 .39 92933
ar 2 g222 or 00 922 oroé zgzz 922 922 20 0roo
ory, ord, 1(—-10dgs30 1 92 1 (-1 .0 92
3231=3321=—2=—32__ 9339933 , - 9 93| _ T2 gy 2933 O G
61‘ 01‘ 2 g332 ar 09 933 01‘09 2g33 g33 60 31‘39
Derivatives of gamma with respect to x, = 0:
or.. -1 9?2
1222 = 222 _ 922
a6 2911 arae
or. -1 9?2
1332 = =233 _ gs33
a6 2911 arae
2337~ M3 _ ~1( 1092093 1 9%g33) _ —1 (-109229953 g3
ao 2 g222 d0 00 922 062 zgzz 922 a0 0o 202
2222 = aLZZZ _1f=t (6922)2 +L62922 _ 1 i(agzz)z 4 0°g32
90 2(gy2%\ 06 g2z 062 2972 (922 \ 00 00?
or3, or3 1(-10gssd 1 92 1 (-1 .0 92
3312 =3132 = —31="18__) = Tdufds T Il gy 2933 0933
a6 a0 2 933 ar 20 933 aroé 2g33 933 a0 aroé
_ _Org  arj, 1( -1 (dgs\’ 1 9%g33) 1 (-1 (8gs3\* | 8%gss
3232 =3322 = = =— +— = - +
ao ao 2 g332 a0 933 002 2g33 933 a0 202
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Appendix4 The Schwarzschild Formula Extended for Elektric Charges

The Reissner—Nordstrom-Metric

The correct solution within general relativity for a charged, non-rotating, spherically symmetric mass is the Reissner—

Nordstrom metric (1918). This metric describes the spacetime interval around a charged mass and incorporates both

gravitational and electric contributions:

2GM G Q2 2GM G Q2
+——)c?dt? —(1- +——

c?r 4nsoc4r2) ¢ < c?r  4mgyctr?

-1
ds? = c?dt? = (1 - ) dr? —r2d6? — r? sin? 6 d 9>

or equivalently:

2 2\ 1
T r T r
ds? = c2d7? = <1 —f+r—§> c2dt? — <1 —f+r—§) dr? — r2(d6? + sin? 6 dp?)

where:

2GM . . . .
e 1, = —-:Schwarzschild radius, gravitational term,
C

2 GQ*
e 15 = : char rm
Q= et charge term,

e Q: elektric charge of the central object,
e M : mass of the object,
e G: gravitational constant,

e c:speed of light.

Interpretatie
e The first term (rr—s), represents the gravitational curvature of spacetime as in the Schwarzschild solution.

2

e The additional term :—g accounts for the repulsive (for like charges) electromagnetic effect according to general

relativity.
e The metric reduces to the ordinary Schwarzschild solution when Q =0 (i.e., no charge).

e For rotating or more complex charged objects (such as electrons), more general solutions exist, such as the
Kerr—-Newman metric.

Classical versus Relativistic Vacuum

In classical Newtonian physics, gravity is described by a gravitational field in vacuum.
However, according to Einstein, there is no gravitational “field” per se—spacetime itself is curved by the presence of
mass-energy. In the Schwarzschild case, this means T, = 0.

In the Reissner-Nordstrém case, however, the stress—energy tensor T, is not zero everywhere, even though one still
speaks of a “vacuum.”

15 March 2026 Page268 of 342
Copyright© 2018 [COPYRIGHT Albert Prins], All Rights Reserved. — mailto: aprins@hotmail.com



Explanation:
e Inthe classical Schwarzschild case (without charge), T, = 0 in the vacuum outside the mass, since no matter or

field is present there. Einstein’s field equations thus reduce to the vacuum equations.

e In the Reissner—Nordstrom case, the vacuum surrounding the central charge still contains an electromagnetic
field. This field carries energy and momentum, and thus corresponds to a nonzero stress—energy tensor.

e Specifically, T, describes the energy-momentum of the radial electric field. This means that Einstein’s equation
has the electromagnetic field as its source, even if no ordinary matter is present outside the central object.

In summary: In the Reissner—Nordstrém metric, T, # 0 in the “vacuum” because the electromagnetic field of the
charge is physically real and contains energy.
Derivation of the Reissner—-Nordstrom Metric

The following is a step-by-step derivation of the Reissner—Nordstrom metric from the Einstein—Maxwell equations. This
is the standard procedure in general relativity for determining the spacetime of a spherically symmetric, charged mass.

Step 1: Setup — Metric and Source
We seek a static, spherically symmetric solution in spherical coordinates of the form:

ds? = c?dt? = A(r)c?dt? — B(r)dr? — r?(d6? + sin® 6 d®?)
Where A(r) and B(r) are unknown functions of r.

e The source is the electromagnetic field of a point charge Q.

e The stress—energy tensor of the electromagnetic field (in natural units) is:

1 a 1 af
T,uv = F['va _Zg,quaﬁF

Ho
where:

e F, =09,4, —0,A, is the electromagnetic field-strength tensor,
e Ais the four-potential,
* gy isthe metric tensor,
e Y, =4mXx 10~7H/m is the magnetic permeability of free space.

Additional explanation of A, :
0] 0]
A, = (;,—A)) or A¥ = (?’A))

where

e (@ = elektriscpotential (Volts),
e A= (Ax,Ay,AZ): magnetic vector potential (in Weber per meter),

e (:speed of light.

The elektromagnetic field-strength tensor F;,, encodes both the electric and magnetic fields E and B.
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In matrixvorm:

/ 0 —E./c —E,/c —Ez/c\
- E.Jc 0 -B, B, |
wv E,/Jc B, 0 —B,

\Ez/c -B, B, 0 /

For a purely radial electric field, the only nonzero component is:

Ftr:_ rt:_z
r

Step 2: Einstein—Maxwell-Equations

Einstein’s field equations with an electromagnetic source are:

G = 8Ty,
The Maxwell equations in vacuum are:

V,F¥ =0
and

VieFgy) =0

For the static, spherically symmetric case, this gives:
Ftr — Q 1

"~ 2 JAB()

Stap 3: Einstein tensor Components

The nonzero components of the Einstein tensor for this metric are:

= ek (1-])
YT rB2 g2 B

GT_A’ 1(1 1)
" rAB r? B

¢ 4AB

0 e 1 . A'B A% 1 (A
Gl =Gy =—— (24" ——+— |- =|>-=

where primes denote derivatives with respect to r.

Stap 4: Stress-Energy Tensor Components

For a purely electric field, the tensor is diagonal:

t _ pr _ Qz 6 _ ¢ _
=T =g 0 =T =

Stap 5: Solving the Equations

The Einstein equations become:

’

B 1(1_1)=_Q_2

+ J—
rB2  r2 B rt

15 March 2026

Copyright© 2018 [COPYRIGHT Albert Prins], All Rights Reserved. — mailto: aprins@hotmail.com

Page270 of 342



A 1 1y Q?
a5 (1mp) =
Solving yields:
1 2M Q?
A(T‘) —%— 1_T+T'_2
where M is an integration constant representing the mass (in geometric units).

Stap 6: Final Result — The Reissner—-Nordstrém Metric

-1
2GM GQ? 2GM GQ?
ds? = (1-"—+ ——— ) c2dt? - (1 - ——+ ———)  dr? —r2dQ?
s ( c?r 4nsoc4r2>c c?r  4meyctr? mor

where dQ? = d6? + sin? 6 d@?

Conclusie

The Reissner—Nordstrom metric is the unique static, spherically symmetric solution to the Einstein—-Maxwell
equations for a point mass with electric charge. It incorporates both gravitational and electromagnetic interactions in
the spacetime description.

Remark on the Cosmological Constant

The classical Schwarzschild solution is an exact solution of Einstein’s field equations under the explicit assumption
that the cosmological constant A = 0. In Schwarzschild’s original derivation, the A -term is omitted, meaning that the
metric does not account for cosmological expansion or repulsion due to a nonzero A.

How A included?

e The “standard” Schwarzschild metric is a static vacuum solution without a cosmological constant:

2GM 26My\ !
ds? = c%dt? = (1 2 )czdt2 — (1 - W) dr? —r2d0? — r?sin? 0 dg?
of

w == 1-2) (-3

1
dr? — r2dQn?

wherer, = ZCG—ZM and dQ? = (d#? + sin® 6 dp?).
e The full Einstein equation is:
1
Ry — Eng + A9, = 81T,
but in the Schwarzschild derivation one sets A = 0.

If A # 0: The Schwarzschild—de Sitter (Kottler) metric
When the cosmological constant is included, the Schwarzschild—de Sitter (or Kottler) metric arises:
ry Ar? re A\
ds? =(1-=—-—|c%dt’? - (1 -=——) dr?-r?dQ?
T 3 T 3

This is also an exact solution, now explicitly including A, and describes, for instance, a black hole in an expanding
universe.
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Final Summary

e The Schwarzschild metric is exact, but only for A = 0.

e For A # 0, the effect is fully included in the corresponding Schwarzschild—de Sitter solution.

e Neglecting A is typically justified for stars or planets, since its value is extremely small compared to local
gravitational fields.

Thus, the classical Schwarzschild metric is exact only under the assumption that the cosmological constant plays no
significant role.
Reissner—Nordstrom—de Sitter-metric

When we take one step further and incorporate the Schwarzschild—de Sitter metric into the Reissner-Nordstrom
metric, we obtain the Reissner—Nordstrom-de Sitter metric:

-1
2GM GQ? Ar2 2GM GQ? Ar2
2 _ 2 2 2 2 2
ds _<1_ c2r +W_T chdt” = 1_c2_r+W_T dr® —rd

Explanation of the Terms
2GM o .
c gravitational (mass) term — attraction due to mass

GQ? . .
. L: electromagnetic (charge) term — repulsive for like charges
4megctr?

A 2
. %z cosmological term — repulsive for A > 0 (de Sitter), attractive for A < 0 (anti-de Sitter)
Special cases
e A = 0 ->ordinary Reissner-Nordstrom-metriek
e Q=0 ->Schwarzschild—de Sitter (or Kottler) metric

e Q=0,A =0 ->classical Schwarzschild-metric

Appendix 5 Schwarzschild Solution Inside a Mass Distribution (p =
const.) - Complete Tensor Derivation

Appendix 5.1 Introduction

In this appendix we present the full tensor derivation of the internal Schwarzschild solution: the solution of the Einstein
field equations for a static, spherically symmetric mass distribution with constant density p. We work in Schwarzschild
coordinates, with the metric:

ds? = evMc2dt? — e dr? — 1246 — 12 sin? 6 dp? €]
where v(r) and A(r) are functions of the radial coordinate r that must be determined.
The energy—momentum tensor of a perfect fluid is:
T = (pc® + P)uuy — PGy (2)

Here:
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e Thefirst part (pc? + p)u,u,, represents the contribution from moving energy and pressure.

e The second part, —PYuv, ENSUTES that the tensor transforms correctly under Lorentz invariance and reflects the
isotropy of a perfect fluid.
e pisthe mass density (in the rest frame of the fluid).

e pc?is the energy density of the matter.

e pistheisotropic pressure.

dxt . . . N
o yt = % is the four-velocity of the matter, with normalization u”uﬂ =1.

® g, isthe metric tensor.

Where
e 0 0 0
_|0 —et 0 0
I =10 0 =12 0
0 0 0 —725sin% 6

Pressure p appears in the tensor because in general relativity not only energy but also pressure and stress contribute to
the curvature of spacetime. Pressure is a form of energy per unit volume and must therefore be included in the total
energy content of the system.

In an ideal (isotropic) rest frame of the fluid, expression (2) reduces to:

/pcze" 0 0 0 \
0 e 0 0
Tuv = (PCZ + p)uuuv —PYy = 0 po pTZ 0

0 0 0 prisin’6

From this it is immediately clear that pc? represents the energy density, and that the spatial diagonal elements
correspond exactly to the isotropic pressure p. The structure of (1.2) follows directly from the requirements of isotropy
and Lorentz invariance: the term (pc? + p)u,u, represents the energy and momentum density along the direction of
motion, while the term —pg,, represents the isotropic pressure, which is the same in all spatial directions.

For a static fluid we have

u' = (e7/2,000), u,=(e’%000) => wu, =(e"0,00)

so that:
e 0 0 O
0 0 0 O
utu, =1, W ={ 0 9 0 o 3
0 0 0 O

In other words, all components vanish except the (t,t) component;
specifically, u,u; = e”

This also explains why the time—time component pczevappears in the coordinate expression of Tlﬂ, :
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Too = (pc? + P)ucu, — gy = pce”
and
T, = (pc? + Puyu, — pgrr = —p(—e*) = pe?
Too = (pc? + p)uguy — pgoy = —p(—1?) = pr?

Tog = (pc® + plugtip — pgop = —p(—7*sin’ ) = pr’sin’ 6

The Einstein field equations take their usual form:

1 8nG
Guv = Ruv - ERQMV = C_4Tuv (4)

Explanation

The metric (1) is the most general static, spherically symmetric metric.
The function v(r) determines the gravitational redshift (time dilation) in the field, while

A(7) characterizes the curvature in the radial direction.
By determining these two functions from the field equations, we obtain the complete geometric structure of the interior

gravitational field.

Appendix 5.2 Computation of the Christoffel-symbols

The Christoffel symbols are defined by:

99va  OGpa _ OGpv
OxH oxv 0x«
For the interior Schwarzschild metric:
ds? = e"Mc2dt? — AW gyr? — 12492 — r2 sin? § d@>

the metric components and their radial derivatives are:

e 0 0 0 ve' =0 0 0

[0 —e* o0 0 d9w _[ 0 —Xe* o0 0

G =\ 0 o -2 0 daxr | o 0 —2r 0
0 0 0 —r%sin%0 0 0 0 —2rsin%6

For this metric (with v = dv/dr, and A= dA/dr), the non-zero Christoffel symbols are:

1 dg 11 ov 1
t _ — 500 00 — — — v~ —_.)
fr =39 {axl} 2e or 2" (5a)
1 dg 1( 1 ov 1
r _ _ 11)__ 00( — — vl v
Y e Rl = R B (5b)
1 dg 1( 1 oA 1
r ~ 411 1(_ )~ ) _ A7~y
=39 { or } 2 —el}{ ¢ ar} 2 )
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1 dg 1( 1
r - 411) 22( — — — A
foo =39 { or } 2{—9/1}{2r} e
r 1 6933 1 1 2 - 2
T =§g11 {— o }=E{_e/1 {2rsin® 0} = —re~*sin“ 6
1 ag 1(1 1
0 —p0 —222)%%2 _ L) L [, _ 2
fro =Tor =59 { or } 2{—r2}2r r
1 dg 1 1 1
¢ _pd _ — 33 3B( - -~ in2g = _
Lo = Tor 29 { r } 2—r? sinzé?zrSlrl o r
s 1 %%( 0g;) 11 . .
oo =59 =g (= - {2r%.sin(6)cos(6)} = —sin b cos b
1 ag 1 1 cos(0)
¢ _ro _ 1 33[9953] 1 92 o - _
fop =Tpo =39 { 96 } 2 7amig 2T sin@)cos@} = 7

Derivation of the Christoffel Symbols

1 !
or,, ory, O0zv 1,

!

or 611” “Tor 2"
artrt a?e‘/_lv’ 1 v, —21,,'2 L v, =, 1 v=A(,,'2 r! "1
5 = 16r —E(ee vi—eve AV +eve v)—ze (v =2v +v')
Mﬁ_671_1x,

or  or _%
ory, d(—re” , ,

9 ( ) =—e*t4+re ) =02 —1)e?

61; or -
ar d(—re™sin“ 0 , ,

P — ( in 0) = —e*sin?0 +re *1 sin8 = (rA —1)e*sin? 0

or or L

¢ ¢

ary, _ arg. _ ary _ aTy, _ E _ 1

65 or or or or r2
ar d(—sin @ cos @

a‘g‘b = ( 30 ) = —cos2 0 + sin? 6

" é cos(0)
OTgy _OTs _ “Sin(e) _ —sin*(6) cos*(6) = -1

90 90 90  sin%2(0) sin2@  sin?6

Explanation

The derivation of these symbols follows directly from the definition:

1 dg adg ag
P _— po vo Ho uv
Lav 2‘9 <axl‘ + dxVv 0x°

and only derivatives with respect to r appear, since the metric depends solely on r.
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Appendix 5.3 Ricci Tensor Components

Ricci Tensor Components
As derived in Chapter Error! Reference source not found., equation Error! Reference source not found., the Ricci tensor
defined by:

darg, drg
u uo
Ruv = Rﬁav = (dxo' - dxV + glru};/ - vﬁﬁfa)

Full Derivation of R,

Set 4 = v = t. We compute the four terms separately.
i) A
T 9x°
Only the 0 = 7 term contributes (the other [}7 = 0).

Using

We apply the product rule:

1,
org ory 9d(ze"v) 1 " any
axt; = axtﬁ = (zc’)xr ) = Ee"_l(v” + @ -A)v)

1 ! ’
= Ee"_l(v” +W)2=-2Av)

2 _ arg,
axt
Because the metric is static (no time dependence):
arg
T oxt

3. Il
Only A = r contributes:
chl Ft% = Fgr Ftrt

First compute:

g, =TL + T +T5 +T0 loely +1+1=1(v’ +/1')+E
T ) 2 r r 2 r
Thus:
9T = (1 v +21) +E) -le"_’lv’
O'A tt 2 r 2
1 C . v
=—e" MW +1)+eV i —
4 r
4. —TSTA
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Only the pairs involving

0= EV'; tt = Eev_AV'
contribute
—T5T = =204 T
1,1 ,
= -2 5V -Ee"_’lv
1 I
— __,v-A 2
Ze' M)
5. Sum of all terms
1 1 ’
Ry =5

1] 1] ! l ’ v 1 ’
AW WY =AV)+-e" VWV A1)tV A ———eV (V)2
2 4 r 2
Simplifying gives the standard form:

1 (w1, 1, 2V
Rtt=Ee v +E(v) —Elv +T

Full Derivation of R,.,.

R — drg‘_dr‘%_l_ O'l"ﬂ_ O'I")L
rr dxg dxr oA TT rAtro
Compute each term:

arg.

ax°

1 .
Only I} = E/’l’ contributes:

org, o, 0(370) 1,

0x°  0x" ox” =§
2 _aFTqO'

axr

We have:

- 0 . 0 ¢ 1, 1, 1 1 ., , 2
Fm=l"r0+l"rr+1"r9+l"r¢=§v +§/1 +;+;=E(V +l)+;
Differentiate:

arr% _ 1 " +A” 2
ax™ 2 v ) r2

Thus:
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3. ng Fﬂr

Only A = r contributes:

So
O' T' 1 I ! 2 1 ! 1 ’ ! ! 1 !
glrrﬂ;« = Fo-rrrr = [E(V +/1)+;] 5/1 :Z(V +/1)/1 +;/1
4. -L5 T},
The non-zero products yield:

rarr/lJ = l—‘7‘001—}00 + Frrrrrrr + Freﬁrfﬁ + Fr%l—:{;

2 2 2 2

=) +G¥) + () + () mzoregares

1, 1 ., 2
—T T =—2(V )Z—Z(A)Z—r—z

Thus

5. Sum of all terms

We add 1) to 4):

R, =<1+ 1( T+ 2]+[1( '+/’1')/’1’+1/1’]+[ 1( ) 1(/1')2 2
L) 2 2l I g r 2\ Ty 2
The +2/r? and —2/r?concel, as do %AH and —%/1”. Which yields to:
1 n 1 r ! r 1 1 1 ! 2 1 r 2
Rrr:—zv +Z(V +ﬂ.)ﬂ. +;ﬂ. +—Z(V) —Z(l)
1 n 1 ’ ’ 1 ! 2 1 I 1 ! 2 1 r 2
=—=v +-vA1+-(1) +-1 —- ——=(1
7V +gv A Tg() oA -g0) -3 (@)
v” (v!)z +V’A, +AI
2 4 4 ' r
Everything simplifies to:
1 " 1 "~ 2 1 o 2 ’
Rrr:—E(V +E(V) —EVA—;A)
Full Derivation of Ry,
dlg, dly,
Rgg = (W—Wg"' 7 To6 — TonTso
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Wesetu =v = 6.

arg,
0x°
Only o = r contributes because [[, = —re™ (see 5d). So:
oy 0T; 0(—re™)
dx°  9x”  9x"
7 ary,
) ax?

Only 0 = ¢ contributes because F9¢¢ = cot @ (see 5h). So:

_ar;’; _ _6cot9 _ 1
0x? dx? sinZ 0

3. T5IG

ForA=risTy, = —re™%, so:

=—e 4 (—r)(—e_l))\' = —e* +re N

5 To0 = T Thg = (Fttr + I + T + Ffr)%

2
yields:

1
= —Ere_’l(v’ +21) —2e 4

4. —Tg T}

1, 1 , 1 1 - 1 , , 2 1
=<—V +§/1 +;+;)F99 =<§(V +7\)+;)-(—re )

Féﬁ Féla = Fett Fett + Fetr Fert + Fete l—~09t + Fetd) Fgﬁt
TG, T, + T4, T, + Too Ty + Tgs T,
+T5:Tsg + T Tge + T Tgp + Fegqb l“;;
T Thy + T Ty + Doy Tos + Ty T

5T, =0+0+0+0

8¢ "6¢

1
+0+0+ (—re_’l) (;) +0

1
+0 + (;) (—re™)+0+0

+0+0+0+cot?0

1
0503 = 2(—re™) (;) + cot? 0

1
T = 2(re ™) (;) —cot?f =2e* —cot? 9

5. Sum of all terms

! 1 1
Rgg = (—e‘7‘ + re‘xk) + (sinz 9> + (——re‘ﬂ v +A) - 2e"1) + (Ze‘a — cot? 9)

2
1
1—e M +re ™\ — Ere_’1 v +2A)
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1
1+e? (—1 +7rA —Er(v’ + A’))

e M 1k + ir
1-—e 1 rk+2r(v+7\)

The computation (radial and angular parts) yields the well-known result:

r 1
R99=1—e_)‘<1+5(v —)L,)>
Full Derivation of R,

drg, drg
_ b9 $o A yl
Rpp = <dxa ~ 2t T Lol ‘Fgarqbo)

Set u =v = ¢.
arg,
ox°?

Only 0 = r and o = 0 contributes (see 5d and 5g). So:

org, _ 9Tgy T _o(=re™ sin® 6) . d(=sinfcosd)
0x®  Ox"  0x® ax” dx?

arg,

ox?

e sin?0 (1 —r1) —cos? 0 + sin? 6

No relevant contributions:
g
B 6F¢G 3
ox®

0
3. TThs
ForA=rand1=0isT}, = —re~*andTj, = —siné cos 6, so:
o F£¢ =T Thy +T5Tos = (Fttr +I7 + T4 + Ffr) Tpg + (Ftte +T7y + g + F(Z)e) Tgo

—(1 '+1/1’+1+1)Fr + (cot )Ty —(1(’+A’)+2) (-re*sin®@ ) + (cot) - (— sin 6 cos §)
= ZV 5 T o Cco bp = 5 \% . re ”~SIn Cco Sin & Cos

gives:
S p r(v' + ) 2
oalpp = —€ " sin” o (—2 +2|—cos“ 0
A
4. _rglr(po-
A _ pt pt t t 1o t o
F(gl F¢U = F¢t F¢t + F¢r cht + F(Pg szt + F¢¢ F¢t
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+ 5, Ty + T, T + T5g Ty + Ty T
+Tg. Tho + Tge Tg + Toa g + Ty Ty

bt o o 0 Lo o
e Too + Tor oo + Too Top + Tag Ty

[T, =04+0+0+0
1

+0+0+0+(—re"1 sin® 9) (;)

+0+ 0+ 0+ (—sin6 cosB)(coth)

1 A2 :

+0+ (;) (—re sin 9) + (cotf )(—sinfB cosB) + 0
o i -1 <in2 1 ;
91 Thy = 2(—re™*sin®6) = + 2(—sin 6 cos 8)(cot )

—I, T4, =2(e™*sin?0) + 2 cos? 6 = 2(e ™ sin? 6 + cos? )

6. Sum of all terms

r(v' + '
Ry = (—e_7‘ sin® @ (1 — r\’") —cos? 6 + sin® @ ) + (—e"1 sin” @ (% + 2) — cos? 9)

+ Z(e_’1 sin @ + cos? 9)

r(v' + A
Rpp = (—esin? 6 (1 — 7)) +sin?0 ) — (e"1 sin’ 6 (% + 2>> +2(e *sin?0)

r(v' + 1)

Rypp = — sinf@e (1 —r\) +sin?0 —sin?fe™? < >

+ 2> + Z(e_’1 sin? 9)

(v + A
R¢¢=sin29e_’\<—1+r7\ —¥—2+2>+sin20
, (v + A
R¢,¢, =sin?0 +sin2fe? (—1+r7\ —%)
5 sin@e* ,
Ryp =sin“0 +———— (@A —rv —2)

2

—-A
e ' '
Ryp = sin® 0 1+—2 (rA —rv —2)

As seen before:
e
Rgg =1 +T(r7\ —rv —2)
So we see, as required by sperical symmetry, that:

R¢¢ = Sinz 0 Rgg
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Ricci-Scalar
The Ricci-scalar is:
R = g'uvRuv = gttht + grrRrr + ggeRHG + g(M)Rq_’)q,')

From the above we know that:

e’V 0 0
0 —e* 0 0
wo—
9 0 0 —1/r2 0
0 0 0 —1/(r? sin? 6)
Because Ryg = sinZQRgg, and g‘M’ = —m, one obtains:
1
— . qin2 - _ _ 00
9? Ryy = ~zg ST ORes =——3Res =g Roo
and:
1 ole 1, 1, 2y
Rtt=§e v +§(v) —E/lv +T
17, 1 .5 1., 2,
RTT :—E(V +§(V) —EVA —;A>
A Lo
Rgg =1—e" 1+E(V—)\,)
R¢¢ = SinzgRgg
Thus:

R = gHVR,uv = gttht + grrRrr + ZggeRHQ

2
— Rog

R=e"R, —e*R_ —
tt rr 7"2

R=e™" Fe""1 <v” +1(V’)2 — l/llv’ +2l>] —e4 [—l< ! +l(v’)2 — lv’/f — zA)]
2 2 2 r 2 2 2 r
2 _2 r . '
—r—z[l—e <1+E(V —X))]
1 (w1 ., 1, 2 e L, 1,20
R=[Ee <v +E(V) —E/lv +T> —e [—E<v +E(V) —Ev/l _T>]

- 3[1 —e™* <1 + E(V’ - X))]
r? 2

R =¢e* 1 "+1( ’)2_1/1' ’+zl _|_1 ”+l( ’)2_1 ’,1’_2_’1’ _3 1—e* 1+£(’_;\’)
—¢ 2 QW TV T TS 2V TRV T o 2

e, s 2v 240 2 . ro.
R=e"|s(2v + () —Av +——-—][—-=5[1—-e"[1+5( 1)
2 r r r 2
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R=e A[(V’ . E v (v ;A)>]——[ ‘A<1+%(v'—7\')>]

R= A[(v + = (v)2 1'v’+u) <1+ v —k))]—%
2 r r? T

" ror Z(V _A) 2 2
R=e" ’1[1/ +5 )2——/1 —+_r2]__r2
” 1 1 1 ro Z(V _A) 2

— oA 2 -

Final result of the Ricci-scalar:

o1, 1, 200 —2)\ 2(e*-1)
R=e* —(v)--12
e (v +2(v) > v + = )+ 2

Summary

1 o 1 ., 1, 2V

Rtt=§e v +—(v) ——Av +T
1 , 1., 2%
Rrr=—§ v 4= (v) ——/11/ - (6)
Rgg =1—e—ﬂ<1+5(v’—,1’))
R¢¢ =Sin29R99
o1, 1., 2w —2)\ 2(et-1)
_ ok ()2

R=e <v +2(v) 2)»v+ - >+ 2 @)

Appendix 5.4 Explicit Einstein Equations

Insurting (6) and (7) into (4) yields the three independent field rquations:

(i) The tt-component:

1 8nG v
Gyt = Ry _ERgtt = (pc e’)
1 2v\ 1 .1, 1,, 200 =2)\ 2(e?*-1
Gtt=2 eV 2(v + = (v)z——/lv +—>—§ev[e ’1<v +§(v)2—§/1v + " >+ ( 2 )]
1 2\ 1 [2(e*-1)] A 1 1 1 : ev
_ ) — -1 -1 — -1 _
Gtt —Eev <T>—Ee"[— —?e" —T—ze" +r—2€v—r—zev (T'/1 _1)+T'_2_
ev . 8nG
= T—z[e_’l(rl -1+ 1] = —4(pcze")
81'[G
=> —[1+e"1(r/1 — 1)] ——p
Thus:
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1d 8nG
e (R Ep ®)

Expanding (8) gives:

8 G
2[(1—6 ’1)+re‘ﬂ/1]— 2[1+e‘ﬂ(r/1—1)] z ——p
Thus (8) is identical to the previous expression.
(ii) The rr-component:
1 8nG
Grr = Rrr - _Rgrr = —4p€
1 .22 ~ o 2(v’—,1’) 2(e* -1
6= A o2 )| s (v B =), 22

1/, 1., ., 24 [/ . 1, 1, . 20 =X 2(e* -1
=l-=z(v +3 (v)z——lv ——)+zl{{v +z(@)?—-zav + ( ) + ( )e’1
2 r 2 2 2 r r2

1/ . 1., 21 1/, 1 1., 2(1/’—/1') (e‘ﬂ—l)
=== 2_ — _ _ 2 _ A
_[ 2<v + = (v) 2/11/ r>]+2<v +2(v) 2/11/ + " )+ 2 e

120 =2) 24N\ (1-e*) 8nG
e B2

ct

1 8nG
=tz (1-e) = pe!

!

v 8nG
Lot Z(e—ﬂ-n_ D )
(ii) The 86 -component:
1 8nG

Ggg = Rgg — ERgee = C—4PT‘2

! ! —A
_ _ —-A £ ’_ /] _1_2 -1 " l ’2_1 [ Z(V _A) 2(@ —1)
Gogg =1—¢e <1+2(v A)) 2(r)e v +2(v) v + " + -

2
T -2
— _ —A E '_ 7 l 2 -1 " 1 ’ 2_1 ror Z(V _l) 2(6’ _1)
1—e <1+2(v 7\)>+2r [e (v +2(v) zlv + " + )
, 1 1,2 - ;o
=1—e_7‘<1 +%(v —A’)) [Erze_ﬂ<v += (v )% - E v +—(Vr )>+re_’1(v —/1)+(e_’1—1)]

/ 1 P 1., ., , /
=1—e_k<1+£(v —7\')>+[§r26_’1(v +§(v)2—zlv)—1+e_’1(1+r(v —/1))]

1 " 1 ! 1 r r r r r U
=§rze_’1<v +§(v )Z—E)Lv>+1+—e_}‘—§e_7‘(v —A)=14e*4re (v = 21)

ISP (RN SIS SURTNE S RIPVA WL,
—27"6 v 21/ 2 v rV —C4p1"
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1 -1 4 1 !2 1 o 1 ! ’ 8T[G
Ee v +E(V) —EAV +;(V —/1) :C_4p (10)

Explanation

The three equations are not independent: equation (10) follows mathematically from (8), (9), and the conservation law

V,TH =0

Therefore, for determining the functions A(r), v(r), and p(r), it is sufficient to work with equations (8) and (9).

Appendix 5.5 Integration of the First Equation

Integrating equation (8) yields:
1d 8nG
Sgrlr(t—e)]=—»
d 8nG
=] =T
f%[r(l — e‘l)]dr = 8;T—26pr2dr

8nG

r(l - e_)‘) = ﬁpﬁ

Hence:
8nG
e =1 - — pr? (11)
3c?
With:
T , 4
m(r) = 471[ pr'?dr =§7rpr3
0
This becomes:
_ 2Gm (r)

e_/l(r) =1 c?r

(12)

Explanation

The function m(r) represents the enclosed mass within radius r. For r = R one has m(R) = M, ensuring a smooth matching
to the exterior Schwarzschild solution.

Appendix 5.6 Energy Conservation and the Tolman-Oppenheimer-Volkoff (TOV)
Equation

The conservation law V,,T#" = 0 yields:

d 1 '
d—f: —E(pc2 +p)v (13)

Use equation (9) to eliminate v*
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v Y 8nG
73 ) (e -1)= & P
Hence:
8nG 1 -
. Toh pr+y(1-e™)
Vv = )
e
From (12):
e_l(r) -1 26m(r) en 1— e_l(r) _ 2G6m(r)
CZT' CZT

Substituting these into the previous expression gives:

8nG 126m 8nG 2G6m 8nG__3
L, =< Prys cr _c* r+c2r2= c2 pr-+2Gm ZG(m+ 2pr)
_2Gm (1 _ ZGm> ( 20m> c2r (1 _ ZGm)
cr cr cr

Thus:
. 26(m(r) + 4nr3p/c?)

= 14
c2r2(1—26m(r)/(c*r)) a5
Combining equations (13) and (14) yields the Tolman—Oppenheimer-Volkoff (TOV) equation:
dp 1, , 5 G(m(r) + 4nr3p/c?)
——=—spc"+p)yv =—(pc* +
dr 2 (0 P) (0 P) c2r2(1—26m(r)/(c?r))
4mr3
w646 (m+ TP .
L 1
dr 22 (1 _ ZGm)
c?r
Explanation
Equation (15) describes the condition for mechanical equilibrium: gravity pulls inward, while the pressure gradient
pushes outward.
For constant density p, this equation is exactly solvable.
Appendix 5.7 Solution for Constant Density
With
() == pr?
m(r) = 3 pr
equation (15):
dp _ (pc? +p)(4nGr(p +3p/c?)) 6
dr 32 (1 B 87err2) (16)
3c?
Define:
_p() 2 2
x(r) = p? => p=pc°x => dp = pcdx (16a)
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Insert this into (16):

Left-hand side:
dp  ,dx
ar P ar
Right-hand side:

p+3—p—p(1+3x) and pc? +p =pc?(1+x)

C2 -
Thus:
- et 4 AL
4nGp r(1+ x)(1 + 3x)pc?
RO
_ AmGp _ r(1+x)(1+3x)p
3 1—pr?
where we have introduced the constant:
_ 8nG
b=35p
Hence:
B 4AnG
2327

Addition of the left-hand side and the right-hand side together yields:
,dx  A4mGp r(1+x)(1+ 3x)

e = T3 1— Br2
dx 4nGp.r(1+x)(1+3x) B ﬁ.r(1+x)(1+3x)
dr 3c? 1— pr? 2 1— pr?
Separation of the variables gives:
dx B T

A+00+30) 2 1-pr2™
Integration of both sides

Left integral — partial integration:
1 _ -1 1 4 3 1
(14+x)(1+3x) 2 1+x 2 1+3x

For the first term:

-1 dx 11 L c
|5 is=gmasn+a

For the second term:

fB L 3 d+30+6 =i +30+¢
2 T3z 2 30A+30)+G=7In(0+30)+

Together:
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f dx = i@ ) + 20+ 30) + €
A+od+3n 2@+ +35In0+39+06

Or:

dx 1 (1+3x)
f(1+x)(1+3x)‘§n A+x 03

Right integral:
B r
2 | 1=
Use the substitutionu = 1 — fr? => du = —2fr => rdr = —du/(2p).
Thus:

2)1-pr2% =773
Combining both sides gives:
1. (1+3x) 1
—In——==-In(1-pr>) +C
R S M G
Multiply with 2:
1+3x) 1
In——===-In(1-Br®>) +C
aro 2 A=A+ G

Exponentiating:

1+x
We definine
a(r) =1—pr?
Then:
1+ 3x
=C
1+ x 6(r)

Determining the integration constant

Use the boundery conditionr =R =>p(R) =0=>x(R) =0

1+0
m =Cea(r) => 1=_Cga
Where:
2G6M
aEa(R)=\/1—ﬁR2= l_ﬁ
So:
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Thus:

14+3x  a(r)
14x a

Hence:

a(r)—a

Now:

a(R) = 1 — BR?,
8nG
B = 3czP

As defined before:

8nGpr? 2GM

a(r)= [1- 30 =,/1-pr?, a=a(R) = l_ﬁ a7

Using (16a) and (16b):

a(r)—a

3a— a(r) (18)

p(r) = pc*x = pc?
Remarks:
o Atr=R:a(R)=a =>p(R)=0
e Atr=0:a(0) =1 => p(0) = pc?

1-a
3a—-1

Explanation

This solution satisfies p(R) = 0 and gives a finite central pressure as long as 3a > 1. The pressure decreases continuously
to zero at the surface, which is physically correct.

Determining Explanation v(r)

From (13):
dv 2 dp
Ez_pcz+p5 (19
Chain rule:
dv _dvdp _ dv 2
dr dpdr dp pc®+p
Integrate with respect to P:
v=-=2In(pc? +p)+InC’ =InC'(pc?> +p)~2 = ln—(pczc_;_ E
Exponentiate:
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CII .
eV/? = C >0

Cpct+p

From (18)
_ 2 a(r)—a

p(r) = pc 3a—a()

We get:
a—a 2a
pet+p = e (14 o) = p ooy
Fill in ev/2:
c" C" 3a—a(r)
_ (19b)

ev/Z = =
pct+p pc? 2a

Determine C"’
At the surface r = R goes p(R) = 0 and a(R) = a. There the metric component should satisfy:

vR)/2 — ;4 — _ 2GM
e a 1-—x
Evaluate (19b) atr = R:
¢" 3a-a C"
a=— =—

Thus:
¢’ = apc?

Hence:
apc? 3a-—a(r)

pc? 2a

ev/Z —

3 1
v(/2 = Zgq - =
e i) a(r) (20)

Therefore, the metric time-component is:
3 1 ’ 8nGpr?
ev(/2 — Ea -5 1— T 21

Complete Interior Metric

The interior solution for 0 < r < R becomes:
2

3 1 8nGpr? dr?
2 | Z 4 _ 2442 0.2 2 i 2 2
ds® = 2a > 302 d 1_87err2 r (d9 + sin 9d¢) (22)
3c?
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Using:
_ 3M
4mR’

4 3
M=§T[pR => pP

One finds:

8nGpr?  2GM r?
3c2 2R R?

Inserted into (22):

st = (3 |1 2GM L, 2GMTRY e dr® 2(d6? + sin” 0dg?) (22
= —_ —_——_—— —_—— _ 1
7\ 2 c’R 2 cPRRZ| € L 26MrZ " ¢ (22a)
c’R R?
Explanation

This metric describes the spacetime inside a homogeneous sphere. At r = R it matches smoothly onto the exterior

Schwarzschild solution:
ZGM' VR 1 2GM
c2R c?R

Appendix 5.8 Central Pressure and the Buchdahl-limit

The central pressure follows from a(0) = 1:

(0) = pe? —2 23)
= pc
PR =P 31
AS given earlier in (17)

_ |4 2GM

4= c’R
When
3a-1=0

The central pressure p(0) diverges. This yields the Buchdahl-limit:

26M 8 24

c2R 9 (24)

Explanation

This limit marks the maximum compactness allowed for a stable, static configuration of uniform density.
If this bound is exceeded, the star inevitably collapses into a black hole.

Appendix 5.9 Summary

e The full tensor derivation confirms that the interior Schwarzschild solution is consistent with the Einstein field

equations.
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e The functions v(r) and A(r) can be determined exactly for constant density p = const..
e The pressure p(r) follows from the TOV equation and goes smoothly to p(R) = 0.
e The central pressure diverges at the Buchdahl limit 2GM/(c?R) = 8/9.

e The interior metric matches smoothly to the exterior Schwarzschild solution at r=R.

Appendix 6 Derivation of Gauss's theorem

We start with a cube of infinitesimally small dimensions:

dz

i / Flux
i ‘ Z ¢
: —>

dx

A flux flows through this infinitely small cube F . This flux is not the same everywhere and is therefore a function of x, y,

z, and t. The flux is a vector because it has both a magnitude and a direction.
Flux = ﬁ'(x, y,z,t)
Flux through a surface

Now consider the right side of the cube, a plane parallel to the y-z plane. The flux flowing through this surface is
determined by the component of F that is perpendicular to that plane.

If £ is the angle between ﬁ and the surface, then:
Flux,ecnes = F sin &dydz
We represent the surface as a vector dA , Which is perpendicular to the plane:
dA = @ X dz withsize dA = sin &dydz
The flux flowing through the right side is then:

- - 1 - = - - -
Flux,ecns = Fsinédydz = F cos (ET[ - f) dA=FcosepdA =FdA cosg

The vector dA4 is perpendicular to the surface and ¢ is the complementary angle of £ . So here we see the inner
product:

N

Flux,,cpes = FdA Cos @ =F-dA
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Flux through the total surface of the cube

For a finite cube, the total flux is the sum of the contributions of each surface:

FluXypys = ﬂﬁ-dﬁ+ ffﬁ-d/f+ ffﬁ-d/f+ ﬂﬁ-d/f+ ﬂﬁ-d/f+ ﬁﬁ-dﬁ
b

right left front ack below above

We can write this as a single integral over the entire closed surface:

Flux . pe = #ﬁ -dA

cube
Alternative approach: flux as a limit
We consider the net flux via a differential approach. In the xxx direction, the flux entering is:
Fluxyfe = F.dydz
This flux leaves the right side, increased or decreased by the d¢ from the y or z direction:
Flux,igp, = (F, + dF,)dydz
So, the net flux in the x-direction then becomes:
Flux, = Flux,jgp — Fluxer, = (F, + dF,)dydz — F,dydz = dF, dydz
The same applies to the y and z directions:
Flux, = dF,dxdz
Flux, = dF,dxdy
The total flux through the cube then becomes:
Fluxcpe = Flux, + Flux, + Flux, = dF.dydz + dF,dxdz + dF,dxdy

Or, rewritten as partial derivatives:

=% vdyd +aFyddd +anddd = aE‘+aFy+aFZ dxdyd
= oy XY ayxyz 9z XYY = ox dy 0z xayaz
0F, O0F, 0F,
=|l—+—=—+——)dV
(6x+6y+az
The operatorV is:
_,_E)%_l_c')ﬁ_l_(')%_(a 0 6)
~oaxtx ayey 9252 = ox’' 0y’ 0z

Equation (13) then becomes:

dF. 0F, OF Lo
Flux,ype = <a; +a—;+a—ZZ> dv = (V-F)dv

By integrating over the entire cube, we find the net flux through the cube:

Flux . = —Uf(ﬁﬁ) dv

cube
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Gauss's Theorem

Equations (7) and (16) both give the flux through the cube. It follows that:

#ﬁ-d,&:ffﬁ-ﬁdv 17)

cube cube

Since the volume was arbitrary (and not necessarily a cube), this applies to any closed volume:

# -dZ:fffV’-de (18)

)

This equation is known as Gauss's theorem.

Special case: zero flux

In the special case where the net flux through the closed surface is zero (nothing is generated or disappears within the

volume):
#ﬁ-d/T:o => ﬂfﬁ-ﬁdv=o (19)

It follows that:

V-F=0 (20)
This can be written as:
%, ‘;iyy + 20 1)
In Einstein notation (with summation over repeated index a ):
o =0 (22)
0x“

Appendix 7 Derivation of the Laplace and Poisson equations

A vector field in which the path between two points does not matter for the work required is called a conservative field.
In such a field, every route from point A to B costs the same amount of energy. This implies that there exists a scalar
potential ¢ for which the following applies:

F =Yg €))

Where the nabla operatorV is defined as:

v,_(344_64_'_(?4_(666) 5
T ox ayey 0252 = ox’ dy’ 0z @
The gravitational field ﬁ'g is an example of a conservative field, so that:

Fz] =V (3)

According to Gauss's theorem, the following applies to every closed surface:
# F;]-dA=-UJ V-F, dv (4)
A 4
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In a vacuum, where there is no mass, there is no source of gravity, so that:
V-F, =0

Substituting (3) into (5), we obtain:

or more explicitly:

N 0 9 0 0 d 0
- (2.5 2) (e e

(6 d 6)(6 d 6) _ 0
ox’dy’dz) \ox’'dy’dz =

Since x, y, z are orthogonal, we are left with:

(6 6+6 6+6 6) —0
dx0x 0ydy 0z0z ¢=
62 62 2
- - - — 0
(axz * dy? * 622> ¢
This expression is also written as:
VZp=0 of Ap=0
The operator V2, called the Laplacian, is defined as:
02 92 92
Vi=—+4+—+—
ax2 T ay2 T 922
In vacuum, the Laplace equation therefore applies:

Vg of Ap = 0.

In a volume with mass

Within a mass, there is a source of gravity. According to Newton's law of gravity, the following applies to the

gravitational field:

B

E =Gt

where 7 is the unit vector in the radial direction. Apply Gauss's theorem again:

The surface area and volume of a sphere are respectively:

A = 4mr?
4

V =—=mrsd
31‘[1’

Because the radius r of the sphere remains constant over the total surface of the sphere, equation (10) becomes:
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m ApdV # ¢ aa Gm# dA = G 4mr? = 4nG (13)
= — =4G— = G—=4nre =4ntGm
, P 2 =i )

With p as the mass density:

(14)

©
I
<I3

Then (13) becomes:

ﬁf A@dV = 4nGm = 4nG .Uf pdV = .Uf AnGpdV ==> A@ = 4nGp (15)
4 4 4

This is Poisson's equation, which applies in areas where mass is present.

Summary
e Inaregion with mass density p :
Ap = 4nGp (16)
Or:
V2@ = 4nGp (Poisson — vergelijking)
e In empty space (vacuum):
Ap =0 17)
Or:
V2o =0 (Laplace — vergelijking)

Consideration
The existence of mass causes gravitational flux. When you are inside a mass sphere and move outward, the amount of
enclosed mass changes and so does the total flux (V2@ = 4mGp) . When you are finally outside the mass sphere, the
mass remains enclosed and the total flux remains constant (V2¢ = 0) .

Appendix 7.1 Application of the Laplace operator to the gravitational potential
In this chapter, we apply the Laplace operator to the gravitational potential, both outside and inside a static sphere. The
relevant formulas for the Newtonian potential are derived in Appendix 7.1.1(outside a sphere) and Appendix 7.1.2(inside

a sphere).

According to Newton, gravity is:

GmM o GM o _ —-GM
F=mg= 3 = gravitation field: g = —7 = gravitation potential: @,y ton = "
Where — dq)newton
g dr

Here, r is the distance from the center of the sphere and R is the radius of the sphere. M is the mass of the sphere and m
is the mass of a particle.

The gravitational potential outside a sphere in general relativity is (Chapter 2.8 equation 5):
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2 GM — 2 Q)newton

=gop=1- 1+
@ = goo c2r c?
GM
=> (Dnewton _outside — _T (1)

Gravitational potential inside a sphere (see derivation below):

o1 36M+GMr2_ +2 36M+GMr2
2R 2R3 T ¢? 2R 2 R3
3GM GM r?
=> Q)newton _inside = — W + TF (2)

See Appendix 7.1.4equation 3.

Next, we apply the Laplace operator to the gravitational potential outside and inside a sphere, where:

r2=x%+ y2 + z2
Appendix 7.1.1 Outside a Sphere (Laplace)

rt=x%+y*+2°

The derivative with respect to x gives:

ar ) ar ) ar
— = 2Zr—=2x=_—=-
d0x d0x dx r
The gravitational potential outside a sphere is given in classical mechanics by (see equation 1 in Appendix 7.1):
GM

Drewton _outside = r

First derivative with respect to x:

aq)newton — aq)newton . ﬂ — % . E — GMx
0x or ox 1% r r3

Second derivative with respect to x:

0%@pewton _ —3GMx x GM _ —3GMx* GM

axz 4 ror3 rS 3
The same applies to y and z. So, in total for x, y, and z, the following applies:

2 2 2
d Qnewton d ®newton 0 Qnewton

ABnewton = 0x? + dy? + 0z2
—-3GM x?>+y?+z> 3GM —3GM 3GM
ADnewton =—3— 2 t—5=—3—t—3 =0
Therefore:
ABrewion =0

Outside a sphere without mass (vacuum), the gravitational potential therefore satisfies the Laplace equation.
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Appendix 7.1.2 Inside a sphere (Poisson)

As derived above:
or X

ax

The gravitational potential inside a homogeneous spherical mass is (see equation 2 in Appendix 7.1):
3GM GM r?

Q)newton _inside = W + TF

a(Dnewl:on _ a(DneWton Jar . 2GM r x _ GMx

ox ar odx 2 R3r RS
azwnewton — %
0x? R3
The same applies to y and z. So in total:
2 2 2 3G.2 7R3
AQ _ d Q)newton 0 wnewton 0 Q)newton _ 3GM _ "3 TTh=p = 471G
newton — 9x2 ayz 072 - R3 T R3 = anlp
Within the sphere, the gravitational potential therefore satisfies the Poisson equation:
ADnewton = 4TGp 3)
Therefore:
20 ewton 2 2 8nGp
@:1+C—2=> AQZC_ZAQnewtOTL =C—24‘T[Gp= C2
8nG
rp =P
c

Appendix 7.1.3  Simplification of the Application of the Laplace/Poisson Operator

Let us assume that we have a function f{r) to which the Laplace operator is applied
rt=x%+y?+42°

Gradient of f(r) :
_(9f() of () of(r)
Vf(r)_(ax'ay' az)

of(r) _of(r) or _of(r) %
ox  or ox or r

1)

The gradient of f(r) :
- f

of(r) 7 _of (M
Tr

of(r) (¥ y Z B B
< +;+_ T or or

A

Further differentiation of (1):
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ax2 ~ or: r r or r or r2 r
3%f(r) B ’f(r) x* of(r) 1 1 x?
ax2 ~ or: 72 or r ( r2

Now for x, y, and z:

0%f(r) 9*f(r) 9%f(r) _ azf(r)_x2 +y2 + 22 +6f(r)_1_(3_x2 +y? + 22
r

dx2 y? 9z2 ~  Or? r2 or )

72

The Laplace/Poisson equation:

*f(r) 2 3f(r)

A = 2
Let us take the general form of @, ton
Dnewton = L+ Kr" 3)
Where L and K are constants.
a(Dnewton = nkr™-1
ar
REL))
—;ﬁvzmn =n(n—1)Kr"?
Therefore, according to equation (2):
2
ADpewton =n(n— 1K™ 2 + - nKr*™1 = n(n — 1)Kr" 2 + 2nKr"—2
ADrewton = n(n + I)Krn_z )

Let's apply this formula to the gravitational potentials outside and inside a sphere.

Outside a sphere:
GM

(1) =
newton r

So, according to (3)
Qnewton = L + Krn
Where n=-1,L=0, and K =-GM. Then, according to (4):

ADrewton = —1(—1+ 1)GMT_1_2 =0-GMr=3=0

Inside a sphere:
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36GM GMr?
Pnewton = =S * 5 o

So, according to (3)

Q)newton = L + Krn

Where n=+2, L=-3GM/2R, and K=GM/2R?

GM ,, GM 3GM _ 36.37R%p
W Tt R T T R
This corresponds to the calculations in the previous chapter.

Furthermore, it can be seen that A®,,.,,:,n is zero when n=0 or -1, and of course when r goes to infinity while n < 2.

AQHQW{:OTL = +2(2 + 1)

=4nGp

Appendix 7.1.4 Derivation of the Gravitational Potential Within a Static Sphere

The gravitational potential within a static sphere will be derived based on Poisson's equation:

ADnewton = 4TGP.
And the general form of @,...,c0n -

Dnewton =L+ Kr"
With formula (4) derived above:

ADpewton = N(n + 1)Kr™ 2 (2)
It follows that:
4mGp = n(n + 1)Kr" =2

This indicates that when n=2, the following applies:

 AnGo =S K = 2y < e M _1GM
6K = nGp—>K—§nGp——nG4 =377

3 §T[R3

So the gravitational potential inside a static sphere is:
2 2
=> Drewton =L+ §7TGpT

On the surface of the sphere, where r=R:
GM
Q)newton = _T

For a continuous transition from @ on the surface of the sphere (at r=R), the outer gravitational potential must be equal
to the inner gravitational potential:

GM 4 R3 4 2 )
Drewton = "R = —gﬂ?Gp = _§7TR Gp=1L +§7tGpR
This gives:
L=—i7TR2Gp—ET[GpR2=—ETL’R2G,D=—§T[RZG M =—§M—G
3 3 3 3 %n_R3 2 R
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The gravitational potential inside the sphere then becomes:

2 ) 2 , M 16M ,
newton — L +5mapr® =L+ snGr =L+-—r1
@ L G L G L 3
3 3 4 R3 2R
3T
So:
o __3MG 1GM
new 2R 2R3
The acceleration g, is the derivative of @,,,:on With respect to r:
— dmnewton — %T
gr dr R3
At r=0, the acceleration is g, = 0 and at r=R, the acceleration is g,, = (;—IZ .
Gravitational potential inside the sphere:
2B newton 3MG  GM ,
P=lt—rm  =l-Gagptap’ (3)

Appendix 8 Tidal forces

Tidal forces

The lines of the gravitational field caused by a mass are not parallel but directed toward the center of the mass. The
magnitude of the force is inversely proportional to the square of the distance from the center of the mass. The
gravitational forces on the gray body can be split into horizontal and vertical components. The gray body is compressed

by the horizontal components of the force, and the body is stretched vertically because the gravitational field increases
as we get closer to the mass.

So, since the lines of the gravitational field are radially oriented, the force is called a tidal force.
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In the case of a "black hole," the forces are so enormous that the gray body is stretched to such an extent that this
phenomenon is called "spaghettification."
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Appendix 9 Special Theory of Relativity

In the Special Theory of Relativity, Einstein only considered coordinate systems that moved uniformly, i.e., at a constant
speed relative to each other; the influence of masses, and therefore gravity, was not taken into account. The
assumptions on which the Special Theory of Relativity is based are:

e The maximum possible speed, in any coordinate system, is the speed of light c=299 792 458 m/s.

e The laws of nature are valid in every uniformly moving coordinate system.

In Newton's approach, the time intervals were the same in the "rest frame" and in the moving frame. However, Special
Relativity showed that the time intervals in a moving frame are different and smaller than in a rest frame. In addition,
the length of an object is influenced by its speed and decreases, relative to the rest frame, in the direction of motion.

Both were consequences of the observation that the speed of light in a vacuum is always the same in every system,
regardless of the speed of the system.

In this chapter, we summarize a number of points that are often used in Special Relativity (SR) and that are relevant for
application in general relativity.

We begin by establishing the relationship between two coordinate systems moving at a constant speed relative to each
other. This relationship is known as the Lorentz transformation, the derivation of which is shown below.

Appendix 9.1 Simple Derivation of the Lorentz Transformation
t t
k " K
X X’
Fig. 1

Coordinate system k' moves uniformly at a speed v relative to
coordinate system k.

1

We take two coordinate systems whose origins move relative to each other at a constant speed v, in the x and x
directions, respectively. Although the coordinate systems are four-dimensional (t, x, y, z), only the t and x axes are drawn
for simplicity, because there is no movement in the y and z directions.

A light signal is emitted at time t = t' = 0in the direction of the positive x-axis, according to the equation:
x=ct
Or:
x—ct=0 (D
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Since the same light signal is emitted at speed c relative to k', propagation relative to the k' system will be represented
by the analogous formula:

x'—ct'=0 (2)
Those space-time points (events) that satisfy (1) must also satisfy (2). This is clearly the case when the relationship:

(x' —ct") = A(x — ct) 3)
generally applies, where A denotes a constant; because according to (3), the disappearance of (x — ct) leads to the
disappearance of (x'— ct') for every value of lambda.

If we apply similar considerations to light rays emitted along the negative x-axis, we obtain the condition:

(x +ct") = u(x + ct) 4)

By adding (or subtracting) equations (3) and (4) and inserting the constants a and b instead of A and i, where:

_Atu
=7
and
A—u
b=———
2

we obtain the equations:
x = ax — bct
ct' = act — bx (5)

We would therefore have the solution to our problem if the constants a and b were known. These follow from the
following discussion.

For the origin of k', x' = 0 applies permanently, and therefore, according to the first of the equations (5), we have

bc
X =—
a

If we call v the speed at which the origin of k' moves relative to k, then we have:

_bc 6
v=— (6)

The same value v can be obtained from equation (5) if we calculate the velocity of another point of k' relative to k, or the
velocity (directed toward the negative x-axis) of a point of k relative to k'. In short, we can refer to v as the relative
velocity of the two systems.

Furthermore, the principle of relativity teaches us that, as judged from k, the length of a ruler that is at rest relative to k'
must be exactly the same as the length, as judged from k', of a ruler that is at rest relative to k. To see how the points on
the x'-axis look from k, we only need to take a "snapshot" of k' from k; this means that we must enter a certain value of t
(the time of k), for example t= 0. For this value of t, we then obtain from the first of the equations (5):

1

X =ax

Two points on the x'-axis, separated by the distance x'= L when measured in the k'-system, are therefore separated in
our snapshot by the distance:
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Ax =— (7)

But if the snapshot is taken from k'(t' = 0), and if we eliminate t from equations (5), taking into account expression (6),
we obtain:

0 = act — bx

b
t=—x
ac

, b? b2
X =ax—bct=ax——x=ax<1——2>
a a

From (6) we get:

: v?
=>x =a<1—c—2>x (7a)

From this we conclude that two points on the x-axis, separated by the distance L (relative to k), are represented in our
snapshot by the distance:

. v?
Ax =a<1—C—Z>L (7b)

But from what has been said, the two snapshots must be identical; so Ax in (7) must be equal to Ax' in (7b), so that we
obtain:

=>q? = (7¢)

Equations (6) and (7c) determine the constants a and b. By inserting the values of these constants into (5), we obtain the
equations:
x =ax — bct = ax — avt = a(x — vt)
) x — vt
X = ——
v?

, av v
ct =act—bx=act——x=ac(t——2x)
c

t =—— (8)
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This gives us the Lorentz transformation for events on the x-axis.
This satisfies the condition:

x'% —c2t'? = x2 — 22 (8a)

The extension of this result to include events outside the x-axis is obtained by retaining equations (8) and supplementing
them with the relations:

y =y
Z,:Z (9)

In this way, we satisfy the postulate of the constant speed of light in a vacuum for light rays in arbitrary directions, both
for the system k and for the system k'. This can be demonstrated as follows.

We assume that a light signal is emitted from the origin of k at time t = 0. It will propagate according to the equation:

r=yx2+y*+z2=ct
Or, if we square this equation, according to the equation:
x?+y%2+z2—c*? =0 (10)

According to the law of propagation of light, in combination with the postulate of relativity, the transmission of the
signal in question - judged from K' - must take place according to the corresponding formula:

r=ct
Or,
x24+y 2422 -c2?2=0 (10a)
To ensure that equation (10a) is a consequence of equation (10), we must have:
(x24+y2+22%2-c2t'?) = o(x?+ y* + 2% — c?t?) (11)

Since equation (8a) must apply to points on the x-s, we therefore have ¢ = 1; because (11) is a consequence of (8a) and
(9), and therefore also of (8) and (9). This is how we derived the Lorentz transformation.

The Lorentz transformation, represented by (8) and (9), still needs to be generalized. It is clear that it does not matter
whether the axes of k' are chosen to be spatially parallel to those of k. Nor is it essential that the velocity of the
translation of k' relative to k lies in the direction of the x-axis. A simple consideration shows that we are able to
construct the Lorentz transformation in this general sense from two types of transformations, namely from Lorentz
transformations in the specific sense and from purely spatial transformations, which corresponds to replacing the
rectangular coordinate system with a new system with its axes in different directions.

Mathematically, we can characterize the generalized Lorentz transformation as follows: it expresses x', y', z', t'in terms
of linear homogeneous functions of x, y, z, t, of such a nature that the relation:
x?2 4 y’2 +z2—c?t?=x2 4 y? + 22 — c?t? (11a)

is satisfied. That is to say: if we substitute their expressions in x, y, z, t, instead of x/, y', z', t', on the left-hand side, the
left-hand side of (11a) corresponds to the right-hand side.

We can characterize the Lorentz transformation even more simply if we use the imaginary quantity

Vv—1ct

introduce instead of ct, as a time variable. If we introduce this:
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X1 =X

X2 =Yy
X3 = Z
x4 =V—1l.ct

and do the same for the accentuated system k', then the condition that is identically satisfied by the transformation can
be expressed as follows:
X124 x4 x3 2 45,2 =502+ x% + x3% + x4° (12)

With this choice of "coordinates," (11a) is converted into this equation.

We see from (12) that the imaginary time coordinate x, appears in the transformation condition in exactly the same way
as the spatial coordinates x; , X, , x3 . This is because, according to the theory of relativity, "time" x, appears in the laws
of nature in the same way as the spatial coordinates x; , x, , X3 .

A four-dimensional continuum described by the "coordinates" x; , X, , X3, X4 , was called "world" by Minkowski, and he
called a point event a "world point." From an "event" in three-dimensional space, physics becomes, as it were, an
"existence" in the four-dimensional "world."

This four-dimensional "world" bears a strong resemblance to the three-dimensional "space" of (Euclidean) analytical
geometry. If we introduce a new Cartesian coordinate system (x';, x',, x;) with the same origin point, then x';, x'5, x'5,
linear homogeneous functions of x; , X, , X3, which identically satisfy the equation:

xl,z + XZ,Z + X312 = X12 + X22 + X32
The analogy with (12) is complete. We can formally consider Minkowski's "world" as a four-dimensional Euclidean space
(with imaginary time coordinate); the Lorentz transformation corresponds to a "rotation" of the coordinate system in
the four-dimensional "world."

Appendix 9.2 Alternative derivation of time dilation and length contraction

To illustrate the effects of special relativity on time and length, we use a light signal in a rapidly moving object, for
example a rocket. We consider two reference frames:

e our stationary reference frame with time t,
e the reference frame of the rocket with time t'.

Time dilation

First we send a light flash perpendicular to the direction of motion of the rocket. In the rocket frame, the light flash
moves from the bottom to the top of the rocket. The height of the rocket in that frame is hhh, and the light flash covers
this distance in the time ¢";

h=ct
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top

ct

t=t =0 vt bottom

From our stationary reference frame, the rocket appears to move to the right with velocity vvv. The light flash still
follows the vertical distance h, but because the rocket moves horizontally, the light flash follows a diagonal path in our
frame. The horizontal displacement of the rocket is vtvtvt, while the vertical displacement of the light is still h. The total
distance traveled by the light in our frame is ctctct. From the Pythagorean relation it follows that:

c?t? = c?t'? + v2t?

C242 — 242 = (2472

2
v
t?|1—— ) =t?

-V

From this it follows that a clock in the moving frame runs more slowly: the time t't't’ in the rocket is shorter than the
time ttt in our stationary frame. This is the phenomenon of time dilation.

Length contraction
When measuring a length in a reference frame, the positions of the two ends must be determined at the same moment
in that frame. In our stationary frame, the positions of the back and the front of the rocket are therefore recorded

simultaneously at t. In the rocket frame itself, the positions of the two ends are recorded at the same moment t’.

Starting from the Lorentz transformations:

v
I X — Ut I t - C_Zx
v v
1-— 1-—
c c
Since x” and t” are functions of x and t, it also follows that:
v
. dx —vdt , dt_c_zdx
v v
1-— 1-—
c c

To measure the length in our frame we must keep t constant, so dt=0, which gives:
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The length in the rocket is L, because it is at rest in that frame, and we then see the length in our frame as:

L=1Ly [1-=
0 C2

Because of the relativity of simultaneity, events that are simultaneous in one frame are not necessarily simultaneous in

another frame. This explains why a moving rocket, from our perspective, has a shorter length L than the rest length L
measured in the rocket frame.

Summary of the results

v2 v2

t =t 1—C—2, L:LO 1_C_2

e Aclock in a moving frame runs more slowly (time dilation).
e A moving object is shorter in the direction of motion (length contraction).
e Length contraction arises from the combination of motion and the relativity of simultaneity.

Appendix 9.3 Symmetry of Lorentz transformations on spacetime

When a Lorentz transformation is performed due to a constant velocity v in the x-direction, formally only the
coordinates x and t are directly affected::

At first glance it appears that only the x-t plane changes, while the other spatial coordinates y and z remain unchanged.
However, this is only partially correct.

When we consider spacetime as a four-dimensional structure, we see that all processes in which the time component t
appears are indirectly affected. For example:

e Aclock located at a fixed y-position ticks more slowly for an observer at rest, just like a clock at a fixed x-
position.
e Similarly, events in the y-t or z—t plane are affected because the time t is transformed.

Conversely, in planes such as y—x or z-x, the coordinate x is directly transformed. Here too spacetime is altered,
although the effect is less directly visible.
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The key insight is that the Lorentz transformation is not limited to the plane of motion. Every four-dimensional
combination in which x or t appears is affected. This produces a form of structural symmetry: although y and z
themselves do not change, all processes in those directions proceed according to a transformed time or space
component. The entire spacetime is restructured, and with it all physical descriptions within that frame.

Appendix 9.4 Trigonometric Tools

Because trigonometric formulas are often used in special relativity, we provide a brief overview of a number of them
and how they can be easily derived.

y i0

Voo

By definition:
e =cos@ +isin@ (1)
Where:
i=+-1
Substantiation of this equation:
First, we consider a function:
F(x) =e™
The derivative is:
de™
dx ae™
So:
dl;ix) = aF(x)

Therefore, the derivative of a function F(x) = e* is a factora times that function.

Next, we consider a function:
F(x) = cosax + isin ax
Whose derivative is:

d(cosax + isinax )

= —asinax + ia cos ax = ia(cos ax + isin ax )

dx
Here we see again that:
dF(x) .
= iaF (x)
dx
Where:
F(x) = e'** = cosax + isinax .
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From this we can deduce:

e =cosf +isinf (D)
From this equation, all trigonometric formulas can be derived, such as:
e ¥ = cosf —isinf 2
By adding (1) and (2), we get:
et 4 o—if
cosf = —
And by subtracting (1) and (2), we get:
el _ o=if
sinf = 57

Furthermore:
eld om0 = ¢i0-i0 — 0 =1 = (cos@ + isinB)(cos@ —isinh) = sin® O + cos? 6 = 1

Next, we define the hyperbolic functions:

b e +e™*
coshx =
2
e¥ —e ¥
sinhx =
2

From these equations, we can derive:
cosh(x) = cosh(—x)
sinh(x) = — sinh(—x)
cosh(ix) = cos(x)

—isinh(ix) = sin(x)

With these tools, we should be able to derive all the necessary trigonometric equations.

Appendix 9.5 Addition of velocities

We consider two coordinate systems A and B that move relative to each other at a constant velocity v m/s. The
coordinate systems are chosen such that the relative motion between the systems occurs along their x-axes. In A, an
object moves at velocity V' with components in all directions. Now we must consider the velocity of the object relative
to system B. According to Newton, the added velocity relative to system B is V,'+ v. However, according to the special
theory of relativity, it is different:

First, we start with the equations for the Lorentz transformation, derived in the previous chapters:

v
, ct— X
ct = —==y(ct—px) €Y)
2
S c?
' x — vt
x === y(x - fet) @
v
c2
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N <
Il
N <

Here,

_ 1 dﬁ—v
V= 2 andp =z

The velocity v of the origin of system A relative to system B is here in the x-direction.
The relationship between system B and A:

ct =y(ct + ﬁx’) (1a)
X = y,(x’ + Bet) (2a)
y=y
z=12z

The velocity in the x" direction in system A can be found by taking the derivative of (2):
V¥££=V@ﬂg—ﬁgg=yef—cyg=ﬂV—&ﬁE 3)
*oodt at dt’ dt’ at dt’ x dt’
The derivative of (1):
dt’ dt dx dt dx\ dt dt
cqr=c=1(carForar) v~ 85 p=re-pRg
From this it follows:

@=@ (4)

Substitute (4) into (3):

y_YU=BO) _Ve=Be

()t

c

Speed in the y'-direction:
, _0y' 9y dydt dt v,
y_—’=—’=——,= y—,=—
o'  at' atdt dt y(l—ﬁ%)

So:
, vV
Vy=—21—~ (6)
Y BV
r(1-52)
Similarly for the z'-direction:
v, =——= 7
e BV
r(1-5)

Now look at equation (4):
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dt 1 i
dt’ _%) vl
Y(l z 1-—7

In the special case where Vx' =0andV, =v:

dt 1-2 1 2 ,
— = = =>dt = [1-—=dtsodt Kdt
dt _ v 1 v2 c

c? —Z

Back to the general case:
For the X component (5):

K A
1=-= 1=
Or:
V;’ +v
V. =
T4
A similar derivation via equations (1a) and (2a) gives:
v, + Bc
Vx = x—BVr- (5(1)
X
1+ o
vV, =—X (6a)
Y BV
r(1+5)
= a
V. (7a)

z
/()
So, according to Newton, we would have an added velocity in the x-direction of:

Vx’ +v
but according to special relativity, Newton's result is corrected to:

Vx’+v

In general, when the term vi’ is much smaller than ¢?, we can approximate the result with Newton's result Vx’ +v.
Appendix 9.6 Collisions

Imagine a perfectly elastic collision between two identical particles; an elastic collision is a collision without loss of
kinetic energy. The initial velocities of the particles are u;and 1, and, after the collision, ¥; and ¥,. Due to the
conservation of momentum, the following applies:

My Uy + My Up = My, Uy + My Uy

Here, my, and m,,, are the masses before the collision and my,, and m,,, are the masses after the collision.
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U, V,

First, we consider the collision from a coordinate system that moves with particle one. Then particle 1 moves upward at
velocity w; and downward at w, . These velocities are equal but opposite. Particle 2 has velocity V with an X-component
u and a y-component v.

2 2

SI

Left: Collision between two identical particles in a coordinate system S that moves
with particle 1. Right: The same, but now S' moves with particle 2.

Now we need to find the relationship between the y-components of the momentum of particles 1 and 2 in system S, i.e.,
w and v. In the previous chapter, we found the following relationship:

=
y
-
Since:
V,=wandV, =0
we get:
w
v=—
14

Due to symmetry, w here is the velocity of particle 1 in system S and the velocity of particle 2 in S'. v is the y-component
of particle 2 in S and of particle 1in S".
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The total velocity of the moving particle 1 in S and of the moving particle in S' is the same, namely:
V =v?+u?
The conservation of momentum in the y-direction now gives:
m,w—myv =-—-m,w+myv
from which it follows that:
m,w = myv
So:
my w w
v wy €Y)
Now suppose that the velocity w is very small. In this limit, the following applies:
lim,,_ov = 0and lim,_,V = u.

In that case, the relativistic effects can be neglected and the classical expression for momentum can be derived.

So:
lim,_om, =m
Substitute this into (1):

) m
lim, omy =ym =
v
2
Due to momentum conservation, the definition of momentum must be adjusted. This relativistic extension is:

p =ymv

Appendix 9.7 The Energy of a Moving Object
With the thought experiment, Einstein demonstrated that energy and mass are equivalent via the relationship E = mc?
. We have shown that for an object moving at a velocity, the momentum must be adjusted to the relativistic description:
p=ymv

So it can be stated that the energy of an object is equal to:

E = ymc?.
Therefore:
mc?
E j—
_u?
2

With the Taylor series expansion:

2 4
E = ymc? =~ mc? 1+v——31.......
2¢? 8¢t
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If v is much smaller than c, the third and subsequent terms within the brackets can be neglected. This leads to:

1
E ~mc?+ Emvz

. N 1
So this is the kinetic energyEmv2 plus a constant mc?.

Appendix 9.8 Energy-Momentum Vector

As found by Minkowski:
c?dt? = c?dt? — dx? — dy? — dz?
dx? + dy® + dz*
c2dt?

c?dr? = c?dt? <1 -

Since:

From (1) we derive:

dt? dt?dr? dt?dt? dt?dr?

dt? dx? dt? dy? dt? dz? dt?
my2c? = my2c? 2 2 &Y

my?c? = y*my

E 2
p* = (—) —p? —p,% —p,°

2 2., 2 2., 2

2 2 2 2 2
CO =YV MUy =Y My Vy” =Y MoV,

c

E

Po = c

D1 = Dx

b2 =Dy

p3 =D,

E\N?

p2=(2) — 1P = mpe?

EZ _ C2|ﬁ|2 — m02c4

E = $ymp2ct + c2|p|?
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Or:

Where:

Or via the relationship:

Now let's continue:

So:

Or, as is commonly written:

Where:

Appendix 9.8.1

Here is:

E2 = m02C4 + Czlﬁlz

myv
p=ymyv =
2
1 v
CZ

And my is the rest mass (mass at zero velocity)

2 2 4
mycC my=c
E= => E?= >
v v
1—— -7
2 c
2
2,40
2 .4 =
2 _Mo°C 24, 0T
E« = =my“c* +
v2 v2
1__ —_
c? c?
> .2 4_I_mozvzcz
=> my“c
0 UZ
2

myv
b= 2
1 .,
c2

Alternative derivation of the Energy-Impulse-Mass relationship

p =mv
217
p=Ymyv =ymyC 2
2V 2
pc =ymyc Ezﬁ)’moc
_ 1 4 v
V= 1_‘32 an ﬁ_c

Now, using the above, we look at what happens:
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(Pc)? + (mgc?)? = (Bymoc?)? + (moc?)?
(Pc)? + (mgc?)? = (mpc?)*(B?y* + 1)

(00 + (moc?)? = oY (14 5 =)

_ P2 2
e + (moe®y? = (moc?y? () = (noe®y? (1= 53) = (nocy?

1-p2 1-p2
(pe)? + (mgc?)? = (moc?)?y? = (ymoc?®)? = E?

So:

E? = (pc)* + (mocz)2

Appendix 9.8.2  Classical Proof of Energy Conservation

Energy is the sum of kinetic energy K and potential energy U:

1 5
EFE=—-mv+U
2
Time derivative and partial derivative for a one-dimensional situation:
dE_ dv+dde_ N dau
de ~"Var T dede T YT Vax

The force on a particle, according to the principle of potential energy, is related to the derivative of the potential energy,
U(x):

du

dx

dE_( +dU>_ F
dt—v ma Ix = v(ma )

We know that according to Newton:
F =ma
Therefore:
dE

— =0 => E = constant
dt

The energy E is therefore conserved.

Appendix 9.9 Derivation of E = mc?
Einstein found the equation E=mc? through his so-called thought experiments:

There is a stationary box floating in space, unaffected by any gravitational force. When a photon is emitted on the left
side and moves to the right, the box will move slightly to the left due to the law of conservation of momentum. At a
certain point, the photon collides with the right side of the box, transferring all its momentum to the box. Due to the law
of conservation of momentum, the box stops moving.
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The photon has moved and the box has also moved, while no external forces were present. So the center of mass of the
system does not change location.

As we saw in the previous chapter, the following applies to relativistic energy (see Appendix 9.8 equation_(2) ):

2
E? =p?c? + my°c*

For a photon, the mass is zero, so:
E =pc

So the momentum of the photon is:

E
Pphoton =

The box with mass M will move slightly in the opposite direction at velocity v.
The momentum of the box is:

Pbox = Mv

In the time At , the photon will reach the other side. In this time, the box will have moved a distance of Ax . The velocity
of the box is:

Ax
vV=——
At
Due to the law of conservation of momentum, the following applies pyhoton + Prox =0 => Prox = —Pphoton -
So:
Ax _E
At ¢
The length of the box is L and the time it takes for the photon to reach the other side of the box is:
L
At =—
c
So:
EL
MAx = -
c

Suppose, hypothetically, that the photon has some mass m. Then the center of mass of the entire system can be
calculated. If the position of the box is x; and the photon has position x, , then the center of mass of the system is:

Mx, + mx,
M+m

It is required that the center of mass of the entire system does not change. So the center of mass must be the same at
the end of the experiment as it was at the beginning:

Mxy +mx;  M(x; — Ax) + mL

X =

M+m M+m
The photon starts at x, = 0, so we get:
mL = MAx
Now we get:
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With some rearrangement:

Note:

It seems that an approximation has been made in this derivation, because when the photon reaches the other side of
the box, the box has moved a little bitAx in the opposite direction, so that the total path of the photonis L — Ax, and

not just L. In addition, there is also a relativistic effect, the Lorentz contraction due to the velocity v of the box. So the
path becomes:

This leads to:
2
L (1 - Z—) — Ax
At =
c
Ax _ E
At ¢
E
MAx = — At
c
So:
2
E(L (1 - ”—2) — Ax
c
MAx = p
Now:
M(x; — A L (1 ”2) A
X1 —Ax)+m —— | — Ax
Mx, + mx, _ ! ) c?
M+m M+m
= —MAx+m
m
Fortunately, it ends up in the same equation phew...
15 March 2026

Page320 of 342
Copyright© 2018 [COPYRIGHT Albert Prins], All Rights Reserved. — mailto: aprins@hotmail.com



Appendix 9.10  Applications

Appendix 9.10.1 Nuclear Fusion and Nuclear Fission

When a proton p and a neutron n are brought together, they can fuse and form a nucleus of deuterium (also called
heavy water) d. The masses of p, n, and d are:

m, = 938.27231 MeV /c?
m, = 939.56563 MeV /c?
my = 1875.61339 MeV /c?

. MeV . . . .
The unit used, —7 » requires some explanation. From the relationship E = mc? , we can see that mass can be

expressed in units of energy divided by a constant c? (the speed of light). In '"MKSA' units, the unit of energy is the Joule,
but it is also possible, and common in particle physics, to choose the electron volt (eV). An electron volt is the amount of
energy that a unit charge receives when it passes a potential difference of 1 Volt. The unit charge (charge of the
electron) is equal t01.6.1071° Coulomb, so 1eV = 1.6.1071°],1 MeV = 10°eV.

Because the mass of the deuteron (= deuterium nucleus) is smaller than the sum of the masses of its components, the
proton and neutron, energy must have been released! If p and n are brought together at a negligible speed, the energy
released is equal to:

E= mpc2 + m, c? —myc?

= 2.22455 MeV

P n
For ® O

d gamma
After: «— ‘) VaVaVand

This energy is released in the form of a photon:
ptn->d+y

A photon has no mass; it is a quantum of the electromagnetic field, introduced by Einstein to explain the photoelectric
effect; it is symbolized by y . Not all of the missing mass goes into the energy of the photon. Even if p and n are at rest
relative to each other before the reaction, they will fly away at the speed of light after the reaction. And to ensure
momentum conservation, d will move in the opposite direction with the same momentum (see figure above). Due to the
size of the mass of d, the energy associated with this is very small.

Because if pc < mc?,then E = \/p%c? + m2c* = mc?

The reaction described above is an example of nuclear fusion. In general, it appears that light nuclei can fuse into
heavier nuclei while releasing energy, as in the example above. All nuclei up to and including iron can be produced via
fusion while releasing energy.

The opposite effect is that heavier nuclei, such as the well-known example of uranium, are heavier than the sum of the
components of the nucleus. In that case, energy is only released when the nuclei are split (nuclear fission).
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Appendix 9.10.2 Electric Car Running on 1 gram of Hydrogen through Nuclear Fusion

Here we will look at nuclear fusion as it occurs in the sun, where four hydrogen atoms fuse to form a helium atom. In
this fusion process, mass disappears and is converted into energy. We will now calculate how much energy this is and
what that means in practical terms.

To determine how many kilometers you can drive on 1 gram of hydrogen through nuclear fusion, we need to go through
a number of steps to calculate the energy generated by nuclear fusion and then convert it into practical driving distance.

1. Energy yield from nuclear fusion:

The fusion of hydrogen nuclei, as in the sun, usually occurs via the proton-proton cycle. The net reaction is:
41H - %He + 2e* + 2v, + 2y

In this process, in which four hydrogen atoms are converted into one helium atom, the total weight of the four hydrogen
atoms is greater than the weight of the helium atom. So a small amount of mass has disappeared. Using the formula
E = mc?, we can calculate how much mass is converted into energy.

The energy released in this reaction is approximately 26.7 MeV (megaelectronvolts) per fusion of four hydrogen atoms
into one helium atom.

1 gram of hydrogen contains approximately 6,022 x 1023 (Avogadro's number) hydrogen atoms (1 mol). So, in 1 gram of
hydrogen, we have 6,022 x 1023 /4 ~ 1,505 x 1023 fusion reactions.

Each fusion reaction yields 26.7 MeV of energy, so the total energy is:
Efysie = 1,505 x 10%3x 26,7 MeV
2. Converting MeV to Joules:

One Joule is equal to moving a charge of 1 Coulomb in a field of 1 Volt. So

Joule = qV
The charge of an electron e is 1,60218 x 1071 Coulomb .
Therefore:
1 Joule = ! — eV
1,60218 x 10719
=> el = 1,602 x 1071° Joules
Therefore:

1MeV = 1,60218 x 10713 Joules
So, per 1 gram of hydrogen, the total energy in Joules is:

E,,r = 1,505 x 10%3x 26,7 x 1,60218 x 10713 =~ 6,43 x 10! Joules

3. Calculation of the energy:
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E,,; ~ 6,43 x 101! Joules per gram waterstof
This is the energy released in this process, whereby a small portion of the mass is converted into energy.
For comparison, we can look at the theoretical calculation when 1 gram of matter is completely converted according

to E = mc?:

x (3x108)? ~ 9 x 10'3 Joules

E=T000

So this makes a difference of about a factor of 140 (or, in percentages, fusion accounts for 0.7% of the energy in the
total conversion of 1 gram of mass).

4. Alternative calculation:

In nuclear fusion, 4 moles of hydrogen are converted into 1 mole of helium, releasing a quantity of energy. In this
process, a small amount of mass is lost and converted into energy.

The mass of 4 moles of hydrogen H is 4x1.00784=4.03136 grams of hydrogen.
The mass of 1 mole of helium He is 4.0026 grams of helium.
So the mass difference is 0,02876 gram = 2,876 * 10~° kg.
E = mc? waarbijc = 3*10® m/s
The energy released is therefore:
E =2,876%107° (3 * 10%)2 = 2,588 10'? bij 4,03136 gram hydrogen
That is:

E = 6,42 + 10! Joule per 1 gram hydrogen

1.1.Energy consumption of an electric car:
Electric cars consume approximately 15-20 kWh per 100 km. We assume 17 kWh per 100 km for average use.
e 1kWh = 3,6x10°Joules.
Dus, 17 kWh = 61,2 x 10° Joules per 100 km.
1.2. Calculation of the theoretical driving distance:
We can calculate the distance using the theoretically available energy:

. 6,43 x 1011
Distance = ——  x 100 km

61,2 x 10°
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Distance =~ 1,05 x 10% km
1.3.Energy conversion efficiency:

However, the above calculation is based on 100% efficient energy conversion. But when converting energy from nuclear
fusion into usable electricity, and then into the propulsion of an electric car, we have to take into account different
efficiencies:

o Efficiency of energy conversion to electricity: Let's assume that this efficiency is 40% (a conservative
estimate, as nuclear fusion reactors are still under development).

o Efficiency of the electric drive: Electric cars typically have an efficiency of around 85-90%. We will use
90% for the calculation here.

The total efficiency is therefore 0,4 x 0.9 = 0,36 .
1.4.Usable energy:
The usable energy that is ultimately available to power the car:
Eysapie = 6,43 x 10 x 0,36 = 2,31 x 10! Joules
1.5. Calculation of the practical driving distance:
We can calculate the distance using the practical available energy:

2,31x 1011

Afstand = 3

x 100 km
61,2x10

Afstand =~ 3,77)(105 km

Therefore, an electric car powered by the energy from the nuclear fusion of 1 gram of hydrogen can theoretically drive
approximately 377 thousand (377,000) kilometers. The average distance generally traveled per year is approximately
15,000 km, which means that 1 gram of hydrogen can power a car for twenty-five (25) years.
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Appendix 9.11  Relativistic electromagnetism

(Calculations based on Richard Feynman https://www.feynmanlectures.caltech.edu/II 13.html)

Appendix 9.11.1 Introduction

The word electromagnetism assumes that there is an electric field and a magnetic field, and therefore suggests that
there are sources for both fields. However, we know that electric charge is the source of the electric field, and so far no
magnetic sources have been found for the magnetic field. It seems that a magnetic field is always caused by an electric
field that varies over time. Even on a microscopic scale, the quantum scale, magnetic fields are caused by the electric
spins of electrons or atoms. The electric field has electrons (-1e) and protons (+1e) as its sources.

Perhaps we can go so far as to say that the magnetic field model is only a very useful mathematical tool for describing
the electromagnetic phenomenon; but the only thing that exists is the electric field and the variation of the electric field
based on accumulations of electrons and protons.

Appendix 9.11.2 Calculations

If we take the example of a current carrier, we can normally use Maxwell's equations to calculate the electric and

magnetic fields. An alternative approach is to base the calculation entirely on the electric field and skip the magnetic
part.

e

Fig. 1. The interaction of a current carrier and a particle with charge q, seen in two frames. In frame S (part a), the wire is
at rest; in frame S' (part b), the charge is at rest.

We will now derive some formulas for later use.
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The current density is the average flow velocity of the charges. Suppose there is a distribution of charges with an
average velocity v. The distribution passes over a surface element AS , the charge Ag that passes through the surface
element in a time At is equal to the charge:

Aq = pv - nASAt (D
Here, p is the charge density: the charge per unit volume.

Here, vAt - AS can be considered as a volume. So, the charge is the charge density multiplied by the volume.
The charge per unit time is then pv - nAS, , which gives:

j=pv (2)
The total current through the surface S is:
i=j-S 3)
We now consider a current carrier that is at rest and electrons, negatively charged particles, that move to the right at a
speed v. The protons, positively charged particles, remain at rest in the wire. A test particle, with a negative charge g,

moves to the right at the same speed as the electrons. We observe the whole system at rest relative to the wire. The
total wire distributes all charges in such a way that it is neutral.

Let us consider the external force on the wire that can be caused by the electric and magnetic fields:

F=q(E+vXB)
B = ‘LloH
The magnetic field around the wire is:
i

C2mr

Consider the force on the test particle where the electric field is zero because the total charge in the wire is neutral:
F =q(v X B) = quBsing
Since v is perpendicular to B, then singp = 1

quiol
2nr

F = quB = quugH =

The charge density p is defined as the total charge in a volume divided by the size of the volume IV :

_4
P=y

If A is the cross-sectional area of the wire and L is the arbitrarily chosen length of the volume, at rest, along the wire,
then:
q = pAL
When the wire is at rest:
p++p-=0

If we now consider the situation from the perspective of the test particle, the test particle is at rest and the wire moves
to the left at a speed v.
The volume is determined by A and its length L. The length between a moving volume and a volume at rest is:
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2
Lmoving = Lyest 1- C_Z

Since the speed of the electrons is the same as the chosen speed of the test particle, the electrons are now also at rest.
This means that:

_ me]ing

Lrest - >
1 v

c2

Because the wire now has a velocity of v to the left, the positive particles also move at v to the left, and the length L of
the volume changes by a factor of:

[N

When the wire was at rest, the external electric field outside the wire was:

p++p-=pr—p1+ =0
Because the moving length is smaller than the rest length, the moving volume is also smaller. So then the density of the

charged particles is greater. So, if we consider the charge density when the test particle is at rest, we must multiply the
moving density p_ by

Prett =

v
i
Prett = P+ < 3
v
1=z
The volume of a length L of the wire gives a charge of:
)
-2
q=ps——=AL
v
2

So, the electric field outside the wire is not zero and is perpendicular to the wire. If we consider a tube around the wire
of length L and distance from the axis of the wire of r, the volume is:

2 2

%
E=py >
2megrL ’1 —Z—z

-2
AL=p,—5— A4

2
’ %
2megr (1 — =z

nwl <

So:
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v
F' =qE =qp, —A 4)
2megr /1 - lc7_2
For v much smaller than c:
F = gE 1 v?
—4E=ans 2meyr c?
For the magnetic field in the rest state, it was:
quiyl
F =quB = H = 5
quB = quug Sy (5)
This gives, when J is the current density through the wire and ] = pv :
Fe qQuiol _ quio/A
2nr 2nr
1 1
C2 = —— = 0 = —2
Eolo &C
VoA vpvA vpvA 1 v?
p o QkJA _ qupvA | qup — qp Lag ©)
2nr 2nregc?  2mregc? 2meyr c?
So from equations (4) and (6) it follows that:
, F
F = -
v
-z

The forces act in the transverse y-direction, so the momentum in the y -direction and the y' -direction must be the same
because the transverse velocity is zero.

Now we compare the momentum in the y and y’ directions:

Ap, = FAt
And
Ap’y = F'At
As we know, time seems to pass more slowly for a moving particle than in the particle's rest frame, so:
At'
At = =
v
1=z
A Ap', =FAt=F A F'At'
Py = Apy = = . 7 =
S c?
, F
1-2
c2
So now it has been shown, with equations (5), (6), and (7), that:
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FeqrB= 1-oF = |1-YoaE
=qvb = c2h T 24

Appendix 9.11.3 Conclusion

We have found that we get the same physical result regardless of whether we analyze the motion of a particle moving
along a wire in a coordinate system that is at rest relative to the wire, or in a system that is at rest relative to the

particle. In the first instance, the force was purely "magnetic," while in the second instance it was purely "electric." This
also shows that magnetism is in fact a relativistic effect.
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Appendix 10 Specific Angular Momentum

In this document, and especially where we use the Schwarzschild equation, the term angular momentum is used. This is

d rd d
2 . hecause (L =mvr =mrv = mrd—j’ = mr? %) .

denoted by the form L = mr? o

However, it is not the actual angular momentum, but an approximation. An explanation follows below.

In the Schwarzschild formula, there is a relationship between a particle and a large, massive body. The chosen frame of
reference is the center of the large, massive body. It is therefore a kind of two-body problem. Let us now consider the
angular momentum for a two-body problem.

m;

r=ri+r,

The two bodies rotate around each other and the center of gravity is called the barycenter. The condition for circular

bodies is that:
m11712 mzvz2

= (1

n W)

To ensure symmetry of forces, the masses must remain on opposite sides of the barycenter. The periods of the orbits
must therefore be equal:

27'[7"1 27'[7"2 Vq rq
= = _ — = —

=— (2)
U1 U3 UV, T
r r
v =—v,=—W—vy) 3)
L) L)
r r ry
V1 1+4—)=—v =>v1=—v (4)
&) &) r
And similarly:
W) L)
V) =—V; DVy=—UV (5)
m Tr
m, ten opzichte van m; 's velocity is:
v=v+ 1, (6)
Substitute (3) into (1):
my 1712 my V% (7’1>2 mp V% my (ﬁ)z mj
= — = > — | — = —
n o \n L) n \np L)
= myr; = mpr; 7
myr, = my(r — ) = myr —mny
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my

rn(my+my) =myr =ry,=———r
AU 2 1 2 my +m,
Let's calculate the angular momentum of m, relative tom, .
T2 my my my 2
LZ =My =My —V—— T =My —NHvV=m vr
r mp+m, my +m, my +m,
1 mim, 2 2
Ly=—|——) wr
m, \my + m;
1/ mm; \*
Li=—|———| wr
mp \my +my
The total angular momentum of the two bodies:
1 1 mym; \2 my +my [ mym;, \2 mym,
L:L2+L1:(_+—)(—) a)‘r‘zz ( ) (L)TZZ—O)TZ
m, my my + m, mym, my + m, my + m,

To bring it in line with the Schwarzschild equation:
mym; 2 do
= — 17—
my + m, dt
We call m the reduced mass.
mpymy
- my + m,
The specific angular momentum h is:

h—L— deD
_m_r dt

In the case where m; represents a large mass M and m;represents the mass of a particle, then:

sz

——— =m
M+‘m2 2

So, if M > m, , then the mass in the angular momentum equation is determined by the mass of the particle alone.
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Appendix 11 Considerations about Rotation

Appendix 11.1  Introduction
Below, we will explain centrifugal and centripetal force, first based on Newton, and later we will extend this to general
relativity. Centrifugal force is the force that acts outward from the center of rotation. Centripetal force is directed
toward the center.

Appendix 11.2  Momentum
According to Newton, a moving particle with mass m and velocity v has momentum mvy; if no forces act on the particle, it

will move uniformly in a straight line at velocity v. Relative to a point at distance r, the particle has angular
momentum mv X 7 .

VCosQ

r vsing
b

Fig. 1

In the image above, the angular momentumis L = mvsing.r = mvrsing or L = mvb .
Appendix 11.3  Circle

As mentioned earlier, the particle will move uniformly in a straight line, so if the particle's trajectory is a circle, a force is
required.

rsin ¢

rcos ¢

Fig. 2

We start with a constant radius r and split this into the x and y components. From there, we calculate the circular
velocity and acceleration:

X =71 Ccos@ =71 coswt

y =rsing =rsinwt
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_dx

v, = — = —wr sin wt
*oodt
dy .
v, = — = Wr COS W
Yoo dt
d%x
ay == = —w%r cos wt
dt?
2
a, = d_y = —w2rsin wt
y dtz

The total force is:

F=m /axz +a,? = —mw?r

So, the particle wants to move along a straight line, but due to its rotation, it feels a perpendicular outward force F =

mw?r . As shown above, this force must be compensated by a centripetal reaction force F = —mw?r , i.e., in the
direction of the center, to keep the particle on its circular path.

Appendix 11.4  Rotation of a Sphere

mw?rsin? wt

2 rsin wt

mw

0

2

mw-rcos wt sin wt

Fig. 3

In principle, we consider the sphere to consist of many particles, but we will now initially consider the behavior of a
single particle somewhere on the sphere.

The particle rotates around the vertical axis and experiences a horizontal centrifugal force of:

mw? rsin wt

This results in a centrifugal force in the radial direction of the sphere of:

mw?rsin? wt

Together with the centripetal force, this results in the following force:

mM 9 2 GM 9 2
G—z—mw rsin a)t=m(—2—a) rsin cut)
r r
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In addition, there is a tangential force towards the equator of:

mw?rcos wt sin wt

Particles will therefore feel a force towards the equator, which will cause the sphere to deform into an ellipsoid. This
means that the distance from the center to the particle is shortest at the poles and longest at the equator; as a result,
the gravitational force differs per location. Gravity also depends on the enclosed mass; since the distance from the poles
to the center is the smallest, the enclosed mass is smallest there. So, gravity at the poles increases due to the smaller
distance, but decreases due to the enclosed mass. The deformation of the sphere will result in an ellipsoid where
equilibrium is achieved.

(see also: http://farside.ph.utexas.edu/teaching/336k/Newton/node109.html).

Appendix 11.5 Relationship between Angular Momentum and Energy

T,V
Difference in kinetic energy of the two circles:
1 2 1 2
AK = Smv” —Smy, @Y

The angular momentum is constant, so:

vin
V) = —— 2
2= @
Now (2) in (1):
1 1 vin 2 1 7"12
AK=—mv2——m(—) =-mv?|1-— 3
2 1 27\ 2t T,2 ®
This energy difference AK must be supplied by the centripetal force:
mv?
F=-
T
Energy is:
151 ™ va
f Fdr = —j —dr
T2 2 r
The angular momentum is constant, so:
mvr = Const
Const
v =
mr
J‘Tle J‘Tl m Const? 4 frl Const? 4 Const? n Const? ( 1 1 )
r = — —_——ar = — r = = —
vy ry T M2 py M3 2mr? 2 2m \n? n?
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B mzvlzrlz( 1 1 ) 1, ) 12 A
To2m \n2 n? 2™ 152 )

We see that formulas (3) and (4) are equal, so:

Appendix 12 Derivation of the Euler-Lagrange equation

We start with a function f; that depends on three variables: t, x; en % :
dxy(x, t) .
fi= f(t,x1(t)'T of fi=/F(tx1,%) 1)

Here,x; is a function of t, so %(t) is not zero. In principle, t is the only variable that determines the function f; . So fj is

a function of a function.

Now we consider the function f; between the points t; en t, . We now integrate f; between these points:

ta
I = j fide (2)
tq
t2
dx;(t)
I = t, t), dt
1 f f ( x1(t) dt
t1
To find the extreme value (maximum, saddle point, or minimum) of I; , the following applies:
8§, =0 3)
To prove that I; is an extreme value, we consider a curve x, (t) that is slightly shifted so that I, is not an extreme value:
x2(t,4) = x1(8) + A8(0) 4)

Here, A is a parameter that is independent of t. Because we are considering a curve that runs from t; till t, ,x, (t)
differs fromx; (t) between these points, but at the points tyen t, , x1(t) = x,(t) applies. So:

§(t1) =0and$(t) =0 ()

x(t)

Now, the integral I, for the adjacent curve is:
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t2
dx,(t, A
L = f f<t,x2(t,;t),%>dt
t1

Substituting (6) into equation (4), we obtain:

: dx, (t, 2
I, = f f <t,x2(t,/1),%) dt

= | s <t' a0+ 260,299 ds;?) at

Since I; is an extreme value, I, is also extreme for 4 = 0:

AITO I, = minimum, zadelpunt of maximum
The extreme value can be found by taking the derivative and setting it equal to zero:
lim dI,
A>0dl

In combination with equation (6):

t
lim d f A
1-0dA fa B
t1
t2
lim
A-0

i

d —_
77 (240 =0

This is a product of two functions, so we apply the rule of partial differentiation:
t2

lim dfs d(dt)
20 (ﬁd“’fz a ) =0
t1
Becauset en 1 are mutually independent, the derivative of t naar 1 , or vice versa, is equal to zero:
t2
lim df;
— (ﬁdHfz.o) =0
31
t2
lim df,
—dt =0
A-0 dA
t1
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Next, we apply the rule of partial differentiation:

t

lim [ [af,dt

t1

Due to the independence of t en A , the first term is zero:

t2

lim of,

am ((opae opan  on d(@)),
A-0 dat dA  0x, dA 6(dx2) da

of,dx,  of, 4(

dt

dx
Nae <o

A-0) \ ot " ox, da a(ﬁ) dA

t1

t2
lim afz dxz
1-0) \ax, dz

t1

Because:

() _

dt
or (T o
o(Tt) ¢

d*x, 4@ (%)

da
Equation (14), together with (15), leads to:

t2

lim afz de
A-0 dx, dA

{51

t2
lim afz de
A-0 dx, dA

5]

Now we integrate the right-hand side of this equation:

t2

dtdA ~ dt

o d(ad)),, _,

dt +

or, (%)

(&)

t

( of, d (%)
f dx, dt d
o (‘72)

t1

to

fa(dxz) dt

31 dt

t2

0f, dx;

RO

f de 0 afz

t1

dt = -[Ld(@)
a(@) da
tq dt

t2

dt

AT\ ()

tg

The derivative of f x, naar A4 is found by differentiating equation (4):

dx,(t, 1) _ d(a () +A5(@))

=0+8() =¢()

da

da

t =0

(13)

(14)

(15)

(16)

17)

(18)

Because the function &(t) is zero at the boundaries of the integral (see equation (5)), the left side of the right-hand term

in equation (17) disappears:

t2

t1

dt
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ty

de 0 afz

=— dt 19
dt ot P (@) (19)
t dt
This result combined with equation (16) leads to:
. t2 de
tim f Ui f o,_4(a) dt| =0 (20)
A-0 dx, dA P (@) dt
t1 t1 dt

t2 t2
lim f afz de dt f de d afz
A-0 dx, dA dA dt P (dxz)
t1 t1 dt

dt |=0

f Ofadx, dxpd | 0fp \dt =0
\ax2 dr ~ dldt a(dxz) /

dt

llm

llm /afz d{ 09f; \dxz

ox, dt 0(L2)) ) @ ar]=0
dt
To make this integral zero, we set:
lim / of, df 9f \
/1—>O\6x2 dt\ , dx2 /
0 d d
oh_df_oh )_, (21)
0x; dt a(dxl)
dt

Now A has completely disappeared and we have obtained a general expression for the condition that a function must
satisfy in order for the integral I to have an extreme value.

We started with equation (1) for our derivation, but we could make this starting point even more general by taking a
function such as:

x1(t) dx (t) dx, (t)
f1=f<t,x1(t) ; 20 (D), ——l e X (D), 22
This would have led to a more general form of equation (21):
af d af
7o | p (@)~ )
dt
Or in another notation:
d /o a
_<_f) — _f (24)
dt \ox, dx,

Equation (24) is the EuIer-Lagrange equation. It specifies the condition that a function must satisfy in order for
the integral I to be an extreme value.

15 March 2026 Page338 of 342
Copyright© 2018 [COPYRIGHT Albert Prins], All Rights Reserved. — mailto: aprins@hotmail.com



15 March 2026 Page339 of 342
Copyright© 2018 [COPYRIGHT Albert Prins], All Rights Reserved. — mailto: aprins@hotmail.com



Bibliography & Web Sources

8 Bibliography

Anderson, P. B. (2008, October 16). A Hafele & Keating like thought experiment. Opgehaald van
https://paulba.no/pdf/H&K like.pdf

Asmodelle, E. (2017). Tests of General Relativity: A Review. University of Central Lancashire (UCLAN).

Bentvelsen, S. (September 2005 version 3.0). Speciale Relativiteitstheorie. NIKHEF/Onderzoeksinstituut HEF.
Biesel, O. (2008, January 25). The Precession of Mercury's Perihelion. Opgehaald van
https://sites.math.washington.edu/~morrow/papers/Genrel.pdf

Blau, M. (11 june 2018). Lecture Notes on General Relativity.

Blote, H. W. Introduction to General Relativity. http://wwwhome.lorentz.leidenuniv.nl/~henk/grh.pdf.

Charles W Misner, K. S. (1932). Gravitation. Princeton and Oxford: Princeton University Press.

Crowell, B. (Mar 11, 2018). Time distortion arising from motion and gravity. Libretexts.

Einstein Relatively Easy. http://einsteinrelativelyeasy.com/index.php/general-relativity.

Einstein, A. (1920). RELATIVITY - The special and General Relativity. created by Jose Menendez.

Einstein, A. (1916 (this revised edition: 1924)). Relativity: The Special and General Theory. Methuen & Vo Ltd.
Einstein, A. (1997). The Collected Papers of Albert Einstein. Princeton University Press.

Heinicke, Christian and Hehl, Friedrich W. (2015). Schwarzschild and Kerr Solutions of Einstein's Field Equation. Dept.
Physics & Astron., Univ. of Missouri, Columbia,.

Hooft, G. . INTRODUCTION TO GENERAL RELATIVITY. Institute for Theoretical Physics Utrecht University and Spinoza
Institute.

http://adamauton.com/warp/emc2.html.

lanssen, M. Einstein's First Systematic Exposition of General Relativity. https://philpapers.org/rec/JANEFS.

M.P Hobson, G. E. (2006). General Relativity an introduction for Physics. Cambridge University Press.

Magnan, C. (sd). Complete calculations of the perihelion precession of Mercury an the degelection of light by the Sun in
General Relativity. Opgehaald van https://arxiv.org/pdf/0712.3709.pdf

Oas, G. Full derivation of the Schwarzschild solution. EPGY Summer Institute SRGR.

Pe'erl, A. (2014, February 19). Schwarzschild Solution and Black holes. Opgehaald van
http://www.physics.ucc.ie/apeer/PY4112/Sch.pdf

Salas, d. C. Geometric interpretation of Christoffel symbols and some alternative approaches to calculating them.
Schwarzschild, K. (13 January 1916). On the Gravitational Field of a Point-Mass, According to Einstein's Theory.
Schwarzschild, K. (24 February 1916). On the Gravitational Field of a Sphere of Incompressible Liquid, According to
Einstein’s Theory.

Susskind, L. (2012). General Relativity. Stanford University.

Visser, M. (30 June 2007). The Kerr spacetime: A brief introduction. https://arxiv.org/pdf/0706.0622.pdf.

Vlieger, K. d. (2018). http://voorbijeinstein.nl/html/artikel_art.htm. Heeten, Netherlands: Karel de Vlieger.

15 March 2026 Page340 of 342
Copyright© 2018 [COPYRIGHT Albert Prins], All Rights Reserved. — mailto: aprins@hotmail.com



9 Interesting websites:

http://voorbijeinstein.nl/html/artikel art paragraaf 05.htm

http://star-www.st-and.ac.uk/~hz4/gr/HeavensGR.pdf
https://einsteinrelativelyeasy.com/index.php/general-relativity/22-geodesics-and-christoffel-symbols
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https://www.youtube.com/playlist?list=PLQrxdul9Pds1fm91Dmn8x1lo-O kpZGk8
https://arxiv.org/pdf/0706.0622.pdf
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